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PREFACE

This 1964 volume of Advances provides a new group of submitted and
solicited reviews, authoritative and timely, in areas where the need has
been recognized to evaluate the significance of recent chemical engineering
research and to forecast the nature of future studies.

Two of this year’s articles discuss the fluid-mechanical aspects of sys-
tems where material transfer may occur, accompanied by chemical reac-
tion or heat transfer. Fulford analyzes thin-film flow in terms of the flow
regimes and of surface disturbances, and relates recent experimental find-
ings to the theoretical framework. Rietems discusses segregation phe-
nomena in heterogeneous reactions, in relation to conditions of flow and
of mass transfer.

Bankoff provides a comprehensive analysis of representative practical
cases of simultaneous heat and mass transfer at phase boundaries. This is
to be followed in a forthcoming volume by a review of evaporation and
condensation at bubble boundaries.

The remaining two reviews treat active topics in applied chemical
kinetics. Wehner provides a unified treatment of the theory of flames,
including the role of intermediates and the problems of flammability limits
and ignition conditions. Sinfelt discusses the near-simultaneous conduct of
successive reactions needed, for instance, in the reforming of petroleum
fractions, as produced by intimate mixtures of metallic and acidic catalysts.

The editors express their appreciation to Giles R. Cokelet of the Cali-
fornia Institute of Technology, who has also participated in manusecript
review as the assistant editor for this volume; to Michel Boudart, for his
review of the chapter by J. H. Sinfelt; and to the staff of Academic Press,
for help in expediting publication.

November 196/ Taomas B. DREw
Joun W. Hoorrs, JE.
THEODORE VERMEULEN
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Flames are usually studied for one of two reasons. The engineer is
interested in utilizing the understanding of flame processes in the design
of eombustion chambers. The scientist is interested in the flame as a device
for studying high temperature chemical kinetics. The literature of com-
bustion contains studies which embrace practically a continuum of com-
binations of these two justifications. A subsidiary interest in combustion
processes exists for some chemical engineers who see in flames possible new
ways to chemical synthesis. This review is undertaken with the latter
viewpoint in mind, although it is hoped that it will be of value to people
with other interests in combustion as well.

1



2 J. F. WEHNER

A flame may be defined as a zone of chemical reaction accompanied by
heat release which propagates into a combustible mixture until a steady
state is reached or until the mixture is entirely burned. In the steady
state the flame zone is a region of rapidly varying temperature and com-
position, which separates the burned from the unburned gases and which
is stationary in a suitable frame of reference. It may or may not be dis-
tinguished by the emission of visible light. The combustible mixture may
be homogeneous or consist of two or more phases. A flame may propagate
within a combustible mixture prepared ahead of time or it may be asso-
ciated with a zone of mixing—premixed or diffusion flames. The flame
zone may be laminar or turbulent, and the flow may be subsonic or super-
sonic. Gases, liquids, and solids may be involved in a variety of combina-
tions as fuel or product. The size and diversity of the field of combustion
may be seen in a review article written for the years 1951-1952, which
included some 600 references (L6). Few reviews since that time have
attempted to be so all-inclusive, although excellent summaries of the field
have appeared from time to time (F9, P6).

The study of flame processes is a good example of the interplay between
experiment and theory and between practical and fundamental approaches
to a problem. For example, as the knowledge of the field has grown, the
attitude of researchers towards the study of burning velocity has under-
gone quite a change. Since burning velocity determines heat release, the
design of a burner depends on knowledge of this parameter. Much early
effort was expended on the definition and measurement of burning velocity.!
The variation of burning velocity with pressure and temperature was
used to derive parameters in various correlating theories in order to predict
velocities of new mixtures. Since the approximate theories available were
so crude, little useful information was obtained in this way. The goal of
the research was then changed, and measured flame velocities were used
as experimental verification of the postulates of the theories of flame
propagation. The various theories involve either integration of a set of
differential equations or their approximate solution. Therefore, the details
of the theories are submerged, and it has been shown that trends in var-
iation of flame velocities are not adequate verification of such theories
(82). At the present time flame theory is so highly developed that com-
position and temperature profiles can be determined for a system with
fairly complicated kinetics, and even more complex kinetics might be
analyzed in the future (H1). In the verification of this kind of a theory,
prediction of burning velocity is a necessary, but not sufficient, require-
ment; the profiles must also be predicted. Since independent measurements

1 8ee Jost (J5) for a description of the early flame velocity studies.
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of the kinetics of a flame system are usually not possible, present day
flame theory may be considered as a tool for deriving kinetics from exper-
imental profiles, although it may be used to generate theoretical profiles
if sufficient kinetic information is available.

The involved interaction between thermal, diffusional, and chemical
kinetic processes which make up a theory of flame propagation prevents
the development of a simple method for the estimation of a burning
velocity. The danger involved in trying to develop an empirical method
from even experimental kinetics may be seen by considering the strong
effect of chemical additives on the burning velocity. It has been shown
that substances added in amounts too small to change the mixture’s ther-
mal conductivity or adiabatic flame temperature may ehange the burning
veloeity appreciably (L3). This effect may be attributed to a direct
modification of the kinetics of the reactions.

This relatively advanced stage of understanding of flame processes has
been attained only for laminar premixed flames in which curvature of the
flame front is not large. The bulk of the material in this paper is developed
from our knowledge of this area with the understanding that extrapola-
tions are often involved. The validity of such extrapolations into the field
of turbulent flames is largely unknown, although there is some evidence
which supports the idea that turbulent flame zones consist of wrinkled
laminar flames as one limiting case and that turbulent transport processes
completely govern in another limiting case (F4). Most industrially impor-
tant flames are turbulent and are not necessarily premixed. The fields of
turbulent combustion and diffusion flames are not reviewed in this paper,
since little progress toward the understanding of the fundamental aspects
of these problems has been achieved recently. There are excellent surveys
of these fields in the combustion symposia and other standard works.

If we restrict ourselves to laminar flames, it appears possible to under-
stand quantitatively how the concentration of all species present is dis-
tributed throughout the flame zone and how this distribution varies with
temperature and additives. This possibility makes it attractive to consider
ways in which intermediates may be withdrawn from the flame zone or
to attempt to produce species which do not reach equilibrium within the
flame zone. It is, of course, still practical to produce useful substances by
combustion to a favorable equilibrium, but this type of synthesis does
not require much knowledge of the flame zone. It is useful however to
use a flame in synthesis in this way in order to prevent contact with
surfaces or to regulate the coagulation of solid produets.
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I, Structure of One-Dimensional Laminar Flames

A. THEORETICAL DEscripriON BY ExAcr AND
APPROXIMATE METHODS

A complete set of conservation equations which govern any fluid
dynamical system in which chemical reaction occurs with heat release
may be written for the general time-dependent situation. These equations
consist of the application of the conservation of mass, Newton’s second
law, thermodynamics, the transport phenomena of heat and mass transfer,
and chemieal kinetics to a multicomponent system. Tracing the develop-
ment of these equations is a difficult task and would amount to a complete
survey of physics (with the exception of nuclear phenomena) from the
time of Newton to modern times. The historical highlights of the successful
application of the conservation equations to flames occur at three times.
Shortly before the turn of the century it was realized that conservation
equations governed flame speeds (M3, M6). In the 1930’s Lewis and von
Elbe (L5) and Zeldovich (Z1) made the first reasonably satisfactory
application of the theory to experimental observations. In the late 1940’s,
Hirschielder and his colleagues were the first to generalize the equations
g0 that multicomponent diffusion could be handled in the conservation
equations. They have written the flame equations in such a convenient
and general notation (H1) that almost all investigators now derive their
equations by simplification from this form rather than by using first
principles or the classical method of reference to the earliest literature. A
modified system of notation, which minimizes the use of molal units,
proposed by von Karméan and Penner, is used by aerodynamicists (V3).

The general equations are simplified for a one-dimensional laminar
flame in the steady state (H1).

Conservation of individual chemical species is given by the following
equation:

dG,' m,-K,-
dz M (1)

The mass fraction G; of the mass velocity M differs from the mass fraction
of the local mixture when diffusion is taking place. K; is the ordinary
reaction rate of chemical kinetics, expressed as mole/unit volume/unit
time, which is measured in a static experiment as a function of temperature
and composition if the flame is in local thermal equilibrium. If not, this
equation serves only as a measure of the nonequilibrium local reaction
rate.
The energy balance is given by
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A dT . A
i3 = 2 0= @] @
This equation has been written so that the boundary condition in the
hot gases («) is satisfied as far as the temperature gradient is concerned.
Radiation losses and kinetic energy changes have been ignored, as they
are usually negligible. The diffusion thermal effect has also been ignored.
The concept of local thermodynamic equilibrium is applied so that the
thermal conductivity may be calculated using the appropriate mixing
laws and the specific enthalpy may be defined.
The diffusion equation is given as follows:

’@ _ _JE .’IJ{m,;Gj — xjiji)
dz  n Z( man;D; ®)

These equations contain a number of assumptions. First of all, they are a
result of a dilute gas approximation in which binary diffusion coefficients,
which may be assumed independent of composition, are used. Secondly,
thermal diffusion has been neglected although this assumption should be
verified for the system under investigation. It appears that the flux due
to thermal diffusion could be a substantial fraction of the ordinary diffusion
flux for some systems (F6).

The assumption has been made that the pressure drop across a flame
is so small that the momentum equation may be ignored. The steady-
state restriction in the ordinary continuity equation ensures that the mass
flux M is constant throughout. The mass flux is converted to the interesting
parameter, burning velocity, by use of the cold gas density.

In spite of the many approximations used in deriving this set of equa-
tions, the mathematics of solving them is formidable. The set of equations
is 2s 4+ 1 in number, where s is the number of species that occur within
the flame, Of these, s -+ r — 1 equations (r < s) form a set of independent
equations since the quantities 2; and G; are fractions such that > z: = 1
and ¥, G; =1, and stoichiometry reduces the number of independent
species by some number (s — r), (H3). Part of the mathematical com-
plexity is due to the presence of intermediate species whose concentrations
are low in the hot and cold gases but which may pass through a maximum
within the flame zone. Since the rates of appearance and disappearance
must be comparable for this to oceur, it is approximately true near the
maximum that K; = 0 for these species. This fact results in an indeter-
minancy of the system of equations, although, at the same time, it provides
a method which permits an approximate solution to be obtained.

Before a discussion of the solution of these equations, complications
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due to the boundary conditions should be mentioned. The equations have
been formulated in such a way as to introduce the proper boundary
conditions in the hot gases.? In the cold gases, there are two difficulties.
The reaction rates are not identically zero according to the laws of chemical
kinetics and, properly speaking, no solution exists to the problem. This
difficulty is removed either by (1) assuming a finite heat flux

ar
= —A <dz)o

at the cold boundary which occurs at a fixed point taken as zero of distance,
in which case it can be shown that a range of small values of ¢ does not
change the solution obtained or (2) by recognizing that the rates K, are
negligibly small at the cold boundary and redefining the reaction rate so
that it disappears completely in the cold gases which may then extend
indefinitely in the negative direction. Diffusion occurs right up to the cold
boundary fixed in space, so that the x;'s cannot be fixed there, but must
be permitted to assume the values determined by the conservation equa-
tions. Since the z.s are determined in the mixing chamber, some artifice
must be used to permit a discontinuity to be sustained at the cold bound-
ary. A fictitious semipermeable membrane is used if a heat sink is assumed
at the cold boundary (H1), but is not necessary when the reaction rate
goes to zero in the cold gases. If, in the latter case, a flame is stabilized
near g heat sink, the membrane is also required. The diffusion at the flame
holder is demonstrated most vividly in the H,~Br; flame where the large
difference in molecular weights causes the Br; concentration to be con-
siderably higher near the flame holder than in the premixed gases (C3, F6).
After the proper assignment of the boundary conditions, it is apparent
that the problem is overspecified and is therefore an eigenvalue problem.
For the s + r — 1 independent 1st-order equations, we have s + 2r — 1
boundary conditions or a multiple eigenvalue problem in r parameters.®
One of these eigenvalues is trivial (C4), since the distance coordinate may
be removed by dividing the continuity and diffusion equations by the
energy equation, which introduces temperature instead of distance as the
independent variable. The trivial eigenvalue is the arbitrary origin of the
2 coordinate which appears in the integration of the energy equation after
the 2r — 2 equations in z;, G;, and T have been solved. The number of
important eigenvalues (r — 1) is equal to the number of independent z,’s

2 All derivatives are zero in the hot gases. The concentration of all species in the hot
gases may be calculated when sufficient thermodynamic data are available. Many
procedures for performing this calculation are available in the literature (F1, P5, L11).

3T, zi, G; have zero derivatives in the hot gases, T' and z: may be specified in the
premixed gases, G; = (n/p)x; in the cold gases and thus is not independent there.
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(alternately, G»). For an initial mixture of fuel and oxidizer this number
will be equal to the number of independent intermediate species plus one.
A flame without intermediates is a single eigenvalue problem. This eigen-
value is the mass velocity M which has only a single value for each com-
position of fuel and oxidizer. A flame with intermediates is also reduced to
a single eigenvalue problem when the chemical kinetic steady-state approx-
imation (K; = 0) may be made for these species since their G, is not then
determined by a differential equation. Almost all flame theories in an
integrated form are based on this approximation. A complete mathematical
discussion of the existence of solutions to the single eigenvalue problem
has recently been presented (J1, J3).

The solution of the flame equations when the intermediates do not
exist in their steady-state concentrations is an imposing task which is
somewhat less forbidding after the simpler equations are studied. The
single reaction flame where no intermediates are involved is still a sub-
stantial problem, but is quite tractable when the most ordinary of digital
computers is available. After elimination of distance, as previously dis-
cussed, this set of two ordinary nonlinear 1st-order differential equations
is obtained:

dGi )\m,K,: (4)

ar = M2 > [GH; - (G:ll).)

J

de: _ n 1 > ( G iji> )
dT  M* ) [GH; — (G;H)).] 5 \miDis  mDy;
2

Only a single ; and z; are independent, and all thermodynamic and trans-
port properties are presumed known. A funectional form of K (T, z)) is
assumed. This is usually a simple first- or second-order relationship. The
solution of the problem consists of the two profiles Gi(T) and z.(T), along
with the eigenvalue M which permits the boundary conditions to be
satisfied.

A numerical method for finding these profiles may be outlined briefly.
First of all, the value of K; in the cold gases will be so low that, as far as
the computer is concerned, it may be considered zero, and the previously
mentioned difficulty at the cold boundary is circumvented. The derivatives
are thus zero in the cold gases, and it can be shown that, although they
are indeterminate in the hot gases, 'Hospital’s rule may be used to evaluate
them at this limit in terms of the unknown eigenvalue M. After assuming
a value for M, a Taylor series expansion about the hot boundary will
provide starting values for continuation of the integration towards the
cold boundary by the use of numerical integration such as the Milne or
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Z

Fic. 1. Temperature profile for a flame zone. The slope of the curve at To is assumed
to have a small nonzero value.

0]
T T T
F16. 2. Flux fractions G; and mole fractions x; of either reactant as a function of
temperature through a flame zone. Two portions of the G; curve are approximately
straight lines. For a constant enthalpy flame, z;(T") would be a straight line.
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Runge-Kutta procedures. Repeated applications of this method are per-
formed until a value of M is found which allows the cold boundary con-
ditions to be satisfied. Figures 1 and 2 are schematic diagrams representing
the solutions of the above problem.

No complication is introduced into this method of solution by the
introduction of additional independent species as far as machine computa-
tion is concerned unless the additional species is close to the chemical
kinetic steady-state condition. In the latter case, machine integration is
extremely unstable, so that the algebraiec equation K; = 0 must be used
to determine the variation of the component ¢ in at least some regions of
the independent variable. At the same time, the additional eigenvalue is
introduced. The physical significance of this eigenvalue in terms of propaga-
tion limits is currently under investigation (C4, W1). The profiles for
temperature and fuel or oxidizer concentration are not changed qual-
itatively from those of the previous problem. The profiles for an
intermediate species is represented by Fig. 3. The excess of the intermediate
species over its equilibrium value is a quantity which was overlooked in
the older theories of flame propagation. The maximum has been observed

T

F1c. 3. Intermediate species curve. The negative portion of the G; curve represents
a net flux of the species towards the cold gases. For the constant enthalpy single-reaction
flame, the curve for G; cuts across that for z; at the maximum point of z;.
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for a number of substances (B6, ¥3), although its necessity within the
theory of flame propagation has not been discussed. It may be significant
in theories of ignition.

In order to develop an intuition for the theory of flames it is helpful
to be able to obtain analytical solutions to the flame equations. With
such solutions, it is possible to show trends in the behavior of flame velocity
and the profiles when activation energy, flame temperature, diffusion co-
efficients, or other parameters are varied. This is possible if one simplifies
the kinetics so that an exact solution of the equation is obtained or if an
approximate solution to the complete equations is determined. In recent
years Boys and Corner (B4), Adams (A1), Wilde (W5), von Karméan and
Penner (V3), Spalding (84), Hirschfelder (H2), de Sendagorta (D1), and
Rosen (R1) have developed methods for approximating the solution to a
single reaction flame. The approximations are usually based on the sim-
plification of the set of two equations [(4) and (5)] into one equation by
setting all of the diffusion coefficients equal to N/cpp. In this model, z;
becomes a linear function of temperature (the constant enthalpy case),
and the following equation is obtained:

dGi )\mi Kl(T)

aT = M* 3 (G — (GH).] ©

If the specific heat of the components may be approximated by an
average value, the summation in the denominator may be replaced by

T — T) + 2 (G5 — Gi)Hin (M

An integration by parts after multiplying through by the denominator
gives an expression which contains the integral

T
/To GA(T) dT (8)

as the only unknown quantity. As reference to Fig. 2 will indicate, an
approximate function for G, is easy to devise. The choice of an analytical
form of G, is the principal feature of the various approximations proposed
by the above list of authors. Hirschfelder (H2) has compared several of
these approximate solutions with the exact solutions of a set of flames
based on this model. Penner and Williams have written a comprehensive
review of recent work on the single reaction flame (P8).

De Sendagorta (D1) has extended the approximation to the case
where D;; # N/cpp. Very good flame velocities are obtained by this latest
work, although it is difficult to see how it would be possible to develop
such good approximations without the benefit of the exact solutions
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which have been obtained by numerical integration. There is no assurance
that the approximations are valid for a very wide range of parameters
outside the range in which they were developed, since they could be con-
sidered to be an analytical fit to the exact solutions. Nevertheless the
availability of an analytical solution is valuable for the compact representa-
tion of results and as a starting point for more exact calculations.

A most successful application of the approximate theory has been
performed for the ozone decomposition flame, where the flame velocity
has been estimated over the entire O—Q; composition range in which the
flame is propagated (V2). A comparison of the calculated flame velocities
and the experimental values is made in Fig. 4.

Burning Velocity Sy vs.
Initial Mole Fraction Of Ozone x,q For
Ozone Decomposition Flame

o Von Kdrmdn-Penner Theory
o Lewis-Von Elbe Theory

Qo n v n  Experimental
A Grosse: Experimental Data

500

S, cm./sec
N
o
o
T

300 -
200 r
100 |
° * g; Ol.4 0%6 O'.S I!O

——
X390

Fi1g. 4. The ozone dissociation; comparison between compiled and measured values
of the burning velocity. From von Kérmén (V2) with the permission of the Combustion
Institute.

The most general flame problem has been formulated by Klein in such
a way that a successive approximation technique may usually be used to
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find a solution if one is willing to make the investment in time, effort, and
money involved (K5).

B. EXPERIMENTAL DETERMINATION OF TEMPERATURE AND
CoMPOSITION PROFILES AND SIGNIFICANT CHEMICAL KINETICS

Temperature measurements and chemical analysis within a flame zone
are difficult because of the small distance through the zone. For typical
hydrocarbon-air flames, the region over which temperature and composi-
tion have most of their variation is a fraction of a millimeter thick at one
atmosphere. Most of this distance is due to conduction and diffusion. The
primary reaction zone, which corresponds roughly to the zone of visible
radiation and where most of the heat is released, is often less than one-
fifth of the total flame thickness. It may often appear thicker due to
optical effects (W2). This information has been determined, in the case
of low pressure flames, only in recent years, primarily by careful traversing
with fine thermocouples and small sampling probes. Pressure scaling per-
mits extrapolation of the flame structure to higher pressures under some
circumstances. Much information on heat release and the reaction zone
has been obtained over a long period of time by inference from flame
velocity variation and a variety of well-chosen techniques (G1, G2, W2),
which usually have been of the optical variety. Experimentation within
flame zones has resulted in an understanding of reactions in hydrocarbon
flames which could not have been predicted a few years ago. A survey of
the literature through 1960 has recently been published (M8). The mon-
ograph by Weinberg (W2) on flame optics contains an up-to-date discussion
of flame processes. A monograph by Fristrom and Westenberg (F13) on
flame strueture covering all pertinent techniques is in press.

The methods used for accurate probe measurements have been devel-
oped since the work of Kldukens and Wolfhard (K4), who showed that
fine thermocouples could be used to measure temperature profiles meaning-
fully. Friedman (¥7) used even smaller thermocouples and showed that
catalytic effects could be eliminated by coating the wires. Friedman and
Cyphers (F8) later showed by means of a fine quartz sampling probe,
used earlier by Prescott et al. (P11), that hydrocarbon oxidation proceeds
in two stages. First, the hydrocarbon is converted rapidly into carbon
monoxide and water and then the monoxide is more slowly converted into
the dioxide. Fenimore and Jones (F2) have written a series of papers in
which they have analyzed composition profiles in the second stage of the
burning process to obtain the rate laws of a number of the reactions which
occur there. They have also traced initial decompositions by isotope
studies and oxygen atom detection techniques. Sugden (B6) and his co-
workers have estimated the concentration of radical species in the later
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stages of combustion. Fristrom, Westenberg, and co-workers (F11, F14,
W4) have made complete traverses of the stable species within several
hydrocarbon flames and, with the help of accurate transport coefficients,
have been able to delineate rather completely the regions in which the
various stages of reaction occur. They have also been able to deduce a
plausible scheme of reaction kinetics throughout the flame and estimate
some of the kinetie constants. The work of Fristrom and Westenberg and
Fenimore and Jones, as described most recently in the Ninth Symposium
on Combustion (F2, F11), provides a rather complete discussion of the
reactions, diffusion, and heat release occurring in hydrocarbon flames,
although some details have not been completely resolved. Dixon-Lewis
and Williams (D2) have carried out the analysis of the hydrogen—oxygen
flame system to nearly the same point of understanding. The assumption
has been made in these studies that speeies which are highly excited and
ionic species do not play an important role in determining reaction rates,
even though they are observed in flames. This topic will be discussed in a

later section.
The internal structure of a flame may be summarized as consisting of

three zones: the region of transport, the reaction zone, and the final region
of equilibration, although the separation is not quite complete. In the
transport region, thermal conduction from the reaction zone increases the
temperature of the incoming gases, so that reaction rates become rapid
enough to consume the reactants in the small time interval (about 100
psec) that they remain in the reaction zone. Fuel and oxidizer disappear
in the transport region by diffusion ahead of the main flow of gases into
the reaction zone which effectively acts as a sink for these constituents.*
The transport zone therefore contains some product gases, while the less
reactive intermediates may also diffuse back into this region. The dilution
by product is a process which limits the heat release somewhat with
respect to a flame model in which no diffusion occurs. It is fully predicted
in the flame model with unit Lewis number. Within the reaction zone,
active intermediates attack either the fuel or oxidizer as a controlling step,
whereupon a rapid chain of reactions leads to heat release. The reaction
sequence, which almost surely occurs in most flames, is the consumption
of an active intermediate at the forward part of the reaction zone which
serves to generate some other active species. The second species sub-

41t can only be ascertained that the transport region is free of chemical reaction
if accurate diffusion coefficients as a function of temperature and composition are
available, since if diffusion is ignored the disappearance of the fuel and oxidizer would
be interpreted as slow reaction which is accelerated as the temperature is increased
until the reactants are completely consumed. A posteriori, it seems most logical that

diffusion and reaction could not possibly compete over such a wide range of temperature
and composition and that regions in which each controls should oceur.
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sequently reacts with a stable molecule to regenerate the active inter-
mediate further along in the hot gases. The intermediates rise above their
equilibrium concentration such that they diffuse in both directions while
at the same time disappearing by reaction.

The methane flame may be used as an example of the present state of
knowledge of a flame system. In the reaction zone of this flame, the
attack of hydroxyl radical on methane is followed rapidly by the further
decomposition of the methyl radical into carbon monoxide and active
species. CO is oxidized slowly in an equilibration zone by the reaction

CO+O0H—-CO:+ H

Hydrogen atoms are responsible for the disappearance of oxygen by
the reaction H 4+ O, — OH + O. Oxygen atoms are in excess in the
methane-oxygen flame, and they probably play a part in the reactions of
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F16. 5. Characteristics of a spherical flame: (xcm)o = 0.078, (z0,)0 = 0.92, pres-
sure = 0.05 atm, (a) Stable species mole fraction versus distance from sphere surface,
temperature, and velocity. (b) Radical species (mole fraction versus distance). From
Fristrom (F11).

the intermediates although they are less reactive towards CH, and CO
than OH. The reaction removing CHj has not been definitely established.
Its reaction with O, or O-producing formaldehyde and OH or H has been
suggested by the different groups of workers in the field (F2, F11). The
first reaction has been suggested by work on the flame with oxygen,
while the second is proposed from work on air flames where reaction with
O, is less probable since its concentration is greatly reduced by diffusion.
Whether either reaction completely controls this step in either flame ean
only be established by further work. Formaldehyde reacts with H, O, and
OH, and it is suspected that all three reactions are important in this
stage, although formaldehyde disappears so rapidly that the stage is not
important as a governing step. Profiles of the principal stable species
throughout this flame, showing the separations of the processes into
regions, are shown in Fig. 5(a). Estimates of likely intermediate distribu-
tions are shown in Fig. 5(b).

These profiles, which can be obtained only for low pressure flames,
will scale inversely with pressure as long as all of the controlling reactions
are bimolecular because” of theTpressure dependence of the transport



16 J. F. WEHNER

phenomena and bimolecular collisions (H3). Since radical recombination
reactions, which occur to reduce the radical concentrations to their equilib-
rium values, are termolecular, the equilibration zone will not have a
profile that can be scaled with pressure. However this region is not of
primary importance for flame stabilization, so that a measure of control
of the lifetime of active species is afforded.

C. UNCERTAINTIES OF PRESENT KNOWLEDGE OF FLAME STRUCTURE

The concentration of free radicals is a difficult property to measure
directly, although the first results are being reported on methods for
scavenging radicals quantitatively (F12). The indireet methods, which
depend on emission of light by the radicals themselves or by added species
which are excited selectively by reaction with radicals, are reliable in the
equilibration region where temperature equilibrium prevails. In the re-
action zone, the radicals may not be in complete thermal equilibrium as
far as vibration and rotational degrees of freedom are concerned, so that
spectroscopic measurements of these properties are difficult to interpret.
Good estimates of radical concentration in the reaction zone are obtained
from the rate of reaction of a stable species when it is known that the
radical can only be involved in this one reaction. Examples are difficult
to find, although OH and O have been measured by this method (F3, K1).

In sampling with probes where only stable species can be determined,
radicals will affect the analysis if their concentration is comparable to any
stable species. In the methane flame, the formaldehyde measured by a
mass spectrometer is partially due to methyl radical (F11).

Two very distinguishing features of flames are the emission of visible
radiation and the presence of an abnormal number of ions in the reaction
zone (Cl, G1). Both of these features appear to be kinetic by-products,
which are completely unnecessary for flame propagation.’ The radical CH
is responsible for much radiation and now also appears to be the precursor
of many of the ions observed in flames (C2). Enhancement of CH or other
radical or ion concentration in flames could result in any number of
applications if an understanding of their formation made such control
possible.

lll. Stabilization of Flames
A. CoMPosITION LIMITATIONS—FLAMMABILITY

One of the most characteristic features of flame propagation is the
existence of flammability limits. For any given fuel-oxidizer mixture,
there exists a range of compositions, which usually centers about the

§ The hydrogen flame is almost invisible and contains a normal ion concentration.
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stoichiometric, within which a flame will propagate. Outside these com-
position limits, where the mixture is nearly pure fuel or pure oxidizer, it
is impossible to stabilize a propagating flame regardless of the strength
of the ignition source. Figure 6 shows schematically the experimental
variation of burning velocity. As shown by the broken lines, these curves
extrapolate to zero velocity at finite compositions. At these compositions
the adiabatic flame temperature is often 1500°C. for the common hydro-
carbon-air flame. The limits will depend strongly upon pressure and at
low pressures will be quite dependent on the dimensions of the equipment
used to determine the limits. In this latter case, the loss of energy and
active species to the surfaces of the equipment is the physical mechanism
responsible for the failure of a flame to propagate.

At higher pressures, the composition limit appears to be experimentally
independent of the dimensions of the equipment and has been widely
considered to be a property of an adiabatically propagating mixture (B1).
This type of limit has been referred to as a fundamental limit. The dem-
onstration of the existence of such a limit is an exceedingly difficult task.
Since all flames radiate some of their thermal energy, it is impossible to
stabilize a flame without losses to the surroundings. However, most flame
gases are very poor radiators, and, since the residence time of the gases in
the reaction zone of a flame is quite small, flames have been observed
which come quite close to the adiabatic flame temperature (F14).

A theory of flammability limits based on a nonadiabatic model of
flame propagation has been developed by Spalding (S5) and Mayer (M4).
In this model, two possible burning velocities arise for each combustible
mixture. The second velocity is shown as the dotted line of Fig. 6. As the
heat loss parameter in the theory changes in the direction of increasing
heat loss, the two burning velocities approach each other. With a further
change in the parameter, the flame velocity becomes imaginary. This
situation corresponds to a composition limit, since the heat loss parameter
may be changed by a variation in flame temperature, which is in turn due
to a variation in composition. Of the two flame velocities, the higher one
is usually observed. The lower velocity appears to be unstable but ap-
parently has been observed under special circumstances by Botha and
Spalding (B3). The experimental observation of inereasing flame thickness
with decreasing flame temperature provides for an increasing residence
time of the gases as the mixture strength approaches the limiting com-
positions. At this limit, therefore, flames have a tendency to be nonadia-
batic. The heat loss theory is likely to be a valid description of lammability
limits. It is, however, based on a flame model with ultra-simplified chemical
kinetics. There is no possibility of predicting the limit composition with
such a model. Another explanation of the limit lies in the observation
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Fic. 6. A plot of flame velocity versus composition for a typical combustible. The
solid lines represent an experimentally observed variation. See text for an explanation
of the broken and dotted lines.

that natural convection is quite important at the lowest flame velocities
which have been observed (I.12). It has also been proposed that the
steady-state solution to the flame equations is not necessarily stable (L8).
Recently, the author (W1) has suggested a basis for a theory of fundamen-
tal limits for an adiabatic flame which arises from the eigenvalue nature
of the flame equations. It is conceivable that each of the theories proposed
for the limit may be valid depending upon the particular flame and equip-
ment used to obtain the limit. It would appear that the natural convection
limit could easily mask a heat loss or other fundamental limit. Practically,
one can always increase the range of flammability of a given mixture by
preheating the unburned mixture.

B. SpaTialL AsPECTS—HYDRODYNAMICAL AND QUENCHING

A flame will remain stationary only if the flow velocity perpendicular
to the flame front is exactly equal to the burning veloeity. However, this
condition needs to be met only for a limited region over a flame front.
For other regions it is possible for the flame front to be inclined to the
flow at an angle such that the component of the velocity perpendicular to
the front is equal to the flow velocity. The limited region over which the
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exact matching takes place is generally met by reducing the velocity to
zero at a wall, so that, at some point near the wall, a streamline with a
velocity equal to the flame velocity is found. In general, bringing a flame
front near a wall will reduce the burning velocity by heat losses and/or
diffusion of reactive species to the wall, and this reduction also plays a
part in stabilization. If the velocity gradient near the wall is too extreme
the flow velocity will not be reduced as rapidly as the burning velocity,
and stabilization will not be possible. A complete account of flame stabiliza-
tion on burner tubes is given in the work of Lewis and von Elbe (L7). An
excellent review of the quenching of flames by solid surfaces has recently
been given by Potter (P9).

Recent work on spatial stabilization has been directed towards the
production of one-dimensional flames (F11, P10). These may be either
flat, eylindrieal, or spherical. The primary purpose of such flames has been
to measure velocities accurately and to provide a flame that can be de-
scribed by a one-dimensional theory. The measurement of temperature
and composition profiles is meaningful, of course, only in a flame in which
the geometry is known. One-dimensional geometry greatly reduces the
labor required to analyze such profiles in order to study kinetics.

C. IeNITION

Any practical flame system must be ignited in an efficient and safe
manner. The design of suitable techniques for ignition depends largely on
the aceumulated experience of many practitioners of the art, as a clear-cut
theory of ignition is lacking. There is however a wealth of information on
ignition in the literature, which can serve as a guide to the uninitiated.
Résumés of standard techniques along with discussions of theory may be
found in references (B1, L9, P7).

Common methods of ignition include electric sparks, hot wires, and
pilot flames of easily ignited substances. Spontaneous ignition (P7) and
the burning of hypergolic fluids (K2, M1) are topics of interest closely
related to ignition which, however, ordinarily imply the application of an
external stimulus. Almost any intense source of energy may be used for
the purpose of ignition. The exploding wire has been used in the ignition
of accelerating flames (L.1). The author is not aware of any work in which
the popular laser has been used in ignition studies. It would be expected
that information on the ignition process might be revealed in such studies.

It is thought by some workers in the field that the principles under-
lying ignition processes could be understood if the complete time-dependent
equations governing flames could be solved. This point of view has orig-
inated from the standardized ignition techniques, which are aimed at the
determination of the minimum energy requirements for ignition. The
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object of a theory is to calculate this energy from first principles. In
practice the physical and chemical parameters needed for such a theory
are never available. Since a steady-state flame profile is independent of
the previous history of the gases, a number of routes that lead to ignition
are possible. It is obvious that, theoretically, a purely thermal source of
energy may be used to initiate the reaction necessary to establish a steady
flame. A sufficiently high temperature will accelerate reactions, so that
chemical equilibrium can be rapidly approached in a region. The profile
can then decay to the steady-state profile. A more efficient method of
ignition is based on the idea that the active intermediates (free radicals)
previously mentioned (see Fig. 3) are necessary for flame propagation and
that most radical reactions are not temperature sensitive. In this case,
introduction of the active intermediate at room temperature will accelerate
the reactions, release heat, and thus generate the steady-state profile. No
method presently exists for the produetion and introduction of such
radicals in an efficient way. Moreover, electric spark ignition, in which
both heat and active species are generated, has been analyzed almost
entirely from the thermal point of view.

The thermal theory of ignition, which was pioneered by Semenov and
Frank-Kamenetski (F5), is based on a model which is nonadiabatic for
stationary systems and which may or may not be nonadiabatic for flowing
systems. For stationary systems an energy balance is writien for heat
generated by the system and heat lost to the surroundings. Since chemical
reactions accelerate more rapidly with temperature than heat losses, at
high enough temperatures heat is accumulated so that a “thermal explo-
sion’”” results. This process is presumed to lead to ignition. Since chemical
reaction rates are always finite at temperatures above absolute zero, it is
necessary that a nonadiabatic model be used. Otherwise all combustion
mixtures must be considered to ignite spontaneously. For the case of
flowing systems, the finite reaction rate results in the cold boundary dif-
ficulty discussed in Seection II, A. If a theory based on the steady-state
profiles is valid for ignition, an adiabatic model in which the cold boundary
condition is resolved should be sufficient. On the other hand, when the
heat losses are important as far as flame propagation is concerned, as in
the theory of Spalding (85) and Mayer (M4) for limiting conditions, they
must also be included in a model for ignition. One should distinguish care-
fully the difference between ignition and flame stabilization. Practical
ignition must involve ignition in the region of a flame holder and thus
includes stabilization. It would appear that the minimum energy require-
ment in this case would be related to the establishment of the steady-state
profile. In the ecase of the ignition of a traveling flame, some part of the
energy necessary to establish the steady-state profile may be accumulated
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during the nonsteady period. The minimum ignition energy in this case is
just sufficient to balance the heat losses so that chemical reaction can
accelerate. The flame profile will then become steady after an induction
period and will not necessarily be stabilized near the igniting element.

Little work has been done on the theory of ignition in the past several
vears. Yang (Y1), however, has calculated the minimum ignition energies
required to initiate the development of the steady-state profiles of a single-
reaction flame from plane, line, and point sources. His minimum ignition
energies are defined as the energy necessary to give a net heat release
within a region in which some losses occur. They are not the complete
thermal energy requirement for the establishment of the steady-state
profile. They also depend upon the particular initial condition chosen.
Since it is now possible to integrate the flame equations for more general
models than the single-reaction flame, it appears feasible to develop a
more general theory of ignition by extending the techniques of reference
(Y1). In particular, it would be interesting to investigate the energy
requirements for the generation of the steady-state profile of intermediate
species.

D. TRANSITION TO DETONATION

The laminar combustion wave, which is often characterized by the
term deflagration, is only one possible mode through which a metastable
reaction mixture may be transformed into a set of thermodynamically
stable products. The most important features of a deflagration are the
dependence of the burning rate on transport phenomena and chemical
reaction rates and the subsonic nature of the wave as shown by the un-
importance of the momentum equation in most cases. The second stable,
steady-state mode of decomposition of a reaction mixture is known as a
detonation wave. The velocity of such a wave is a thermodynamically
determined quantity. The set of equations which govern the gross motion
of detonations are over-all conservation equations for mass, momentum,
and energy and as such are algebraic equations as contrasted to the
differential equations of deflagration theory. Detonations are essentially
supersonic in character. These waves include or are accompanied by power-
ful shock waves, which are often destructive. The propagation of steady
detonation waves is a phenomenon which has been well studied and which
is adequately treated in the literature (C6, G4, E2, L10). The processes
whereby detonations are initiated or in which deflagrations are converted
to detonations constitute a currently active field of investigation. Preven-
tion of detonation is of paramount interest to those concerned with
stabilization of slow flames. Recent theoretical and experimental work has
uncovered many details of the development of detonation waves in both
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gaseous (B5, J4, L1, 1.2, L13, 02, 81) and condensed phase materials (M2).
In this work we shall describe only recent findings in the field of initiation
of gaseous detonation,

A detonation wave may be considered to be a shock wave that is
maintained by the release of chemical energy rather than by the moving
piston of elementary shock theory (C6). The classical picture of a one-
dimensional detonation wave [von Neuman, Zeldovitch, Doring theory
(EE2)] consists of a shock wave traveling ahead of a zone of chemical
reaction which is initiated by the elevated temperature behind the shock
front. The shock wave is counsidered to be a mathematical discontinuity.
It is well known that transport phenomena prevent the establishment of a
mathematical discontinuity in a real substance, so that the shock wave
is, in reality, a zone of finite thickness. It has been shown that a sufficiently
rapid chemieal reaction will merge with a shock wave, so that a detonation
wave may consist of a region (very narrow) in which the unreacted mixture
changes continuously to a product mixture along with a continuous rise
in temperature and pressure (H1). The structure of this zone depends on
the general differential equations which govern both deflagration and
detonation waves, but the rate at which detonations travel into the un-
disturbed gases is governed by the previously mentioned algebraic equa-
tions. These equations are usually regarded as the boundary conditions on
the differential equations of detonation waves.

The preceding remarks all apply to a steadily propagating one-dimen-
sional detonation. It is a relatively simple task to solve the algebraic
equation for the over-all steady-state motion. The differential equations
for the structure may be solved in the steady state, but the task is tedious
and, in addition, detailed knowledge of reaction rates needed in the
equation is not available. It is not too difficult to solve the time-dependent
over-all equation if a burning velocity for the flame as a function of tem-
perature and pressure is assumed (J4). It is not practicable to solve the
time-dependent equations which govern the structure of the wave with
any certainty because of the lack of kinetic information, in addition to the
mathematical difficulty. The acceleration of the slowly moving flame
front as it sends forward pressure waves which coalesce into shock waves
that eventually are coupled to a zone of reaction to form a detonation
wave has been observed experimentally (L1, 1.2).

It has been possible to understand the processes that accompany the
transition to detonation in gases without being able to integrate the com-
plete set of equations involved because of the hyperbolic character of the
dynamical equations (83). Jones has shown how a discontinuity may
develop ahead of an accelerating deflagration (J4). He has considered the
energy release required to produce a detonation and shown that some
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energy is released at a later stage which thus suggests retonation or
detonation in the opposite direction. His work is entirely analytical.
Oppenheim has shown how experimental observations of accelerating
flames may be analyzed by a graphical use of the method of characteristics
to determine the thermodynamic state of the gas as a function of time
and distance (02). The coalescense of the pressure wave ahead of the
flame front is depicted in Fig. 7, which is taken from L2.
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Fia. 7. Collapse of pressure waves ahead of a flame (wave velocities in meters/sec.).
Reproduced from Laderman et al. (L2).

The general picture of the process that has been developed is that
flames (ignited at the end of a closed tube) are accelerated by turbulence
generated in the boundary layer. The accelerated flame generates a shock
wave which develops into a detonation shead of the flame itself, so that
propagation in both directions is possible. In general the shock wave does
not form at the earliest pressure pulse sent out by the flame and does not
form at a point but over a region. The reaction is thus effectively initiated
as a constant volume explosion. Since it forms in a precompressed region,
the detonation wave is initially overdriven and will decay to the constant
velocity detonation of classical theory if a sufficient run is available. If
the run is short, the overdriven detonation will cause more damage than
the steady-state detonation (B5). It is also possible to observe transition
to detonation under conditions of short runs in closed containers at an
earlier time than for a long run, since reflections of the earliest pressure
pulses occur and interact with the later pulses to generate a shock wave.
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Recently it has been shown that fully developed turbulence is not at all
necessary for the establishment of the shock waves (L1). An increase in
flame velocity of several fold which corresponds to a slightly wrinkled
flame is responsible for the formation of a shock wave a short distance
ahead of the flame. This mild shock travels for some distance before further
reinforcement causes the explosive reaction to begin. In general the initia-
tion of detonation waves requires confinement in the region of ignition of
the flame. Direct initiation of detonation is possible if the source of ignition
is sufficiently strong (L13). The ignition strength is quite critical. An
increase in energy from 8.7 to 9.1 joules causes initiation without any
precursor shock wave in a bomb 30 em. in diameter, even though at the
lower energy only deflagration occurs.

IV. Burning of Solid Propellants

Solid propellants are substances which may be caused to decompose
exothermically into gaseous products. The hot gases are generally used as
the working fluid of a rocket engine but oceasionally may be used to drive
turbine devices which are usually designed as standby sources of power.
They have been used also as the source of an oxidizing atmosphere for
the study of combustion of metal particles (F10). The primary concern of
chemical engineers with respect to solid propellants has been in the areas
of formulation and processing of these materials, but these topics will not
be considered here. Instead, the relationship between the principles of
gaseous combustion and those of solid burning will be discussed. Particular
stress will be placed on our knowledge of the structure of the burning
zone and the factors which determine the burning rate of solid propellants.
In addition to the interaction between fluid flow, transport phenomena,
and chemical rate processes, solid propellant combustion involves a
necessary change of phase.

Solid propellants may be classified as monopropellants or composite
propellants. Monopropellants are substances in which the fuel and oxidizer
are both contained within the same molecule or at least in a single phase.
These materials may either burn slowly at subsonic rates or may decom-
pose rapidly in detonation. Depending on the use to which this type of
material is put, it may be classified either as propellant or high explosive.
In general, useful monopropellants are difficult to detonate.® The typieal
example of a monopropellant is the so-called double-base propellant. This
substance consists of nitrocellulose which has been colloidized by nitroglye-
erine along with various minor constituents which have been added to

6 See the introduction to reference (M2) for a discussion of this distinction.



FLAME PROCESSES—THEORETICAL AND EXPERIMENTAL 25

control the quality of the burning. The mixture, as far as its burning
characteristics are concerned, behaves as a continuous phase. A composite
propellant is made up of a mixture of at least two phases. Usually the
oxidizer phase is a crystalline inorganic substance. Particles of oxidizer are
imbedded in a continuous phase of organic fuel, which is called the binder.
Either the oxidizer or the fuel may also be a monopropellant, but the
greater part of the heat released is due to the final reaction between the
decomposition flame products and the unreacted fuel or oxidizer. Although
composite propellants contain as much or more stored chemical energy as
conventional high explosives, the mixing process, necessary to release this
energy, prevents easy detonation of these materials. Their use is desirable
therefore for safety purposes. Common oxidizers are ammonium nitrate
and ammonium perchlorate, which are both also monopropellants. A wide
variety of organic polymers are used as fuel binders.

A review of the mechanism of solid propellant combustion was presented
by Geckler in 1953 (G3). His topic was limited largely to the burning of
double-base propellants. Since that time a great deal of experimental
work has been done on the burning of the composite type of propellant,
while the theory of monopropellant burning has been refined considerably.
A limitation on the utility of the theory exists, as with gaseous combustion,
due to a lack of fundamental data on the ehemical rate processes ocecurring
during the combustion.

Significant features of solid propellant burning which are observed
experimentally are the dependence of burning rate on pressure, convec-
tion, and various additives. The dependence on pressure is somewhat
surprising at first, since the burning velocity of gaseous mixtures is nearly
independent of pressure due to the peculiar pressure dependence of trans-
port and reaction rates (H3). However when one realizes that heat transfer
to the solid is important in the gasifieation process and that the temperature
gradient is proportional to the pressure for gaseous burning, it is clear
that burning rates will increase with pressure. The exact pressure depend-
ence is complicated, however, because of the coupling of solid and gas
phase processes. Convection tends to inerease burning rates in the usual
manner by affecting the heat transfer through temperature gradients. All
fundamental theories of propellant burning consider that the gases issue
from the surface in a laminar fashion with no component parallel to the
surface (linear regression). Convectional effects are determined empirically.
Additives, known as ballistic modifiers, are used to control the burning
rate. They often have been chosen for supposed catalytic activity, but it
is suspected that they usually operate through the mechanism of thermal
radiation (L4). Propellants, burning within rockets, at times oscillate
strongly. Since this difficulty is largely a ballistic problem not primarily
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concerned with the flame processes themselves, the reader is referred to
the literature on the subject.’

The simplest model usually considered for monopropellant combus-
tion is that of a laminar gaseous flame coupled to the solid surface by the
heat transfer necessary to gasify the solid propellants. For a simple sub-
limation process, the vapor phase flame model needs only to be changed
at the cold boundary in a manner precisely the same as the nonadiabatic
flame considered by Spalding (85). If a reaction occurs in or on the con-
densed phase, the conservation equations must be written for this phase
and solved simultaneously with the vapor phase equations by matching
conditions at the phase boundary. By a simple manipulation of his approx-
imate technique for gas phase flames, Spalding has obtained solutions for
the case of a single-reaction flame supported by a solid which may or may
not be reactive (86). Johnson and Nachbar (J1, J2) have investigated the
existence of solutions to the single-reaction monopropellant problem and
shown with reasonable assurance that a minimum value of the flame
velocity eigenvalue is responsible for the lower pressure limits of burning
for ammonium perchlorate (L4). Their work however did include one
parameter whose value was assigned somewhat arbitrarily.

The erystalline inorganic monopropeliants decompose directly from the
solid to the vapor phase and are approximately described by the above
mentioned theoretical work, in gpite of the fact that the gas phase processes
are simplified. However, the double-base propellants and other organic
materials liquefy before vaporizing. In their combustion, so-called foam
and fizz zones occur before the vapor phase processes. Much work has
been done attempting to apply the conservation equations to the series
of processes. This work forms the basis for the summary by Geekler (G3).
It is the viewpoint of this author that too many parameters are determined
empirically in this application of the theory, so that useful extrapolations
are not possible. One must admire the manipulative skill of the early
workers in this field and also their determination to formulate a complete
theory. When and if the rate parameters become available, a useful theory
will be developed with the aid of this early work.

A theory for calculation of burning rates for composite propellants is
even more difficult to devise because of the intermediate mixing process
necessary. Recent experimental work has led to a semitheoretical deserip-
tion of the structure of composite propellant flames (A2, C5, 87, S8). 1t
is possible to vaporize each of the ingredients of a composite propellant
by the application of a heat flux. Experimentally it is possible to measure

7 References to the earlier literature may be found in the relevant papers of the
Symposium on Combustion, 9th, Cornell Univ., Ithaca, N.Y ., 1962, published by Academic
Press, 1963.
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the linear pyrolysis rate of the surface of each pure ingredient in a separate
experiment as a function of the temperature of a heated plate. 1t is expected
that the surface temperature of the substances will be reasonably approx-
imated by the plate temperature. A two-temperature model for the sur-
face temperature of a burning composite propellant is then based on the
assumption that each substance must have its surface regress at the same
average linear rate. The surface temperature of each substance is then
determined at the measured burning rate from the linear pyrolysis rate,
as in Fig. 8. This model is quite plausible if one of the constituents is a
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Fic. 8. Estimation of surface temperature from the two-temperature theory of (A2).
Reproduced with the permission of Butterworths.

monopropellant whose flame temperature is greater than the surface tem-
peratures. Such is the case for ammonium nitrate propellants. The com-
plete burning process then consists of a monopropellant flame near the
surface of the oxidizer particles along with heat transfer to the binder at
a lower temperature. A final reaction region where the gaseous inter-
mediates burn in a diffusion flame then completes the process. The model
is thought to be applicable to ammonium perchlorate flames in a limited
fashion, since surface temperatures about 200°C. higher than the flame
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temperature of an ammonium perchlorate flame (about 970°C.) are
required for pyrolysis at the observed burning rate. The required temper-
ature increment may be provided by a contribution from the diffusion
flame. The importance of the diffusion flame in the combustion of am-
monium perchlorate is demonstrated by the dependence of burning rate
on particle size. An empirical method for separating the effects of diffusion
and premixed flames has been presented by Summerfield (S8). The dif-
fieulty in getting accurate information in this field may be seen by realizing
that the total flame thickness is only about 100 ¢ in some regions of
interest. Oxidizer particles smaller than 10 u in diameter are difficult to
obtain, and one would expect to see diffusional effects with 100-u particles.
The latest attempts to derive a theory for a diffusion-type flame are those
of Nachbar (S8), which fail to yield the desired pressure dependence.

V. Chemical Synthesis in Flames

A. Various CHEMICAL SySTEMS CAPABLE OF SUSTAINING
A STABLE FLAME

The simplest example of a flame-supporting medium is a pure chemical
compound which decomposes exothermically. The widespread interest in
such flames is due to their possibilities as monopropellants. Many studies
are motivated by purely fundamental considerations, since a decomposi-
tion flame can be a kinetically simple flame. The most widely used and
studied combustion reactions are those between hydrocarbons or hydro-
carbon derivatives and air or oxygen. However, many other chemical
substances may be substituted for the common fuels and/or oxidizers.
Flames of uncommon fuels and oxidizers are most important because of
their possibility of surpassing ordinary hydrocarbon oxidation as a source
of energy. Some unusual flames are discussed in reference (P1).

A list of substances which have been used or considered to support
decomposition flames is shown in Table I. Almost all of these substances
have been studied at one time or another to provide fundamental informa-
tion for the evaluation of the theory of flame propagation. As previously
mentioned, the ozone decomposition has proved most useful as the basis
of a flame which is amenable to both theoretical and experimental study.
The NO decomposition flame provided a situation where a clear-cut
prediction was made possible by flame theory (P2). On the basis of a
flame calculation it was predicted that a strong preheat would permit the
stabilization of this flame at a measurable flame velocity, since it was
known that a flame would not propagate into the gas at room temperature.
Subsequent experimental work confirmed the prediction by stabilizing a
flame with approximately the predicted value. This places a great deal of



TABLE I

ExaMpLEsS OF SuBsTANCES THAT SUPPORT STABLE FLAMES

Decomposition flames Special fuels Special oxidizers
Hydrazine N.H, Ammonia NH; Nitric acid (fuming)
Ozone O Hydrogen sulfide H.S Oxides of nitrogen E.g, NO
Nitric oxide NO Cyanogen C:N. Halogens Br,, Cly, F,
Hydrogen peroxide H,0. Silanes E.g., (CH3).Si Perchloryl fluoride CIO;F
Acetylene C.H. Boranes E.g., BoHs
Ethylene oxide C.HO Metal particles Al, Mg, Ti, Zr
Methyl nitrite CH;ONO Metal alkyls E.g., AI(CHj;);
Nitromethane CH;NO; Volatile metal halides TiClL
Ethyl nitrate C.H;NO;
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confidence on the magnitude of the chemical rate constants which were
used in the calculation.

The most interesting feature of the decomposition flames is their
analogy to flames of the solid monopropellants. In fact, many of these
substances, which are ordinarily liquids, may support a flame directly
from the liquid phase without auxiliary vaporization of the liquid. In this
case, the flame supplies the necessary heat of vaporization or decomposi-
tion in exact analogy to the solid propellant flame.® The prineipal useful-
ness of a decomposition flame is found in the simplicity of design and
control of a rocket powered by such a flame, even though more powerful
fuels are readily available. A recent example, which has been featured in
the news, is the hydrogen peroxide attitude-control rocket used in the
artificial earth satellites of the U.S.A.

Tt should be noted that the products of the decomposition flames con-
tain either fuels or oxidizers. All of these materials are often used to
support premixed flames.

Also listed in Table I are special fuels which are defined for the purpose
of this article as fuels which are not hydrocarbons or oxygenated hydro-
carbon derivatives. Special oxidizers listed there are those other than air
or oxygen.

Several of these special fuels are presently in use or have great poten-
tialities for practical usage. They are all most interesting because of the
characteristies of their laminar premixed flames. Cyanogen, for example,
supports a flame with the highest temperature of any gaseous premixed
flame with gaseous products, because of the fact that N, and CO do not
readily dissociate.® The boranes support fascinating two-stage flames, each
stage of which shows up as a visible reaction zone (P3). This feature is
due to the separation of the processes which release heat. The solid-
producing stage of the reaction apparently does not occur until the fuel
has been consumed. The borane flames show great promise because of
their high energy content, although the technical problem of production
at reasonable costs has not been solved. Their ultimate use depends as
well upon the design of engines which can handle the severe problems
involved with the production of solids by a flame (O1). Combustion of
metals produces flames of high energy content. Premixed flames of metal

8 In condensed phase materials, a differentiation between deflagration or detonation
is vaporization by endothermic or exothermic processes. If exothermic reaction is ini-
tiated within the volume occupied by condensed materials, constant pressure processes
are precluded. It has been shown that, by carefully avoiding shock initiation, the most
powerful high explosives may be burned in a deflagrating manner (K3).

? A most interesting account of recent work on very high temperatures produced by
flames and other chemical means has been presented by Grosse (G5).



FLAME PROCESSES—THEORETICAL AND EXPERIMENTAL 31

dust clouds are known to exist. Heat transfer in such flames is predom-
inately by radiative processes, which therefore must be considered in the
conservation equations. The necessary modifications to flame theory
have been discussed (E1). Metals combustion however is usually studied
because of the potential value of their addition to solid propellants. This
funection depends upon two phenomena. Extra heat is released by the metal
oxidation, while the competition of the metal for oxygen may be used to
free hydrogen and thus lower the average molecular weight of the products
with a resultant enhancement of specific impulse.

Flames using the special oxidizers also have both practical and the-
oretical values. Fuming nitrie acid and fluorine support flames with a high
energy content. Nitric acid and oxides of nitrogen support interesting
two-stage flames, in which the second stage is due to the high temperature
necessary to decompose the NO produced as an intermediate (M5, P2).
Bromine reacts with hydrogen to give a very low temperature flame which
has served as the basis of a great deal of fundamental work.

B. Tue FrLaME As A REAcTOR

There are three principles by which a flame process may be designed.
A flame may form a desirable product by reacting to a favorable equilib-
rium state. The stabilization of an intermediate species may be achieved
by quenching. Finally, the condensation of solids from flame products may
be controlled to give desirable physical properties to the solids.

In general, the stable thermodynamic products of ordinary flames have
little worth, but many of the uncommon flames have products of value.
The chlorination of hydrocarbons may be carried out in a flame process
which was recently announced (A4). A most fascinating example is the
formation of boron nitride from the flame reaction between diborane and
hydrazine, two compounds which are ordinarily thought of as fuels (B2,
V1). The stabilization of this flame depends upon the proper preparation
of the premixed gases, since a solid adduct between the reactants prevents
flame stabilization if the preflame residence time is too greaf.

The quenching of a reaction mixture is made possible by the passage
of the hot gases through a DeLaval nozzle. It may be desirable to do this
in order to prevent a shift in chemical equilibrium as flame gases are
cooled slowly. It is also possible to withdraw nonequilibrium gases from
within the reaction zone of a flame through a probe, analogous to the
sampling process of reference (F14). It seems quite reasonable to expect
that, with careful design, specialized materials could be manufactured in
such a fashion.

The production of carbon black is the classical example of a partial
flame process in which quenching is important. Soot formation is a non-
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equilibrium process since it can form in the cooler parts of a flame by
pyrolysis and remain out of equilibrium with the gases by thermal radia-
tion to the surroundings (M7). The fixation of nitrogen in a rocket-type
reactor in an impressive, if not necessarily economic, yield has been de-
scribed (W3). The production of hydrazine by the partial oxidation of
ammonia has been suggested (P4). The partial oxidation of hydrocarbons
to yield acetylene is a process in which close control of conditions has
resulted in economic operation. An interesting diffusion flame process for
producing acetylene and ethylene from propane has recently been described
(A5).

The condensation of solids from flame gases is suggested as a means of
preparing finely divided solids. The difficulty of designing a suitable
process is discussed in a review of the problem of nucleation and con-
densation processes in flow systems (C7). The closely allied production of
tiny hollow spheres of aluminga from the combustion of aluminum is a
fascinating, if not necessarily useful, process (89, F10).

Modern flame processes for the production of pure silica, titania, and
ferric and other oxides are currently the object of strong industrial interest.
These processes are made possible by the enhancement of flame temper-
atures through the addition of an extra fuel. At the time of this writing,
announcement will have been made of the construction of new facilities
for the production of pigment grade titanium dioxide using processes
covered by German and French patents (A3). In these processes, titanium
tetrachloride is burned with oxygen and carbon monoxide to regenerate
the oxide in the finely divided state.
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Nomenclature

G; Fraction of mass flux z; Mole fraction
z Distance n  Mole density
m; Molecular weight D;; Binary diffusion coefficient
K; Reaction rate g0 Flux of heat at cold boundary
M Mass flux p Density
M Thermal conductivity s,r Integers
T Absolute temperature &, Specific heat at constant pressure

H; Specific enthalpy (average)
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l. Introduction

The use of bifunctional catalysts in the catalytic reforming of petroleum
naphthas to produce gasolines of high antiknock quality represents one
of the most outstanding applications of heterogeneous catalysis over the
past decade (C6). The bifunctional catalysts of most interest consist of a
hydrogenation-dehydrogenation component, for example, platinum, palla-
dium, or nickel, supported on an acidic component such as alumina or
silica-alumina. Such eatalysts are termed bifunctional, since they are found
to promote simultaneously such reactions as the isomerization and de-
hydrogenation of saturated hydrocarbons, as was disclosed by Haensel
(H1) and by Ciapetta (C1) over a decade ago. While other examples of
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bifunctional catalysis are known (K2), the application in catalytic re-
forming is by far the best known and the one on which most research
work has been done.

This review is concerned with a discussion of the reactions of hydro-
carbons over bifunctional catalysts, primarily from the viewpoint of
mechanism and kinetics. Some discussion will also be given of the structure
and properties of typical bifunctional reforming catalysts, since this is
somewhat helpful in understanding how the catalyst functions in pro-
moting the various reactions. In addition, at appropriate places in the
article, the practical application of the principles of bifunctional catalysis
in commercial reforming processes will be considered.

Il. Nature of Bifunctional Reforming Catalysts
A. GENERAL DESCRIPTION OF PLATINUM REFORMING CATALYSTS

As already pointed out, the common bifunctional reforming catalysts
consist of a metal dispersed on an acidic support. In the case of platinum
on alumina catalysts, the amount of platinum present is commonly within
the range of 0.1 to 1.0 wt.%. The catalysts frequently contain comparable
percentages of halogens, such as chlorine or fluorine. One common method
of preparing such a catalyst involves impregnation of alumina with chloro-
platinic acid, followed by calcination in air at temperatures in the range
550 to 600°C. (K1, 87). The aluminas commonly used have surface areas,
as determined by the method of Brunauer et al. (B5), in the range of 150
to 300 m.?/g., corresponding to average pore radii of 60 to 30 A. The
catalytic properties of the alumina depend to a marked extent upon the
source or the method of preparation of the alumina (P3). A number of
different crystalline phases of alumina have been identified with the use
of X-ray diffraction (N1). The different phases can be prepared by varying
the conditions of preparation and dehydration of the alumina.

Platinum on alumina reforming catalysts are commonly used com-
mercially in the form of eylindrical pellets about 3 X % in. in size, since
this is about the smallest size acceptable from the standpoint of avoiding
excessive pressure drop. For fundamental studies in small-scale reactors,
where pressure drop limitations are less severe, it may be preferable to
use the catalyst in the form of small granules to minimize diffusional
limitations.

Catalysts other than platinum catalysts have been considered for
reforming. Included among these are certain metal oxides, e.g., chromia
and molybdena. However, these catalysts are much less active than
platinum and also less selective toward the reactions of most interest in
reforming, at least under the conditions usually employed in commereial
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catalytic reforming operations, namely, high hydrogen partial pressures
of the order 10-30 atm. (C6). Furthermore, since chromia and molybdena
catalysts must be used near atmospheric pressure to obtain good activity
and selectivity, the activity declines rapidly. This is because operation at
low hydrogen pressure results in the extensive formation on the surface of
carbonaceous residues, which strongly inhibit the reactions.

The foregoing paragraphs have deseribed platinum on alumina catalysts
in a very general way and have also attempted to give a brief diseussion
of the reason why platinum is so commonly used as a reforming catalyst.
In the following sections, the physical and chemical properties of platinum-
alumina catalysts will be discussed in more detail, since this information
will be of considerable help in understanding the way in which these
catalysts funetion.

B. CHARACTERIZATION OF THE METAL COMPONENT

On the basis of hydrogen chemisorption measurements, Spenadel and
Boudart (S7) have concluded that freshly prepared platinum on alumina
catalysts are characterized by extremely high dispersion of platinum over
the support. If the platinum is present as erystallites, these authors point
out that the crystal size must be less than about 10 A. The authors also
suggest that the platinum may be dispersed in the form of two-dimensional
patches, but probably not as isolated atoms. This was based on the observa-
tion that the amount of adsorption of hydrogen corresponded to about
one atom of hydrogen per atom of platinum, and that more than 909, of
the adsorption of hydrogen was instantaneous. If the platinum were
dispersed as isolated platinum atoms, the distance between platinum
atoms would be of the order of 100 A. In the act of adsorption, the hy-
drogen molecule would then dissociate in such a manner that one hydrogen
would be adsorbed on a platinum site and the other on an adjacent alumina
site. To satisfy the requirement of one hydrogen atom adsorbed per atom
of platinum, the latter hydrogen atom would then have to migrate over
the alumina to another platinum site. However, as Spenadel and Boudart
point out, such a surface diffusion process should be of the slow activated
type, in contrast with the observation that the adsorption was almost
wholly instantaneous.

The high degree of dispersion of platinum on alumina has also been
confirmed by the hydrogen chemisorption measurements of Keavney and
Adler (K1), and by the chemisorption studies of Gruber (G2). In addition,
high dispersion of platinum on silica-alumina has been observed by Hughes
and associates, using a carbon monoxide chemisorption technique (H10).

MecHenry and co-workers (M1) have suggested that platinum on
alumina eatalysts, which are active for the dehydrocyeclization of paraflins,
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contain the platinum in the form of a complex, in which the platinum has
a valence of four. The platinum complex is characterized by its solubility
in agueous hydrofluoric acid or acetylacetone. However, the work of
Kluksdahl and Houston (K4) indicated that solubility of the platinum in
hydrofluoric acid may simply be a consequence of exposure of the catalyst
to oxygen. These workers found that essentially no soluble platinum was
observed for any of a number of reduced platinum catalysts which were
not exposed to oxygen. The authors, therefore, suggest that the platinum-
alumina complex postulated by McHenry and co-workers does not exist
under reforming conditions, i.e., after reduction with hydrogen. Further-
more, they point out that soluble platinum can be observed with platinum
on silica catalysts and in the absence of chlorine, so that no evidence
exists for a specific soluble platinum-alumina-chlorine complex. They sug-
gest that the species which dissolves in hydrofluoric acid is simply the
platinum metal upon which oxygen is chemisorbed.

C. PropERTIES OF THE Acipic COMPONENT

The aluming or silica-alumina supports used in bifunectional catalysts
have been shown to be acidic in nature. The acidic properties are readily
demonstrated by the affinity of these solids for adsorption of basie com-
pounds such as ammonia, trimethylamine, n-butylamine, pyridine, and
quinoline (01, R5). Furthermore, adsorption of certain acid-base indicators
such as butier yellow gives a coloration similar to that observed in acid
media (B3, B4). With regard to the origin of the acidity, Tamele (T1) has
suggested in the case of silica-alumina that aluminum atoms replace
silicon atoms in the surface of the silica structure, giving rise to surface
sites of the form

"
o H
Si—0—Al—0—Si 81—0—A1—o—s1
0 0
Si si
® (1)

in which the first (I) acts as a Lewis acid and the second (1I) as a Brgnsted
acid.

A Lewis acid is defined as a species that can accept a pair of electrons
from a base. This is a very general definition of an acid proposed by G. N.
Lewis in 1923 (L1). In the case of structure (I), the Al atom is not com-
pletely coordinated, i.e., it is bonded to three oxygen atoms instead of
four. The aluminum atom thus has a total of six valence electrons instead
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of the maximum eight. It therefore has the potential of accepting a pair
of electrons from another species to complete a stable octet. Electron-rich
species capable of donating a pair of electrons are referred to as Lewis
bases. To illustrate the interaction of a Lewis acid and a Lewis base, we
can consider the way in which a molecule of ammonia could bond with
the aluminum atom in structure (I):

81 i

0 = O H
Si:0:Al + :<N'H ———»  Si:0:ALN:H

o) H O H

Si Si

The ammonia molecule donates a pair of electrons to the electron-deficient
aluminum atom in the above reaction, thus completing a stable octet of
electrons. This example is a pertinent one, since adsorption of ammonia
has been used as a way of measuring the acidity of solid catalyst surfaces.

A Brgnsted acid is simply defined as a species that can donate a proton
to another species (L2). In the case of structure (II) shown for a surface
site, it is to be noted that the aluminum atom is completely coordinated
by oxygen atoms and has a proton associated with it. The formation of
this type of site might simply be visualized as resulting from the inter-
action of a Lewis acid site of the type just discussed with a molecule of
water:

Si Si

:
Si—'O—l}l + H—-O—H ——» Si—O—A‘il—O—H

0 9

Si Si

That is, the Brgnsted acid site can be thought of as a hydrated Lewis
acid site. Since the Brgnsted site can donate a proton to another species,
we can represent its reaction with ammonia simply as the interaction of a
proton with the unshared electron pair on the nitrogen atom of the am-
monia molecule:

+
HY + :NNH ——— | B:N:H
H H
The interaction leads to the formation of an ammonium ion at the surface.
Thus, we have seen that the surface of a solid such as silica-alumina
has acidic properties. Similar considerations also apply to alumina, al-

though alumina alone is appreciably less acidic than the silica-alumina
compositions used as cracking catalysts. Treatment of alumina with
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halogens such as Cl or F tends to make the acidic properties of alumina
more pronounced, in the sense that it increases the activity of alumina
for the catalysis of typical acid-catalyzed reactions, such as the skeletal
isomerization of olefins and various cracking reactions of hydrocarbons
(M3, R2, 83). It has been suggested that incorporation of halogens in the
surface of alumina involves partial replacement of OH groups, known to
exist on alumina (P2), by Cl or F. The enhancement of acidic properties
is then attributed to the halogens having higher electron affinities than
oxygen, thus causing the residual hydrogen atoms on the surface to
become more acidic. The experiments of Webb (W1) are of interest with
respect to the nature of the effect of halogen acids on the acidity of alumina.
Briefly, these experiments showed that treatment of alumina with HIF
increases the strength of the acid sites for ammonia adsorption but does
not alter the number of acid sites appreciably. At any rate, regardless of
the detailed mechanism of enhancement of the acidity of alumina, halogens
serve as effective promoters for the acid-catalyzed reactions which occur
over platinum-alumina reforming catalysts.

lll. Nature of Reactions Occurring over Bifunctional Catalysts

A. DrscripTioN oF CATALYTIC REFORMING REACTIONS

Some of the typical reforming reactions catalyzed by the bifunctional,
metal-aseidic oxide catalysts, along with a specific example of each, are
listed below:

(a) Dehydrogenation of cyclohexanes to aromatics

() —— )+

(b) Isomerization of n-paraffins to branched paraffins

CH,—CH,—CH,—CH,— CH, —— CH,—CH—CH,~CH,
CH,

(c) Isomerization of alkylcyclopentanes to cyclohexanes

CH,

O —— O
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(d) Dehydroisomerization of alkyleyclopentanes to aromatics

——— ©+3Hz

(e) Dehydrocyclization of paraffing to aromaties

CH,

(f) Hydrocracking to low molecular weight paraffins

CH,

C:Hy + H: — C.Hw + GHs

Early reported studies on the application of bifunctional catalysts to the
foregoing reactions were those of Haensel and Donaldson (H2), Ciapetta
and Hunter (C2, C4, C5), Heinemann and co-workers (H3), and Hettinger
and co-workers (H7). These reactions form the heart of catalytic reforming
and have been exploited commercially in a number of processes, including
the following:

(a) Platforming Universal Oil Products Company
(b) Catforming Atlantic Refining Company
(¢) Houdriforming Houdry Process Corporation

(d) Sinclair-Baker process Sinclair Research Laboratories joint with
Baker and Company

(e) Ultraforming American Oil Company

(f) Powerforming Esso Research and Engineering Company

These processes have been deseribed extensively in a eomprehensive article
by Ciapetta et al. (C6), to which the reader is referred for details. Here
we will simply point out that the processes are all fixed bed processes
using platinum catalysts and operate at relatively high pressures (15-35
atm.) with recycle of hydrogen-rich gases.

The major part of the antiknock improvement obtained in the catalytic
reforming of petroleum naphthas is due to the formation of aromaties.
Lesser contributions result from the isomerization of straight-chain par-
affing to branched paraffins and hydrocracking of high molecular weight
components to lower molecular weight components in the gasoline boiling
range.

Of all the reactions taking place in catalytic reforming, the dehydro-
genation of cyclohexanes occurs by far the most readily. Isomerization
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reactions also occur readily, but not nearly so fast as the dehydrogenation
of cyclohexanes. The limiting reactions in most catalytic reforming opera-
tions are hydrocracking and dehydrocyclization, which generally occur at
much lower rates.

Prior to discussing the mechanistic aspects of reforming reactions, we
will next consider the thermodynamies of some of the more important
reactions involved in the process. This will be done in the following section.

B. TuERMODYNAMIC CONSIDERATIONS

The thermodynamics of the more important reactions in catalytic
reforming can be discussed conveniently by referring to the equilibria
involved in the various interconversions among certain of the Cg; hydro-
carbons. Some thermodynamic equilibrium constants at 500°C., a typical
temperature in catalytic reforming, and heats of reaction are given in
Table I. The equilibrium constants in Table I apply when the partial
pressures of the various components are expressed in atmospheres.

TABLE 1

THERMODYNAMIC DATA FOR TyrrcAlL REFORMING REACTIONS

Reaction K (R4) AHg, keal./mole (R4)
Cyclohexane — benzene + 3 H; 6 X 108 52.8
Methylcyclopentane — cyclohexane 0.086 -3.8
n-Hexane — benzene 4+ 4 Hp 0.78 X 108 63.6
n-Hexane — 2-methylpentane 11 —1.4
n-Hexane — 3-methylpentane 0.76 —-1.1
«n-Hexane — 1-hexene + H, 0.037 31.0

The dehydrogenation of cyclohexane and the dehydrocyclization of
n-hexane to yield benzene are seen to be strongly endothermie, so that
inereasing temperature has a marked effect on improving the extent of
conversion to aromatics. Hydrogen partial pressure obviously has a marked
effect on the extent of formation of benzene, and from the viewpoint of
equilibria alone, it is advantageous to operate at as high a temperature
and as low a hydrogen partial pressure as possible to maximize the yield
of the aromatic. However, other considerations, such as catalyst deactiva-
tion due to formation of carbonaceous residues on the surface, place a
practical upper limit on temperature and a lower limit on hydrogen partial
pressure in catalytic reforming operations. The thermodynamic considera-
tions in the formation of aromatics from higher molecular weight paraffins
and cycloparaffins are qualitatively the same as for formation of benzene,
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but it should be noted that the equilibrium tends to shift more in favor
of the aromatic as the molecular weight increases. Thus, for example, the
formation of toluene from methyleyclohexane is thermodynamically more
favorable than the formation of benzene from cyclohexane, as shown
below:

Reaction K at 500°C. (R4)
Cyclohexane — benzene + 3 Ha 6 X 108
Methylcyclohexane — toluene + 3 H: 2 X 108

The dehydrogenation of paraffins to olefins, while it does not take
place to a large extent at typical reforming conditions (equilibrium con-
version of n-hexane to l-hexene is about 0.39, at 510°C. and 17 atm.
hydrogen partial pressure), is nevertheless of considerable importance,
since olefins appear to be intermediates in some of the reactions. This
matter will be discussed in more detail in a subsequent section. The for-
mation of olefins from paraffins, similar to the formation of aromatics, is
favored by the combination of high temperature and low hydrogen partial
pressure. The thermodynamics of olefin formation can play an important
role in determining the rates of those reactions which proceed via olefin
intermediates, since thermodynamics sets an upper limit on the attainable
concentration of olefin in the system.

The equilibria in the case of isomerization reactions are much less
temperature sensitive than in the case of dehydrogenation reactions, since
the heats of reaction are relatively small. Furthermore, it is seen that
the equilibrium between methyleyclopentane and cyclohexane favors the
former, indicating that the five-membered ring structure is more stable
than the six-membered ring. In the case of the equilibria between n-hexane
and the methylpentanes, it can be seen that the 2-methylpentane is the
favored isomer over 3-methylpentane, which is reasonable from the simple
statistical consideration that the substituent methyl group can oceupy
either of two equivalent positions in the former molecule as compared to
one in the latter. Thermodynamie calculations would indicate the presence
of appreciable quantities of dimethylbutanes at equilibrium (about 30 to
359, of the total hexane isomers at 500°C.), but such quantities of these
isomers are not observed in reforming. While equilibrium tends to be
established rather readily in the case of n-hexane and the methylpentanes,
this does not appear to be true for the dimethylbutanes. This suggests
that a strong kinetic barrier resists the rearrangement of singly branched
to doubly branched isomers (C6), which apparently does not exist in the
case of the rearrangement of the normal strueture to the singly branched
structures.
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C. GENERAL ASPECTS OF REACTION MECHANISMS

Indications of the mechanism of isomerization of saturated hydro-
carbons were obtained by Ciapetta (C3), who observed that olefins were
isomerized over nickel-silica-alumina catalyst at appreciably lower tem-
peratures than were the corresponding saturated hydrocarbons, suggesting
that olefins were intermediates in the reaction. Ciapetta also suggested
that the rearrangement of the carbon skeleton took place via a ecarbonium

TABLE II

RoLe oF Inpiviouan FuNcTioNs oF BIFuNctioNaL REFORMING CATALYSTS;
Errect oF CaTaLystT TypeE AND HYDROCARBON STRUCTURE ox Propuctr (M2)¢

Vol. 9 of liquid product

Catalyst
Isomeriza- Dehydro- Dual
Charge Product tion genation function
Cyclohexane Aromatic 2 92 92
Olefin 0 1 2
Naphthene 98 2 1.5
Paraffin 0 5 4.5
Cs/C; ring ratio® >580tol >25to1 lto4
Methyleyelopentane Aromatic 3 7 49
Olefin 0 4 2
Naphthene 95 80 23
Paraffin 2 9 26
Ce/Cs ring ratio®>  Traces of Traces of 1to4
cyclohexane cyclohexane
Cyclohexene Aromatic 8 92 83
Olefin 86 3 2
Naphthene 5 0 11
Paraffin 7 5 4
Cs/C; ring ratio® Approx. >50tol Approx.
1 to 10 1to4
Methyleyclopentene Aromatic 7 16 48
Olefin 74 2-3 1
Naphthene 19 48-70 13
Paraffin 0 34-11 38
Ce/C; ring ratio® 1to 14 < 1to 50 < 1to25

¢ 950°F., 300-lb./sq. in. gauge; liquid hourly space velocity = 3, H,/hydro-
carbon = 4.
b In naphthene and olefin product.
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ion mechanism, Further support for such a mechanism was obtained by
Mills and co-workers (M2), who made experiments on three different
types of catalysts, the first containing only an acidic function, the second
only a dehydrogenation function, and the third containing both functions.
Data were obtained on cyclohexane, methyleyclopentane, cyclohexene, and
methyleyelopentene, as shown in Table I1. It was found that the conver-
sion of cyclohexane to benzene proceeded as well over the dehydrogenation
catalyst as it did over the bifunctional catalyst but did not take place
over the catalyst which contained only an acidic function. The isomeriza-
tion-dehydroisomerization of methylcyelopentane to cyclohexane and
benzene was found to occur to a significant extent only in the case of the
bifunctional catalyst. Isomerization of cyclohexene to methylcyclopentene
was found to require only an acidic function. Based on these observations,
Mills and co-workers proposed the scheme shown in Fig. 1 to describe the

n-Hexane Ischexanes

Cyclohexane Methylcyclopentane = n-Hexene —~—— Isohexenes

Cyclohexene ——— Methylcyclopentene

I

Cyclohexadiene Methylcyclopentadiene

I

Benzene

Hydro-dehydrogenation centers

Acidic centers

Fia. 1. Reaction paths in reforming Cs hydrocarbons (M2).

reforming of Cs; hydrocarbons over a bifunctional catalyst. The vertical
reaction paths in the figure take place on the hydrogenation-dehydrogena-
tion centers of the catalyst and the horizontal reaction paths on the acidie
centers. According to the mechanism, the conversion of methyleyclopentane
to benzene, for example, first involves dehydrogenation to methylcyclopen-
tenes on hydrogenation-dehydrogenation centers of the catalyst, followed
by isomerization to cyclohexene on acidic centers. The cyclohexene then
returns to hydrogenation-dehydrogenation centers where it can either be
hydrogenated to cyclohexane or further dehydrogenated to benzene, the
relative amounts of these products depending on reaction conditions.

In the reaetion scheme in Fig. 1, the dehydrocyeclization of n-hexane
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is indicated to proceed via formation of n-hexene on dehydrogenation
centers, followed by cyclization of the n-hexene to methyleyclopentane on
acidic centers. The methylcyclopentane then is converted to benzene in
the manner just described. Alternatively, it has been suggested (B1) that
the initial steps in the reaction sequence more likely involve dehydrogena-
tion to the diolefin, hexadiene, followed by eyclization on acidic centers to
the cyclic olefin, methyleyclopentene. The mechanism of dehydrocycliza-
tion will be considered in more detail in a subsequent section.

Hydrocracking reactions over bifunctional catalysts are quite complex.
Thus, over platinum-alumina or platinum-silica-alumina catalysts, both
cracking on platinum metal sites and acid-catalyzed cracking can occur
(M3). It has been suggested that olefins formed on platinum sites are
intermediates in hydrocracking, in a manner similar to isomerization (M3).
However, it has been found that appreciable hydrocracking of saturated
hydrocarbons can also take place over alumina or halogenated alumina
(82, 83), although no active dehydrogenation component is present.

D. INDEPENDENT AcCTION OF METAL AND Acipic CENTERS
oF THE CATALYST

In the case of the bifunctional platinum-acidic oxide catalysts, it has
been demonstrated that the platinum sites and acidic sites can act in-
dependently. Thus, Weisz and Swegler (W5) have shown that mechanical
mixtures, in which the dehydrogenation and acidie functions were present
on separate particles, were active for the isomerization of n-paraffins,
Provided the catalyst particles were small enough, the extent of isomeriza-
tion was found to be comparable to that observed when both catalytic
functions were present on the same particle (Fig. 2). Similarly, Hindin
et al. (H8) found that such mechanical mixtures were active for the de-
hydroisomerization of methyleyclopentane to benzene. The results of these
experiments indicate that the above-mentioned reactions can proceed via
gas phase intermediates (olefins), which diffuse from one type of catalytic
site to the other. Thus, it appears that a reaction like isomerization or
dehydroisomerization of a saturated hydrocarbon can proceed satisfactorily
by a succession of steps involving dehydrogenation to an olefin on platinum
sites, followed by desorption and subsequent diffusion through the gas
phase to acidic sites, where the isomerization step takes place. The iso-
merized olefin can then diffuse through the gas phase to a platinum site,
where it can undergo hydrogenation or dehydrogenation to form the final
reaction products.

While mechanically mixed catalysts have been shown to be successful
for the isomerization or dehydroisomerization of saturated hydrocarbons,
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they do not appear to be so satisfactory for the dehydrocyclization reac-
tion (M1, W2). This suggests that dehydrocyclization proceeds to a lesser
degree by a mechanism involving gas phase transport of intermediates
between separate dehydrogenation and acidic centers. Retaining the idea

50

20r Temperature, °C. 468 450
Pt on Si0,-Al,05 A B
Mixture, Pt on

10k inert + Si0,-Al,03 C D

% Conversion to isoheptanes

o ] [ 1 _—
[oX] | 10 100 1000
Diameter of particles {microns)

in mechanical mixture

Fic. 2. Isomerization of n-heptane over mixtures of particles of silica-alumina and
particles of inert-supported platinum (W5). The dashed lines represent conversions
over platinum-impregnated silica-alumina. Conditions of runs: 25 atm., Hz/nC; = 4/1,
space velocity = 0.7 g. nC; per hour per gram of catalyst.

that the reaction proceeds through a diolefin stage, it might then be
postulated that the diolefin does not readily desorb from the platinum
site on which it is formed, but rather migrates to an acidic site by surface
diffusion, or interacts with an acidie site in very close proximity to the
platinum. The active center for dehydrocyclization might then be vis-
ualized as a platinum-acid co-site, or alternatively as a complex (M1).

IV. Kinetics and Mechanism of Individual Hydrocarbon Reactions

In the preceding paragraphs we have discussed bifunctional catalysis
from the standpoint of the nature of the catalyst surface as well as the
kinds of reactions which take place and have summarized the results of
certain critical experiments from which a mechanistic picture has evolved.
With this background in mind, we will now diseuss the results of kinetic
studies in the following sections.
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A. DEHYDROGENATION OF CYCLOHEXANES

As pointed out earlier, the dehydrogenation of eyclohexanes to aromat-
ics over a supported platinum catalyst requires only platinum sites. The
properties of the support do not appear to be critical, provided that the
platinum is well dispersed.

The conversion of cyclohexanes to aromatics is a highly endothermic
reaction (AH =~ 50 kecal./mole) and occurs very readily over platinum-
aluming catalyst at temperatures above about 350°C. At temperatures in
the range 450-500°C., common in catalytic reforming, it is extremely
difficult to avoid diffusional limitations and to maintain isothermal con-
ditions. The importance of pore diffusion effects in the dehydrogenation of
cyclohexane to benzene at temperatures above about 372°C. has been
shown by Barnett et al. (B2). However, at temperatures below 372°C. these
investigators concluded that pore diffusion did not limit the rate when
using ¥ in. catalyst pellets.

A study of the kinetics of methyleyclohexane dehydrogenation to
toluene in the temperature range 315 to 372°C. has been reported by

TABLE III

SuMMARY OF RATE DATA FOR METHYLCYCLOHEXANE
DEHYDROGENATION OVER Pt-ALOg# (856)

Temp. pu’ Pr’

(°C.) (atm.) (atm.) rd
315 0.36 1.1 0.012
315 0.36 3.0 0.012
315 0.07 14 0.0086
315 0.24 14 0.011
315 0.72 14 0.013
344 0.36 11 0.030
344 0.36 3.1 0.032
344 0.08 1.4 0.020
344 0.24 1.4 0.034
344 0.68 14 0.034
372 0.36 1.1 0.076
372 0.36 4.1 0.080
372 1.1 4.1 0.124
372 2.2 4.1 0.131

20.39% Pt on alumina catalyst.

b Methyleyclohexane pressure, atm.

¢ Hydrogen pressure, atm.

4 Rate of dehydrogenation, gram-moles of toluene formed per hour per gram of
catalyst.
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Sinfelt and associates (S6) for a 0.39%, platinum on alumina catalyst. At
these temperatures diffusional effects are much less important than at the
usual reforming temperatures. Over the range of methyleyclohexane and
hydrogen partial pressures investigated, 0.07 to 2.2 atm. and 1.1 to 4.1
atm., respectively, the reaction was found to be zero order with respect to
hydrogen and nearly zero order with respect to methyleyclohexane (Table
III). The kinetic data were found to obey a rate law of the form

- E 1)
1+ bpu

where &’ and b are parameters which are functions of temperature. Data

obtained on 1:1 blends of methylecyelohexane with either benzene or

m-xylene indicated that the reaction was only slightly inhibited by

aromatics.

In the interpretation of the kinetics, it was concluded that a mechanism
involving adsorption equilibrium between methyleyclohexane in the gas
phase and methylcyclohexane molecules adsorbed on platinum sites was
not very likely. If Eq. (1) were interpreted on such a basis, then b would
be an adsorption equilibrium constant. From the temperature dependence
of b, one would ealculate a heat of adsorption of 30 keal./mole, which
seems too high for adsorption of methyleyclohexane molecules as such.,
Furthermore, the small inhibition by aromatics casts doubt on such a
picture, since the extent of adsorption of aromatics would be expected to
be considerably greater than that of methylecyclohexane molecules at
equilibrium, in view of the unsaturated nature of aromaties.

In view of the above considerations, it was proposed that adsorption
equilibria are not established and that the small inhibiting effect of ar-
omatics indicates that the rate of adsorption of aromatics is lower than
that of methyleyclohexane. A simple kinetic scheme was proposed to
account for the observed kinetics:

r

ME T B

Here M and T represent methylcyclohexane and toluene in the gas phase,
and T, represents adsorbed toluene. The first step in the above reaction
sequence represents the adsorption of methyleyclohexane with subsequent
reaction to form toluene, while the second step is the desorption of toluene
from the surface. Very likely the first step represents a series of steps
involving partially dehydrogenated hydrocarbon molecules or radicals.
However, at steady-state conditions the rates of the intermediate steps
would all be equal, and the kinetic analysis is, therefore, not complicated
by this factor. To account for the near zero-order behavior of the reaction,
it was suggested that the active catalyst sites were heavily covered with
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toluene. Assuming that coverage of the active sites by components other
than toluene was very small, the following steady-state expression for the
net rate of formation of adsorbed toluene was proposed

dT,
i

where 61 represents the fraction of the active sites covered by toluene and
pu represents the methyleyclohexane partial pressure. The rate of desorp-
tion of toluene, and hence the rate of reaction, is given by

7 = kofip (3)

Solving Eq. (2) for 6r and substituting in Eq. (3), the rate expression
becomes

= kipu(l — 61) — kb = 0 2)

_ I\“z (ICl/IC2) BM y

=1 F Ga/kopw )
which is of the form of Eq. (1) with k' = k, and b = ki/k;. From the
temperature dependence of &k’ (or k;), an activation energy of 33 keal./mole
was determined for the desorption of toluene from the surface. From the
temperature dependence of b (or ki/k:), a difference of 30 kecal./mole
between the activation energies of the first and second steps was found,
80 that the activation energy for adsorption of methyleyclohexane was 3
kcal./mole. A low activation energy for adsorption of methyleyclohexane
does not appear unreasonable, in view of the observation that exchange
of cyclohexane with deuterium over platinum takes place readily, even at
room temperature (Al, F1),

At 315°C. the rate constant k; has a value of 7.0 X 10!5 molecules/sec.-
em.%atm. From the definition of ki, this represents the rate of adsorption
of methyleyclohexane per em.? of bare platinum surface at a methyleyelo-
hexane partial pressure of 1 atm. From kinetic theory and statistical
mechanics, one can calculate the number of molecules striking a unit area
of surface per unit time with activation energy E,. This is given by

r = ing exp(—E,/RT) (5)

where n is the number of molecules per em.? and € is the average velocity
of the molecules in cm./see., given by (8RT/wM)'?, where M is the
molecular weight. At 315°C. and 1 atm. methyleyclohexane pressure, this
expression gives a value of 18.6 X 102! for ». This is over 10 times as high
as the value of k; derived from the kinetic data, indicating that only
about one out of a million methyleyclohexane molecules striking the sur-
face with the required activation energy is adsorbed. Low ‘‘steric’ factors
such as this have been reported for other cases of activated adsorption (P1).

In their paper, the authors showed that the activation energy of 33
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keal./mole for the desorption step was in fair agreement with a caleulation
using absolute rate theory. According to absolute rate theory, the rate of
desorption is given by

r = Cu%exp(—E/RT) (6)

where C, is the number of molecules adsorbed per unit surface, kT /h is a
frequency factor, and E is the activation energy. Substituting an exper-
imentally determined value of the rate for r, and assuming C, is given
simply by the number of platinum atoms per unit area of platinum surface
(fully covered surface with one molecule adsorbed per platinum atom), a
value of 37 keal./mole is calculated for the activation energy E. This is
in fair agreement with the value of 33 keal./mole derived from the tem-
perature dependence of k,.

Thus it appears that an interpretation not involving adsorption
equilibria is reasonable in aceounting for the observed kinetics of de-
hydrogenation of methyleyclohexane to toluene. However, some additional
information, such as data on the heat of adsorption of toluene on supported
platinum, would be desirable in establishing the correctness of this
interpretation.

For purposes of comparison, it is of interest to consider the results of
kinetic studies of the dehydrogenation of eyclohexane to benzene over
certain other catalysts. Herington and Rideal (H6) studied the kinetics
at 400-450°C. using a chromia-alumina catalyst containing 129, Cr,0s.
These authors concluded that cyclohexene was an intermediate in the
reaction, so that desorption and readsorption of cyclohexene were essential

6k 416
[}
2 s g
S I3
é 8k ~—— -Jog O
2 ®

X 450°C.
0 L L 0
0 8 16 24

Time in min. for | g. of cyclohexane
to pass over | g. of catalyst

F1a. 3. Dehydrogenation of cyclohexane to cyclohexene and benzenz over chromia-
alumina (H6).
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steps in the conversion to benzene. In the range of 5-109, conversion to
benzene, a stationary concentration of cyclohexene was attained (Fig. 3).
In the simplified consecutive reaction scheme,

CH* cH-5 By

where CH, CH=, and Bz represent cyclohexane, eyclohexene, and benzene,
respectively, the ratio of first-order rate constants (k./k) was found to
be 55 at 450°C. The measured activation energy of 36 keal./mole was
attributed to the loss of the first two hydrogen atoms on the surface, i.e.,
to the formation of cyclohexene in the adsorbed state.

In a more recent study of the dehydrogenation of cyclohexane to
benzene over a chromium oxide catalyst at 450°C., Balandin and co-
workers (D1) concluded that benzene was formed by two routes. One of
these, the so-called consecutive route, involves cyclohexene as a gas phase
intermediate, while the other proceeds by a direct route in which inter-
mediate products are not formed in the gas phase. It was concluded that
the latter route played a larger role in the reaction than did the former.
These conclusions were derived from experiments on mixtures of cyclo-
hexane and C'4-labeled cyeclohexene, which made it possible to evaluate
the individual rates W1, Wy, Ws, and W in the reaction scheme

A———\B

\W’/Wa

where A, B, and C refer to cyclohexane, cyclohexene, and benzene, respec-
tively. In the case of a supported rhenium catalyst at 336°C., the formation
of benzene was reported to take place almost completely via a direct
route not involving gas phase cyclohexene as an intermediate. In line with
this, our earlier discussion pointed out that gas phase intermediates do
not appear to be involved in the dehydrogenation of methyleyclohexane to
toluene over a platinum catalyst. According to Balandin and co-workers
(D1), eyclohexene is rarely found in the products of dehydrogenation of
cyclohexane over metal catalysts.

For the cases where gas phase cyclohexenes do not appear to be inter-
mediates, the question arises as to the nature of the surface reaction. Thus,
does cyclohexane simultaneously lose six hydrogen atoms via the sextet
mechanism (T3) originally proposed by Balandin in 1929, or does the reac-
tion take place in a stepwise fashion without desorption of intermediate
products? According to the sextet theory, the active catalyst unit is an
aggregate of metal atoms which must be spaced within certain definite
limits consistent with the geometry of the cyclohexane ring. While there
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is much experimental evidence attesting to the importance of geometrical
factors in the catalytic dehydrogenation of six-membered rings (T3), cer-
tain difficulties are encountered with a sextet mechanism. For example,
in the exchange of deuterium with cyclohexane over platinum films (Al),
the primary product of exchange is CeHyD rather than CgHeDe. The
latter should have been the main primary product if the sextet mechanism
predominated in the chemisorption of cyclohexane. In addition, for the
very active supported metal catalysts such as platinum on alumina, where
the amount of metal is low (0.59, or less) and the degree of dispersion of
the metal is extremely high, it is questionable whether the metal crystal-
lites could accommodate the eyclohexane ring in the manner envisioned
in the sextet mechanism (86). Therefore, it seems probable that the de-
hydrogenation of cyeclohexanes on such surfaces takes place in a stepwise
manner involving intermediate surface species of varying degrees of de-
hydrogenation, despite the fact that these species may not appear in the
gas phase.

B. Isomer1zaTION REACTIONS

A study of the kineties of isomerization of n-pentane at 372°C. over a
platinum on alumina catalyst (0.39, platinum) has been reported by
Sinfelt ef al. (S4). The rate measurements were made in a flow system at
low conversion levels (4-187%). The n-pentane was passed over the catalyst
in the presence of hydrogen at total pressures ranging from 7.7 to 27.7
atm. and at hydrogen to n-pentane ratios varying from 1.4 to 18. Over
this range of conditions the rate was found to be independent of total
pressure and to increase with increasing n-pentane to hydrogen ratio
(Fig. 4). The rate data were correlated by an expression of the form

r==%k (%)n (7)

where r represents the rate in gram moles isomerized per hour per gram
of catalyst and the parameters & and n have the values 0.040 and 0.5,
respectively, for the particular catalyst used in the study.

The kinetic data were interpreted in terms of a mechanism involving
n-pentene intermediates:

Pt _
7LC§ = n05_ -+ H2
Acid

nCp~ — 1Cs~
Bite
Pt
He + 1Cs~ = 4G
According to this mechanism the n-pentane dehydrogenates to n-pentenes
on platinum sites. The n-pentenes are then adsorbed on acid sites, where
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Fia. 4. Effect of nCs/H: ratio on nC;s isomerization at 372°C. over platinum-alumins
catalyst (S4).

they are isomerized to isopentenes. The latter are then hydrogenated to
isopentane on platinum sites, thus completing the reaction. The isomeriza-
tion step on the acid sites presumably takes place via a carbonium ion
mechanism (K3):

nCs— + H = nCit
nCet = Gt
Gt =1Cs~ + HF
The initial formation of the ion is pictured as taking place by protonation
of the n-pentenes. The n-pentyl ion then rearranges to an isopentyl ion,
which in turn can eliminate a proton to form isopentenes.
At the conditions of the study, it was postulated that the isomerization
of the n-pentenes on the acid sites was the rate-limiting step, so that the

rate is given by
r = k'[nCs] (8)

where k' is a rate constant and [nCs=] represents the concentration of
n-pentenes on the acid sites. Assuming that an equilibrium is effectively
established between n-pentenes, n-pentane, and hydrogen in the initial
dehydrogenation step, the partial pressure of n-pentenes is given by

prile]
-~ 9)

pan =
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where K is an equilibrium constant. If we further assume that an adsorp-
tion equilibrium is established between n-pentenes in the gas phase and
on the acid sites and that the equilibrium can be expressed simply by

[nCs~] = bpncs- (10)
the rate expression becomes, after substituting (9) and (10) in (8),
r = K'bK» (7’—C> =k (E) (11)
Pu. Pa.

which is identical with Eq. (7), derived from the data.

Data obtained on the rate of skeletal isomerization of 1-pentene over
a sample of catalyst containing only the acid function (no platinum)
provided additional strong support for the proposed mechanism. This can
be seen quite simply by referring to Fig. 5, in which the circles and the
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Frc. 5. Isomerization rate versus pentene partial pressure (84). Comparison of
n-pentane isomerization rate over platinum-alumina catalyst with the rate of skeletal
isomerization of 1-pentene over the platinum-free catalyst; 372°C.
line represent the rate of isomerization of n-pentane over the bifunctional
platinum catalyst as a function of the calculated equilibrium partial pres-
sure of n-pentenes. If the mechanism proposed in the preceding paragraphs
applies, then the rate of isomerization of nm-pentenes over a sample of
catalyst containing only the acid function, when plotted as a function of
the partial pressure of the reactant n-pentenes, should fall along the same
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line. The result of a run on l-pentene over the acidic part of the eatalyst
alone is shown by the square point on the plot. The observed rate of
skeletal isomerization of the 1-pentene is seen to fall within about 20 to
259, of the value indicated by the line through the n-pentane rate data.
Whether one starts with 1-pentene or 2-pentene in this type of experiment
would be expected to make little difference, since the rate of double-bond
migration is fast compared to the rate of skeletal isomerization of olefins
(C8).

Thus, at 372°C. and over the range of pressures and hydrogen to
n-pentane ratios covered in the investigation, it appears that the proposed
mechanism can account in large part for the observed kinetic data. How-
ever, Starnes and Zabor (S8) have proposed an alternative mechanism,
based on their studies of n-pentane isomerization over platinum-alumina-
halogen catalysts. They postulate that the paraffin is adsorbed on platinum
sites with dissociation of a hydrogen atom, followed by polarization of the

adsorbed species.
+
R—CH,—CHj R—CH—CH, + 1:1+

Pt Pt

The authors suggest that the support confers Lewis acid properties on the
platinum, which in turn accounts for the polarization of the adsorbed
alkyl group to a carbonium ion type of structure. The latter than undergoes
the usual earbonium ion reactions. The mechanism involves a single type
of catalytic site instead of two different types of sites, as envisioned in
the previously discussed mechanism. While this type of mechanism may
play a role in paraffin isomerization, there seems to be little reason to dis-
count the mechanism involving separate dehydrogenation and acidic
centers, as can be seen from the considerable evidence summarized in this
review. The objections raised by Starnes and Zabor to the two-site mech-
anism are based on several experimental observations: (a) When n-pentane
was isomerized over a mixture of pellets of Pt-alumina and HF-promoted
alumina, the rate increased with time on stream, coinciding with transfer
of the fluoride to the Pt-containing pellets. (b) Although the olefin content
of the produets remained constant at the equilibrium level, the rate sud-
denly increased about 7- or 8-fold when the platinum content of the
catalyst was increased from 0.3 to 0.49. (¢) The rate was proportional to
the olefin partial pressure to a power somewhat lower than unity. These
objections have been answered by Keulemans and Schuit (K2), who
suggest that (a) and (b) do not refute a two-site mechanism, but simply
reflect diffusion limitations in the experiments of Starnes and Zabor.
Furthermore, other data on the effect of platinum content on the rate of
paraffin isomerization (84, S5) do not agree at all with those of Starnes
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and Zabor, but rather indicate the rate to be essentially independent of
platinum content above 0.19; Pt. Regarding objection (¢), it is not at all
clear why the rate should have to be proportional to the first power of the
olefin (n-pentene) partial pressure for the two-site mechanism to be valid.
In the study of Sinfelt et al. (84) discussed at the beginning of this section,
a two-site mechanism for n-pentane isomerization appears to be quite
consistent with a square root dependence of the isomerization rate on
olefin partial pressure.

Up to this point, we have not said much about the nature of the re-
arrangement of olefin intermediates on acidic sites, except to indicate that
a carbonium ion mechanism is likely involved. Formation of the ion
presumably takes place via reaetion of the olefin with a proton from the
catalyst surface. Keulemans and Voge (K3), in their study of the de-
hydroisomerization of alkyleyclopentanes to aromaties at 350°C., assumed
that ion formation was fast relative to the subsequent skeletal rearrange-
ment of the ions. Relative rates of formation of various aromatics were
found to agree quite well with predicted values obtained by simply multi-
plying relative carbonium ion stabilities by a statistical factor which
accounts for the number of ways in which a certain ion can rearrange to
give a particular product. The relative stabilities, and hence abundances of
primary, secondary, and tertiary carbonium ions, were taken to be 1:16:32.
In predicting actual conversions of alkyleyclopentanes to the various
aromatics, an empirical rate factor of 0.684 was chosen to fit the average
total aromatics formed from the various trimethylcyclopentanes. The same
empirical rate factor was then used for all the cyclopentanes; i.e., the
specific rate of isomerization was assumed to be constant, so that differences

TABLE IV

CarcuLarioN oF CONVERSION OF 1-METHYL-2-ETHYLCYCLOPENTANE 10 C
AROMATIC IsOMERS OVER PrLATINUM-ALuMINA-HaALOGEN Cartanyst (K3)e

Relative
amount Statistical Empirical Yield
Ton Produet of ion factor factor (wt. %)
C+
f
Q—C—C Ethylbenzene 1 2 0.684 1.4
C

0-Xylene 16 1 0.684 10.9

| +
(Y&
m-Xylene 16 1 0.684 10.9

o For same conditions as shown in Table V.




TABLE V

CoNVERSION OF CYCLOPENTANES OVER PLaTINUM-ALuMINA-Havocen Caravyst (K3)2

09

Product (wt. 9)*

Benzene Toluene Ethylbenzene m- + p-Xylene 0-Xylene
Reactant Obs. Cale. Obs. Cale. Obs. Calec. Obs. Cale. Obs. Cale.
Methylcyclopentane 2.6 1.4
Cq Cyclopentanes
Ethyl 25.0 21.9
1,1-Dimethyl 2.0 2.7
1-cis-2-Dimethyl! 2.9 2.7
1-trans-2-Dimethyl 3.9 2.7
1-cis-3-Dimethyl 1.4 2.7
1-trans-3-Dimethyl 1.5 27
Cs Cyclopentanes
n-Propyl 26.4 21.9 0 0 0 0
Isopropyl 0 0 0 0 28.0 43.8
1-Methyl-1-ethyl 1.1 1.4 3.4 0 15.6 21.9
1-Methyl-cis-2-ethyl 2.5 14 8.5 10.9 7.6 10.9
1-Methyl-trans-2-ethyl 1.7 14 9.1 10.9 7.5 10.9
1-Methyl-cis-3-ethyl 0.2 1.4 16.4 21.9 0 0
1-Methyl-trans-3-ethyl 0.3 1.4 20.4 21.9 0 0
1,1,2-Trimethyl 0 0 3.4 1.4 0.9 2.7
1,1,3-Trimethyl 0 0 2.4 2.7 0.6 1.4
1-cis-2-¢is-3-Trimethyl 0 0 2.8 14 1.9 2.7
1-cis-2-trans-3-Trimethyl 0 4] 2.9 14 2.0 2.7
1-trans-2-cis-3-Trimethyl 0 0 2.1 1.4 1.2 2.7
1-cis-2-trans-4-Trimethyl 0 0 3.5 2.7 0.6 14
1-trans-2-cis-4-Trimethyl 0 0 3.6 2.7 1.0 1.4

LTAANIS "H °f

@ Hydrocarbons fed to reactor as 3-mg. shots (pulse-type operation) in a stream of hydrogen carrier gas.
¢ Conditions: 350°C., total pressure = 1 atm., catalyst charge = 1 g., carrier gas rate = 3 liters/hr.
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in reactivities of various cyclopentanes were interpreted strictly in terms
of carbonium ion stabilities and statistical factors. The method of ealcula-
tion is illustrated in Table IV for 1-methyl-2-ethyleyclopentane, in which
case two different ions can produce aromatics. In Table V predicted con-
versions are compared with actual conversions for various alkylcyclo-
pentanes at 350°C. Conversions were assumed to be proportional to rates,
which, according to the authors, is a good assumption for conversions
below 309,. Agreement between observed and predicted conversions to the
various aromaties is quite good considering the simplifying assumptions
made by the authors in their predictions of relative rates.

C. FurTHER CONSIDERATIONS OF THE RoOLE oF HYDROGEN
IN IsomERIZATION KINETICS

In Section IV, B it was pointed out that the rate of isomerization of
n-pentane decreased with increasing hydrogen pressure over a reasonably
wide range of conditions. However, when the range of conditions is ex-
tended still further, the nature of the effect of hydrogen changes. This bas
been observed for both the isomerization of n-heptane to methyl hexanes
(R3) and the isomerization-dehydroisomerization of methyleyclopentane
to form cyclohexane and benzene (81) over similar platinum on alumina
catalysts. In both of these cases it has been found that reaction does not
take place in the complete absence of hydrogen, as indicated in Fig. 6 for
n-heptane and in Table VI for methylcyelopentane. The data at zero

Isomerization

Pnc, = 1.2 atm.
2r 527° C.

o

51

471° C.

1 !
OO 10 20

PH, ot

Fra. 6. Effect of hydrogen pressure on rate of isomerization of n-heptane over
platinum-alumina catalyst (R3). The rate r; is relative to the rate of isomerization
at 471°C., pag = 5.8 atm.
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TABLE VI

SuMMARY OF Rate DATA ON METHYLCYCLOPENTANE
CONVERSION OVER Pt-AlLO; (S1)

Temp.

(°C.) pu® pa® 71°
427 1.0 0¢ \]
427 0.1 2.0 0.0066
427 0.33 2.0 0.0051
427 1.0 2.0 0.0048
427 1.0 6.0 0.0051
427 1.0 20.0 0.0022
471 1.0 04 0
471 0.1 2.0 0.0077
471 0.33 2.0 0.0061
471 1.0 2.0 0.0028
471 1.0 6.0 0.019
471 1.0 20.0 0.011
471 10.0 20.0 0.036

¢ Methylcyclopentane partial pressure, atm.

b Hydrogen partial pressure, atm.

¢ Rate, gram-mole per hour per gram of catalyst.
4 N; substituted for Ha.

hydrogen pressure were obtained by simply substituting nitrogen for
hydrogen. In the presence of hydrogen the reactions take place readily,
and the rates are found to increase with increasing hydrogen pressure up
to a maximum value, beyond which the rates decrease with further increase
in hydrogen pressure.

The change in the nature of the hydrogen effect on the rates has been
interpreted as follows. In the absence of hydrogen, or at low hydrogen
pressures, the platinum sites become heavily covered with hydrogen-
deficient hydrocarbon residues. As a result, the reaction rates are limited
by the dehydrogenation activity of the catalyst, i.e., the rate of formation
of intermediate olefins. The role of hydrogen is then one of keeping the
platinum sites free of surface residues. The extent of coverage of the sur-
face by such residues decreases with hydrogen pressure, thus accounting
for the beneficial effect of hydrogen pressure on the over-all rate of isomeri-
zation. At sufficiently high hydrogen pressures, however, coverage of
platinum sites by surface residues ceases to be a limiting factor, and the
rate does not continue to increase with increasing hydrogen pressure.
This means that the formation of intermediate olefins is no longer the
rate-controlling step, and the over-all reaction becomes limited by the
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isomerization of olefins on the acidic centers of the catalyst. The decrease
in the rate of isomerization with further increase in hydrogen pressure is
attributed to the effect of hydrogen pressure in limiting the concentration
of olefin intermediates attainable at equilibrium, as discussed previously
for n-pentane isomerization.

The suggestion that the dehydrogenation activity of the catalyst
limits the isomerization reaction at low hydrogen pressures is supported
by data on methyleyclohexane dehydrogenation to toluene at 471°C. (S1),
which showed that in the complete absence of hydrogen the conversion
was several hundred-fold lower than at 10 atm. hydrogen pressure. Since
dehydrogenation of methyleyclohexane requires only the platinum eenters
of the catalyst, the suggestion that the effect of hydrogen on isomerization
at low pressures is associated with the platinum appears quite plausible.
That the effect is not associated with acid centers is supported by the
finding that variation of hydrogen pressure has little effect on the rate of
skeletal isomerization of 2-pentene over an acidic alumina (R2). Further-
more, studies on the dissociative chemisorption of hydrocarbons, such as
cyclohexane and cyclopentane, over a variety of metals have given direct
evidence for the formation of hydrogen-deficient surface residues, and for
their removal by reaction with hydrogen (G1). Studies on the adsorption
of benzene on supported platinum catalyst also furnish evidence for the
ability of hydrogen to clean up platinum surfaces (P5).

It is of interest to consider the kineties of isomerization at low hydrogen
pressures in more detail. In the case of isomerization-dehydroisomerization
of methyleyclopentane at low hydrogen pressures, it has been proposed
(S1) that the rate-limiting step is the formation of intermediate methyl-
cyclopentenes via the reaction scheme:

MCP*™

] / [x]

MCP =~——== [MCP~ ] —— [R] —k——>— R’
J. 2

in which the brackets refer to species on the surface, MCP refers to methyl-
cyclopentane, MCP= to methylcyclopentenes, and [R] represents the
surface residue. According to this scheme, methyleyclopentane dehydro-
genates on platinum sites to form methyleyclopentenes, which in turn can
either desorb or undergo further dehydrogenation and polymerization
reactions to form the residue [R]. The surface residue is continuously being
removed by reaction with adsorbed hydrogen to form gaseous hydrocarbons
R/. Making the simplifying assumption that a steady-state concentration
of surface residue is approached, one can write
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. = kloM, - kzenﬂﬁ = O (12)

where 0y, 6r, and 6y represent coverage of platinum sites by methyl-
cyclopentenes, residue, and hydrogen, respectively. The term kfy: rep-
resents the rate of formation of residue from adsorbed methyleyclopentenes,
whereas the term k.rfu represents the rate of removal by reaction with
hydrogen. The rate of removal has been taken as proportional to the first
power of g, in the absence of more detailed knowledge of the nature of
the removal reaction. At sufficiently low hydrogen pressures fuy becomes
very small, and the platinum surface is almost completely covered by
surface residues, i.e., fg approaches unity. Under these conditions 6y can
be approximated by

BMI = (kz/kl)en (13)

The over-all rate of isomerization-dehydroisomerization is determined by
the rate of formation of methyleyclopentene intermediates in the gas
phase, as given by

r = k'6u (14)
where k' is a rate constant for desorption. Since 6x increases with hydrogen
pressure, 6y will also increase, thus accounting for the beneficial effect of
hydrogen pressure on the rate. Also, since methyleyclopentane and hy-
drogen may compete for active sites, fx would be expected to decrease
when methyleyclopentane pressure is increased at a constant hydrogen
pressure. This would mean, according to Eq. (13), that 6., and hence the
rate of reaction, would decrease. A decrease in reaction rate with increasing
methyleyclopentane pressure was actually observed in data obtained at
2 atm. hydrogen pressure.

D. DEHEYDROCYCLIZATION OF PARAFFINS

The formation of aromatics by the catalytic dehydrocyelization of
parafling with chains of six or more carbon atoms has been known for
some time. Certain oxides of the 5th and 6th subgroups of the periodic
table, such as chromia and molybdena, were shown early to be particularly
effective catalysts for the reaction. Consequently, most of the reported
studies of the kinetics and mechanism of the reaction have been carried
out using these catalysts (P6, H4, H5). Since the available data on the
kinetics of dehydrocyelization over oxide catalysts have been reviewed by
Steiner (89) in 1956, only a brief summary of the work will be made
here, primarily for the purpose of orientation. The relatively few kinetic
data which have been reported for dehydrocyclization over the bifunc-
tional platinum on acidic oxide catalysts will be discussed subsequent to
this.



BIFUNCTIONAL CATALYSIS 65

One of the first reported investigations of the kinetics of dehydro-
cyclization is that of Pitkethly and Steiner (P6), who studied the conver-
sion of n-heptane to toluene over a chromia-alumina catalyst at
temperatures in the vieinity of 475°C. The data obtained by these inves-
tigators suggested that n-heptene was an intermediate in the reaction.
Thus, it was observed that at low contact times the conecentration of
olefins increased much more rapidly with contact time than did the
corresponding concentration of aromatics (Fig. 7). After a certain contact
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F1a. 7. Conversion of n-heptane to heptene and toluene over chromia-alumina (P6).

time, the concentration of olefins passed through a maximum, beyond
which the concentration fell slowly while the concentration of aromaties
continued to rise. The data were interpreted in terms of the reaction

scheme
nCr = Gl B Ol B T

nCy~™

where nCy;, nC;~, and T represent n-heptane, n-heptene, and toluene,
respectively, and the brackets represent adsorbed species. The parameters
ks and k. are rate constants for the successive dehydrogenation and
cyclization steps. A kinetic analysis of the data has been made (89, T2)
assuming that heptane and heptene in the gas phase are in equilibrium,
respectively, with heptane and heptene on the surface. The additional
assumption was made that heptene was strongly adsorbed relative to
heptane. At stationary state conditions, the rate of formation of n-heptene
from n-heptane is equal to the rate of conversion of n-heptene to toluene:

ksAp keAapo
= 15
14+ A4Ampe 14 Aopo (15)
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where A and A, are adsorption equilibrium constants and p and p, are
partial pressures of n-heptane and n-heptene, respectively. Solving Eq.
(15) for Ao, the rate r of formation of toluene can be written

_ k.Aopo _ ksAp ’

TS dgn T TF (ha/b)Ap e

This rate equation satisfactorily accounts for the observed kinetic data,
ineluding the 0.6 order of reaction with respect to n-heptane.

At the experimental conditions studied, the value of k. was found to
be about fourfold greater than %,, indicating that the cyclization of olefins
should proceed more readily than that of the corresponding paraffins.
Experiments on hexene-1, heptene-1, and heptene-2 bear this out (H9).
However, the position of the double bond can have an appreciable effect
on the rate of cyclization. Thus hexene-2 cyclizes only about half as fast
as hexene-1, and heptene-3 eyclizes at a much lower rate than heptene-1
or heptene-2 (P8). As a result of these findings, Twigg proposed a mech-
anism for cyclization involving two-point adsorption with opening of the
double bond (T4), as illustrated in Fig. 8. It was assumed that ring closure

4
5 4 CH
CH;—CH, SN
7 8 \s ('3H2 (,:Hz
CH;—CH, cH, —— 7 6 2 + H
N CH—CH CH, |
[§3 2 \1/ X
CHrCH CH
X X ,I(

Fic. 8. Twigg's mechanism of cyclization (T4). X = catalyst site.

took place at a carbon atom bonded to the catalyst. In the case of n-hep-
tane, cyclization of the intermediate olefin then requires that adsorption
take place at the 1-2 or 2-3 positions. Heptene-3 would thus have to
undergo a double bond shift to heptene-1 or heptene-2 prior to eyelization.
Such a shift might proceed through a half-hydrogenated state, as sug-
gested by Twigg (T5) for conversion of butene-1 to butene-2 over nickel
catalysts.

The work of Herington and Rideal (H4) showed that a good prediction
of the relative rates of cyclization of various paraffins could be made
based on considerations of the number of ways in which ring closure
could be effected, assuming that cyclization involves two-point adsorp-
tion in the manner illustrated in Fig. 8. For example, in the dehydro-
cyclization of n-hexane, five two-point contacts with the surface are
possible, but only two can lead to formation of a six-membered ring. By
assuming the cyclization rate constant to be given by
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k. = constant X P (17

where P is the probability of eyclization, e.g., 2/5 in the case of n-hexane,
and taking the constant to be equal to 0.28 at 465°C., Herington and
Rideal caleculated conversions to aromatics for a series of hydrocarbons
and compared them with the data of Hoog et al. (H9). The agreement
between predicted and observed values, as shown in Table VII, is quite

TABLE VII

VARIATION OF AROMATIC YIELDS FROM DIFFERENT PARAFFINS
over CHromIs-ALumINa® (H4, 89)

9%, Conversion to aromatics

Paraffin P Obs. Calc.
n-Pentane 0 3 0
n-Hexane 0.40 20 23
2-Methylpentane 0 5 0
n-Heptane 0.66 36 35
2-Methylhexane 0.66 31 35
n-Octane 0.84 46 42
3-Methylheptane 0.84 35 42
2,5-Dimethylhexane 1.14 52 52
2,2, 4-Trimethylpentane 0 3 0
n-Nonane 1.00 58 48

2 465°C., contact time 18-24 sec.

good. It was also demonstrated that the relative amounts of aromatic
isomers formed from a given paraffin were generally well predicted,
although in certain cases the situation appeared to be complicated by an
isomerization step occurring simultaneously with ring closure.

As a result of the studies discussed above, a reasonably consistent
picture of the kinetics and mechanism of the dehydrocyelization reaction
over oxide catalysts has evolved. However, as pointed out earlier in this
section, relatively few kinetic data have been reported for dehydrocycliza-
tion over platinum-alumina reforming-type catalysts. The data which
have been reported include those of Hettinger and co-workers (H7), who
studied the dehydrocyeclization of n-heptane over platinum catalysts. These
investigators found that the rate of dehydrocyclization decreased with
increasing total pressure at a constant hydrogen-to-hydrocarbon ratio
(Fig. 9). They also reported that the extent of dehydrocyeclization was sub-
stantially greater for n-nonane than for n-heptane, which is consistent
with the results obtained on oxide catalysts. In a later study of the kinetics
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Fia. 9. Effect of total pressure on dehydrocyclization of n-heptane over platinum-
alumina eatalyst (H7). Conditions: 496°C., H,/HC = 5/1.

of n-heptane dehydrocyclization over a platinum on alumina catalyst,
Rohrer et al. (R3) reported initial rate data over a wide range of hydrogen
pressures, while maintaining the n-heptane partial pressure constant. In
the complete absence of hydrogen, no dehydrocyclization was detected.
In the presence of hydrogen the rate was found to increase with increasing

7
sl Dehydrocyclization

PnC, = 1.2 atm.
5 -

PH. Otm,

F1a. 10. Effect of hydrogen pressure on rate of dehydrocyclization of n-heptane over
platinum-alumina catalyst (R3). The rate rp is relative to the rate of dehydrocyclization
at 471°C., pg = 5.8 atm.



BIFUNCTIONAL CATALYSIS 69

hydrogen pressure up to a maximum value, beyond which the rate de-
creased with further increase in hydrogen pressure (Fig. 10). This behavior
is similar to that observed for isomerization and is interpreted in much
the same way: The dehydroeyclization reaction involves a preliminary
dehydrogenation step prior to ring closure. At sufficiently high hydrogen
pressures, where coverage of platinum by carbonaceous residues is not a
limiting factor, increasing hydrogen pressure serves to suppress the de-
hydrogenation step and hence to decrease the rate of dehydrocyclization.
However, at low hydrogen pressures (below about 6 atm. at 471 to 527°C.)
background reactions involving extensive dehydrogenation and poly-
merization become important. These reactions lead to extensive coverage
of the platinum by earbonaceous residues. The limiting factor in the reac-
tion then becomes the removal of the residues by reaction with hydrogen,
thus accounting for the beneficial effect of hydrogen pressure on the rate.

E. MISCELLANEOUS RELATED REACTIONS

The reactions of the various xylenes and ethylbenzene have been
studied by Pitts and associates (P7). It was found that isomerization
reactions among the three xylenes were catalyzed by acidic catalysts, but
that interconversions between the xylenes and ethylbenzene required the
presence of a hydrogenation-dehydrogenation component. Furthermore, it
was found that the conversion of xylenes to ethylbenzene increased with
decreasing temperature. Since lower temperatures are more favorable for
hydrogenation, it has been suggested that the reaction proceeds by a
sequence of steps such as the following (P7, W3):

C C C
C -~ rd -~
scleadaciordon
C C C

In the above diagram, H-D refers to hydrogenation-dehydrogenation
centers and A to acidic centers on the catalyst. The reaction sequence in-
volves successive ring contraction and expansion steps, similar to the
mechanism proposed by Pines and Shaw (P4) to account for transfer of
tagged carbon from the side chain to the ring when ethyleyclohexane was
contacted with a nickel-silica-alumina catalyst.

Another reaction which has been studied over a bifunctional catalyst
is the hydrogenolysis of benzene and toluene over platinum-alumina,
which has been reported by Rohrer and Sinfelt (R1). The reaction was
studied over a temperature range of 471 to 527°C. and hydrogen pressure
range of 9 to 26 atm. It was found that the rate of formation of the hy-
drogenolysis products (Cs and lighter paraffins) was essentially independent
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of temperature but was greatly increased by increasing the hydrogen
pressure. To account for these observations, it was suggested that the
hydrogenolysis involved a hydrogenation step prior to rupture of the ring.
1t was then suggested that the concentration of hydrogenated inter-
mediates approached an equilibrium value which would be expected to
decrease with increasing temperature, thus offsetting any increase in the
rate constant for the rupture of the ring and accounting for the independ-
ence of the over-all rate on temperature. Since hydrogen pressure would
have a strong effect on the equilibrium concentration of hydrogenated
intermediates, the large effect of hydrogen pressure on the over-all rate is
also readily understood. The bifunctional nature of the catalyst enters
into the reaction, in that the initial hydrogenation step would be expected
to take place on platinum centers, while the subsequent ring splitting
could also involve acidie centers of the catalyst.

Studies using bifunctional catalysts for exchange reactions have also
been reported. Myers et al. (M4) have investigated the exchange of
deuterium between deuterobutane and butane over platinum-acidic oxide
catalysts. They concluded that the rate of exchange, while primarily a
function of the hydrogenation-dehydrogenation activity of the catalyst,
was also dependent to some extent on the acidic activity. Weisz (W3)
suggests that direct exchange between olefin intermediates reacting on
acidic centers may contribute to the over-all exchange.

Bifunctional catalysis has been shown to play an interesting role in the
catalytic conversion of cumene. Thus, Weisz and Prater (W4) found that
the incorporation of platinum into a silica-alumina catalyst had a striking
effect on the composition of the reaction products. In the absence of
platinum, cumene decomposed over silica-alumina to form benzene and
propylene. In the presence of platinum, however, an appreciable part of
the over-all decomposition resulted in the formation of methylstyrene and
hydrogen, although the rate of total disappearance of cumene was essen-
tially unchanged. Thus, the authors indicated that the results could not
be explained on the basis of simple additivity of products from the separate
catalyst functions. Additional experiments comparing results obtained on
mechanical mixtures of 5-u particles of silica-alumina and platinum-
aluming with results on the individual catalysts also indicated that a
simple additivity effect was not obtained (W3). The authors therefore
proposed that cumene cracking over silica-alumina is accompanied by the
formation of a very small amount of unidentified intermediate “B” in
equilibrium with cumene on the catalyst. According to the authors,
platinum centers catalyze the dehydrogenation of this species to methyl-
styrene, and since the equilibrium between the intermediate B and adsorbed
cumene is readily maintained, this additional reaction path is an effective
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drain on the cumene. Weisz (W3) concludes from this example that the
mixed catalyst technique offers a powerful tool for detecting the possible
participation in a reaction of species which are present in too low a con-
centration to be detected by available analytical methods.

V. Conclusion

Studies of the mechanisms and kinetics of reactions over the common
bifunetional reforming-type catalysts have led to a simple mechanistic
picture in which dehydrogenation and acidic components act as separate
entities. This picture gives a good explanation of most of the phenomena
observed with such catalysts. As a result of its application in catalytic
reforming, bifunctional catalysis has become an important branch of the
over-all field of catalysis. It is probable that bifunctional catalysis is more
widespread than has commonly been realized, since certain supposedly
monofunctional catalysts actually appear to be bifunctional in nature (C7).
For example, unsupported transition metal oxides such as Cr,O; or MoQOs,,
which have generally been considered to be hydrogenation-dehydrogena-
tion catalysts, also appear to have definite acidic properties. Thus, the
surfaces of these oxides, and also WS, have sites of both the acid and the
hydrogenation-dehydrogenation type. While these substances are inferior
bifunctional catalysts in comparison with the two-component metal plus
acidic oxide catalyst systems, it is striking that a single compound possesses
the two distinetly different types of sites at its surface. Thus, one-com-
ponent catalysts may exhibit bifunctional behavior.

The possibilities of additional applications, other than catalytic re-
forming, of the ideas of bifunctional catalysis would seem to be good. In
all likelihood, bifunectional-type catalysts will find many new uses in the
future.

Nomenclature

A, Ay Adsorption equilibrium A Apgstrom unit, 108 cm.
constants for n-heptane b Temperature-dependent
and n-heptene, respec- parameter in observed
tively rate law for methyl-

A Acidic center on cata- cyclohexane dehydro-
lyst genation over Pt/ALQ;
A, B, C Reactants or interme- catalyst
diates in a reaction se- b Proportionality  con-
quence stant in Freundlich ad-
A,B,C, D Symbols representing sorption expression
different catalyst-tem- Bz Benzene

o

perature combinations Average molecular ve-
in Fig. 2 locity, em. /sec.



72

Ca

CH, CH~

E, E,

H+
H-D

AHg
1Cs, 1Cs=
1Cst

k, &

ky, Fez

K

M

M

MCP, MCP~

n

GREEK LETTERS

J. H. SINFELT

Concentration of ad-
sorbed species, mole-
cules/cm.?
Cyclohexane, cyclohex-
ene

Activation energy, keal.
/mole

Planck’s constant,

6.62 X 107% erg-sec.
Hydrogen atom
Proton
Hydrogenation—dehy-
drogenation centers
Heat of reaction,
keal./mole
Isopentane, isopentenes
isopentyl carbonium ion
Boltzmann  constant,
1.38 X 1071 erg/°K
Reaction rate con-
stants, g.-mole/hr./g.
catalyst
Rate constants of con-
secutive reaction steps
Equilibrium constant
Molecular weight
Methyleyclohexane
Methyleyclopentane,
methyleyclopentenes
Molecular concentra-
tion, molecules/cm.3

6 TFraction of active catalyst sur-
face covered

SuBscrirTs

1,2,3

e P

Successive steps in reaction se-
quence

Adsorbed

Activation (when used as sub-

script for E)

c
d
D
H
He

Cyeclization
Dehydrogenation
Dehydrocyclization
Hydrogen
Hydrogen

nCs, nCs~
nC7, 7'LC7"
nCs*

[R]

Rl

t
T
T} TE

Wy, Wy, We, W

Exponent in reaction
rate expression
n-Pentane, n-pentenes
n-Heptane, n-heptenes
n-Pentyl carbonium ion
Partial pressure
Probability of cycliza-
tion

Reaction rate, g.-mole/
hr./g. of catalyst

Gas constant, 8.31 X
107 erg/°K.
Concentration of hy-
drocarbon residues on
surface

Products of removal of
hydrocarbon  residues
from surface

Time

Absolute temperature,
°K.

Toluene, adsorbed tol-
uene

Rates of individual re-
action steps in the reac-
tion sequence leading
from cyclohexane to
benzene

Catalyst site

u  Micron, 107¢ m,

I Isomerization or isomerization-

dehydroisomerization
M Methylcyclohexane or methyl-
cyclopentane
M’ Methylcyclopentenes
nCs nCr n-Pentane, n-heptane
nCs~ n-Pentenes
n-Heptenes

0
R Reaction (when used in AHy)
R Hydrocarbon residue

T Toluene



BIFUNCTIONAL CATALYSIS 73

OTHER SYMBOLS

K3.
K4.
L1.
L2.

Mi1.

[ 1 Adsorbed species

REFERENCES

. Anderson, J. R., and Kemball, C., Proc. Roy. Soc. A226, 472 (1954).
. Baeder, D. L., and Boudart, M., private communication, 1958.
. Barnett, L. G., Weaver, R. E. C., and Gilkeson, M. M., A.I.Ch.E. (J. Am. Inst.

Chem. Engrs.) 7, 211 (1961).

. Benesi, H., J. Am. Chem. Soc. 78, 5490 (1956).

. Benesi, H., J. Phys. Chem. 67, 970 (1957).

. Brunauer, 8., Emmett, P. H., and Teller, E., J. Am. Chem. Soc. 60, 309 (1938).
. Ciapetta, F. G., U.8. Patent 2,550,531 (1951).

. Ciapetta, F. G., Ind. Eng. Chem. 43, 159 (1953).

. Ciapetta, F. G., Ind. Eng. Chem. 45, 162 (1953).

. Ciapetta, F. G., and Hunter, J. B, Ind. Eng. Chem. 45, 147 (1953).

. Ciapetta, F. G., and Hunter, J. B., Ind. Eng. Chem. 45, 155 (1953).

. Ciapetta, F. G., Dobres, R. M., and Baker, R. W., Catalysis 6, 495 (1958).

. Clark, A., Ind. Eng. Chem. 45, 1476 (1953).

. Condon, F. E., Catalysis 6, p. 98 (1958).

. Derbentsev, Y. I., Balandin, A. A., and Isagulyants, G. V., Kinefika ¢ Kataliz 2,

741 (1961).

. Farkas, A., and Farkas, L., Trans. Faraday Soc. 35, 917 (1939).

. Galwey, A. K., and Kemball, C., Trans. Faraday Soc. 55, 1959 (1959).

. Gruber, H. L., J. Phys. Chem. 66, 48 (1962).

. Haensel, V., U. S. Patents 2,479,109 and 2,479,110 (1949).

. Haensel, V., and Donaldson, G. R., Ind. Eng. Chem. 43, 2102 (1951).

. Heinemann, H,, Mills, G. A., Hattman, J. B., and Kirsch, ¥. W., Ind. Eng.

Chem. 45, 130 (1953).

. Herington, E. F. G., and Rideal, E. K., Proc. Roy. Soc. A184, 434 (1945).
. Herington, E. F. G., and Rideal, E. K., Proc. Roy. Soc. A184, 447 (1945).
. Herington, E. F. G., and Rideal, E. K., Proc. Roy. Soc. A190, 289 (1947).
. Hettinger, W. P., Jr., Keith, C. D., Gring, J. L., and Teter, J. W., Ind. Eng. Chem.

47, 719 (1955).

. Hindin, 8. G., Weller, 8. W., and Mills, G. A., J. Phys. Chem. 62, 244 (1958).
. Hoog, H., Verheus, J., and Zuiderweg, F. J., Trans. Faraday Soc. 35, 993 (1939).
. Hughes, T. R., Houston, R. J., and Sieg, R. P., Ind. Eng. Chem., Process Design

Develop. 1, 96 (1962).

. Keavney, J. J., and Adler, 8. ¥., J. Phys. Chem. 64, 208 (1960).
2. Keulemans, A. I. M., and Schuit, G. C. A., “The Mechanism of Heterogeneous

Catalysis,” p. 159. Elsevier, Amsterdam, 1960.

Keulemans, A. 1. M., and Voge, H. H., J. Phys. Chem. 63, 476 (1959).
Kluksdahl, H. E., and Houston, R. J., J. Phys. Chem. 65, 1469 (1961).

Lewis, G. N., “Valence and the Structure of Atoms and Molecules,” p. 141.
Chemical Catalog, New York, 1923.

Luder, W. F., and Zuffanti, S., “The Electronic Theory of Acids and Bases,”
pp. 1-106. Wiley, New York, 1946.

McHenry, K. W., Bertolacini, R. J., Brennan, H. M., Wilson, J. L., and Seelig,



74

M2.

Ms.
M4.
NL

O1.
P1.
P2.
P3.
P4.
P5.

Pé.
P7.
P8.

R1.
R2.
R3.
R4.

J. H. SINFELT

H. 8., Actes Congr. Intern. Catalyse, 2°, Paris, 1960 Sect. 11, Paper No. 117 (1961).
Editions Technip, Paris.

Mills, G. A., Heinemann, H., Milliken, T. H., and Oblad, A. G., Ind. Eng. Chem.
45, 134 (1953).

Myers, C. G., and Munns, G. W., Jr., Ind. Eng. Chem. 50, 1727 (1958).

Myers, C. G., Sibbett, D. J., and Ciapetta, F. G., J. Phys. Chem. 63, 1032 (1959).
Newsome, J. W., Heiser, H. W., Russell, A. 8., and Stumpf, H. C., “Alumina
Properties.” Aluminum Co. of America, Pittsburgh, Pennsylvania, 1960.

Oblad, A. G., Milliken, T. H., and Mills, G. A., Advan. Catalysis 3, 199 (1951).
Parravano, G., and Boudart, M., Adven. Catalysis 7, 51 (1955).

Peri, J. B., and Hannan, R. B., J. Phys. Chem. 64, 1526 (1960).

Pines, H., and Haag, W. O., J. Am. Chem. Soc. 82, 2471 (1960).

Pines, H., and Shaw, A. W., J. Am. Chem. Soc. 79, 1474 (1957).

Pitkethly, R. C., and Goble, A. G., Actes Congr. Intern. Catalyse, 2¢, Paris, 1960
Sect. II, Paper No. 91 (1961). Editions Technip, Paris.

Pitkethly, R. C., and Steiner, H., Trans. Faraday Soc. 35, 979 (1939).

Pitts, P. M., Jr., Connor, J. E., and Leum, L. N, Ind. Eng. Chem. 47, 770 (1955).
Plate, A. F., and Tarasova, G. A., J. Gen. Chem. USSR (English Transl.) 20,
1193 (1950).

Rohrer, J. C., and Sinfelt, J. H., J. Phys. Chem. 66, 1190 (1962).

Rohrer, J. C., and Sinfelt, J. H., J. Phys. Chem. 66, 2070 (1962).

Rohrer, J. C., Hurwitz, H., and Sinfelt, J. H., J. Phys. Chem. 65, 1458 (1961).
Rossini, F. D., Pitzer, K. 8., Arnett, R. L., Braun, R. M., and Pimentel, G. C.,
“Selected Values of Physical and Thermodynamic Properties of Hydrocarbons and
Related Compounds,” API Research Project 44. Carnegie Press, Pittsburgh,
Pennsylvania, 1953.

. Ryland, L. B., Tamele, M. W., and Wilson, J. N., Catalysis 7, 1 (1960).

. Sinfelt, J. H., and Rohrer, J. C., J. Phys. Chem. 65, 978 (1961).

. Sinfelt, J. H., and Rohrer, J. C., J. Phys. Chem. 65, 2272 (1961).

. Sinfelt, J. H., and Rohrer, J. C., J. Phys. Chem. 66, 1559 (1962).

. Sinfelt, J. H., Hurwitz, H., and Rohrer, J. C., J. Phys. Chem. 64, 892 (1960).
. Sinfelt, J. H., Hurwitz, H., and Rohrer, J. C., J. Calalysis, 1, 481 (1962).

. Sinfelt, J. H., Hurwitz, H., and Shulman, R. A., J. Phys. Chem. 64, 1559 (1960).
. Spenadel, L., and Boudart, M., J. Phys. Chem. 64, 204 (1960).

. Starnes, W. C,, and Zabor, R. C., Symp. Div. of Petrol. Chem. of the Am. Chem.

Soc., Boston, Massachusetts, April 5-10, 1959.

. Steiner, H., Catalysis 4, 529 (1956).

. Tamele, M. W., Discussions Faraday Soc. 8, 270 (1950).

. Taylor, H. 8., and Fehrer, H., J. Am. Chem. Soc. 63, 1387 (1941).
. Trapnell, B. M. W., Advan. Catalysis 3, 4 (1951).

. Twigg, G. H., Trans. Faraday Soc. 35, 1006 (1939).

. Twigg, G. H., Proc. Roy. Soc. A178, 106 (1941).

. Webb, A. N., Ind. Eng. Chem. 49, 261 (1957).

. Weisz, P. B, U.S. Patent 2,854,400 (1958).

. Weisz, P. B., Advan. Catalysis 8, 137 (1962).

. Weisz, P. B., and Prater, C. D., Advan. Catalysis 9, 583 (1957).
. Weisz, P. B., and Swegler, E. W., Science 126, 31 (1957).



HEAT CONDUCTION OR DIFFUSION
WITH CHANGE OF PHASE

S. G. Bankoff

Department of Chemical Engineering
Northwestern University, Evanston, lllinois

B. Relative Motion Between the Phases .............................

C. Ablating Slabs. .. ... ... .

D. Growth of a Vapor Film on a Rapidly Heated Plane Surface ...........

IT1. Analytic Approximation Methods . .............. .. ... ... ............
A. Quasi-Stationary and Quasi-Steady-State Approximations .............

. Integral Equation Methods .. ............ ... .. .. ... ..............
Variational Methods . ....... ... ... .. ... ... ... ... ...
. Boundary Layer Methods. . ....... ... ... . ... ... . ... . ... .......
Expansions for Small Times ... ...... .. ... ... ... .. .. ciiiiiiirnon.
. Linear Methods ......... ... .. ... . ... . .. .. . . e
1V. Analog and Digital Computer Solutions. .. ............... ... ... .. .......
A. Passive and Active Analog Solutions . ..............................

B. Numerical Schemes ....... ... .. ... ... . ... .. . ...

V. Concluding Remarks .......... . . . . .. . . . . .
Acknowledgments ... ... ... ...
Nomenclature ...... . .. .. . . . . e
References . ... ... ... e

HED O W

l. Introduction

A large number of technically important problems involve solution of
the equation for diffusion of heat, mass, or some other scalar quantity,
subject to the existence of a free boundary. This means that the location
of the free boundary is in itself dependent, usually as the result of a phase
change, upon the amount of diffusant which has been brought up to it
in the past. Common examples are the freezing of the surface of a large
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lake!; evaporation from a flat water surface or a single water droplet into
surrounding still air; the evaporation of a cloud of fuel droplets; the
tarnishing of metal surfaces; the growth of a gas or vapor bubble in a
large volume of supersaturated or superheated liquid; the formation of a
spherical iron carbide particle by diffusion from a surrounding austenite
matrix; and the penetration of a reactant into a spherical ion exchange
particle, of a regenerant into a cylindrical viscose fiber or of a fixative
into photographic film. In addition, the differential equations and boundary
conditions describing quite different phenomena, such as the displacement
of a fluid by another immiscible fluid in a porous medium, the growth of
a filter cake, and the penetration of a magnetic field into a superconducting
medium (C9), are of a similar form. The scope of the subject is truly large,
and we shall limit ourselves, therefore, to those cases where the fluid
motion is entirely induced by the diffusion process. This eliminates, for
example, portions of the active and important field of aerodynamic abla-
tion, but the activity in this field is now so intense as to justify a separate
review article,

A number of specialized monographs have been written dealing, wholly
or in part, with particular aspeets of the subjeet, but there does not seem
to be a comprehensive, unified treatment available in the English language
at the present time. It is not the intent of this review to fill this gap,
which could be accomplished only by a book-length treatise. It is rather
hoped to supplement the existing monographs, to treat in detail areas or
methods not fully covered elsewhere, and, above all, to classify in a sys-
tematic way the principal contributions which have been made in recent
years. The classification system is based upon the mathematical techniques
and approximations, rather than the specific nature of the diffusant or
the geometry. Whenever possible, comparison of the theory with exper-
imental results is indicated. In a succeeding volume of this series a separate
treatment will be given of bubble dynamies, since the equation of motion
is coupled to the diffusion equation in this case.

Except for some special cases, the presence of a free boundary introduces
a nonlinearity, so that only a few exaet solutions are known. These are in
all cases self-similar solutions, which means that the differential equation
and associated initial and boundary conditions can all be expressed in
terms of a single independent variable. The problem is thereby reduced

1This particular problem was first studied by Stefan (S10), and the general class
of solutions of the diffusion equation subject to a free boundary condition, therefore,
are sometimes called Stefan problems. An analogous problem in the freezing of moist
soils was previously studied, however, by Lamé and Clapeyron (L1), and in the Russian
literature these problems are sometimes given the rather lengthy soubriquet of Lamé-
Clapeyron-Stefan problems.
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to the solution of an ordinary differential equation with appropriate
boundary conditions. This technique is well known in other branches of
applied analysis, such as boundary layer theory, and is closely related to
the theory of characteristics. Fortunately, the initial and boundary con-
ditions for these exact solutions encompass a number of important physical
problems. In some cases the necessary conditions correspond only approx-
imately to the real situation, and the validity of these approximations
will then be examined. One may distinguish between analytic (or math-
ematical) approximations and solutions by numerical or analog methods.
In the former category an important general method is the formulation of
the problem as a nonlinear integral implicit (or functional) equation for
the unknown boundary position, which must then be solved by iterative
methods, or from which simpler solutions can be derived for limiting
cases. Other integral equation methods (equivalent to macroscopic bal-
ances) have been employed to obtain upper and lower bounds for the
boundary displacement. An extremely important approximation, which
has been extensively applied to the growth and dissolution of precipitates,
droplets, and gas bubbles, neglects the convective term in the diffusion
equation, as well as the boundary motion, in computing the diffusive flux,
and hence may be termed the quasi-stationary assumption. In addition,
the time derivative may also be neglected, after a sufficiently long time
has elapsed. This simplified approach, known as the quasi-steady-state
approximation, has long been used in hygrometry and mass transfer
design calculations. In addition, the equations for filter cake deposition
are of the same form. On the other end of the scale are perturbation
solutions based upon the assumption that the thickness of the diffusion
boundary layer increases slowly compared to the displacement of the free
boundary. This “thin boundary layer’ assumption has been extensively
used in bubble dynamics. Finally, various analog and numerical solution
schemes, many of which employ transformations which effectively im-
mobilize the free boundary, are treated.

Such purely mathematical problems as the existence and uniqueness
of solutions of parabolic partial differential equations subject to free
boundary conditions will not be discussed. These questions have been
fully answered in recent years by the contributions of Evans (I2),
Friedman (¥5, ¥6, ¥7), Kyner (K8, K9), Miranker (M8), Miranker and
Keller (M9), Rubinstein (R7, R8, R9), Sestini (85), and others, principally
by application of fixed-point theorems and Green's function techniques.
Readers concerned with these aspects should consult these authors for
further references.

The variety of problems which can be posed is so large that it is difficult,
as well as unnecessarily confusing, to express the governing equations,
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together with the initial and boundary conditions, in the most general
form possible. Instead, a semichronological approach is employed in which
some of the simpler problems are first taken up, followed by the introduc-
tion of various complicating conditions. Early historical material, as well
as material adequately treated in the standard reference works, is either
omitted or briefly treated. Even so, some judicious choice of material for
detailed presentation was necessary. The selection process was, to some
extent, necessarily subjective; but it was hoped to present sufficient
prototype detail to make clear the major methods which have been
employed in free-boundary diffusion theory, together with their limitations.

Il. Exact Solutions

A. No Revative MoTioN OF THE PHASES

1. Diffusion in One Phase Only

a. Constant Diffusivity. In some cases, as in the melting of ice or the
penetration of ions into a polymer particle, it is permissible to ignore the
change in density resulting from the motion of the boundary. A number
of exact one-dimensional solutions of the melting—freezing problem are
reviewed by Carslaw and Jaeger (C1), Crank (C14), Ruddle (R10), and
Veinik (V1) and will be considered only indirectly here. The earliest solu-
tions seem 1o be those of Stefan and Neumann, who considered the melting
of a semi-infinite solid at a uniform initial temperature, Ty < T,,, where
T. is the fusion temperature, when the surface temperature is suddenly
raised above the melting point. Neumann (N1) assumed a trial form for
the solution and established that it satisfied the differential equations and
all boundary conditions.? Much later, Boltzmann (B10)? introduced the
new variable v = s/(at)V/? where s is a radial position coordinate in one,
two, or three dimensions, « is the thermal diffusivity, and ¢ is the elapsed
time, A few solutions of the heat equation exist which are functions of 3
only, as discussed by Carslaw and Jaeger, so that exact solutions of the
moving-boundary problem are possible when the position of the phase
interface remains fixed in n-space.

Rieck is quoted by Huber (R6) as generalizing, in an unpublished dis-
sertation, the similarity problem to two and three dimensions. One of the

2 Recently Ruoff (R11) has rederived the Stefan and Neumann solutions using the
Boltzmann transformation.

3 Actually Boltzmann considered only one-dimensional problems, in which case
8 = 7, the distance from the initial slab surface position. Further, his concern was not
so much with melting—freezing processes as with temperature-dependent physical
properties.



HEAT CONDUCTION OR DIFFUSION WITH CHANGE OF PHASE 79

first published similarity solutions under spherically symmetric conditions
in n-dimensional space (n = 1, 2, 3, corresponding to linear, cylindrical,
and spherical geometries) appears to have been presented by Zener (Z2)
in a discussion of the growth of spherical precipitates from solid solution.*
The immediate applications were to the growth in an austenite matrix of
a spherical iron carbide particle, where the carbon atoms are diffusing
towards the interface, or of a ferrite particle, where they are diffusing
away from the interface. The concentration C’ of the diffusant in the newly
formed phase is assumed to be a constant, as is its initial concentration in
the original phase C.. The concentration just outside the interface, (', is
assumed to be a constant, dictated by equilibrium considerations. It is of
interest that there seems to be no comparable melting—freezing problem,
since it is not possible to maintain a finite temperature discontinuity across
the phase interface.

With the restriction of uniform mass densities the diffusion equation
in n-dimensional space becomes

Qg — —n+1 i n—1 (9_0)
ot = D5 s (S ds (1)

where D is a mass diffusivity. A uniform initial concentration, which
remains unchanged at infinity, is expressed by

Cs,0) = Co = (b 2)

It is now assumed that equilibrium conditions prevail at the phase inter-
face. This will be the case if the interface reaction is relatively rapid, so
that the growth is diffusion-limited. The mathematical solution requires
that # remain constant at the interface, which implies that the radius of

¢The author is indebted to Dr. G. Horvay of the General Electric Research Lab-
oratory for bringing to his attention a prior paper by Ivantsov (I1), dealing with a
general method for obtaining similarity solutions in the growth of a crystal from a super-
cooled melt. The differential equation relating the heat conduction at the phase interface
to the boundary motion is converted to a nonlinear first-order partial differential equa-
tion, having the temperature as the only dependent variable. The complete integral,
containing five arbitrary constants and an arbitrary function of the temperature, is
obtained by the theory of characteristics. The arbitrary function is determined with the
help of the heat conduction equation, and the constants with the aid of the boundary
conditions at infinity and at the phase interface. In this way similarity solutions are
generated for spherical and eylindrical crystals growing as the square root of time, and
needle-shaped (confocal paraboloids) and knife-shaped (confocal parabolic cylinders)
growing at constant vertex velocity. Horvay and Cahn (H12) give a different solution
for the parabolic cylinder growth, and also extend Ivantsov’s solutions to include the
growth of elliptical paraboloids and ellipsoids, from which a variety of shapes can be
obtained by suitable specialization. These authors also consider modifications of the
isothermal phase interface condition due to surface energy effects and to interface
kinetics.
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the critical nucleus is zero at zero time. Actually, of course, it has a small
positive value, determined by surface tension; and surface tension effects
remain appreciable for some short time after the critical nucleus beging
to grow.? The final results are, therefore, valid after the precipitate par-
ticles have attained a size large compared to the critical size of a stable
nucleus. The boundary condition at the interface thus becomes

8@, 8 = Cs ®3)

where the capital letter is used to denote the time-dependent position
coordinate of the free boundary. A material balance at the interface
requires that®

(© - ¢y% = p S @)

where the dot denotes a time derivative.

Since both the governing differential equations and all boundary con-
ditions are homogeneous in the concentrations, § can depend upon ",
C,, and C; only in some dimensionless combination. The only other
variables are D and ¢, so that dimensional considerations require that

S = B.(Dt)'? (5)

where 8, is a dimensionless growth constant and n refers to the number
of dimensions.
The solution of Eq. (1), which satisfies Eqs. (2)~(5) is

e = GG = o/ VDD () ©)
where
¥a(@) = [ exp (~1e) 2 dz @)

Upon applying the interface condition, Eq. (4), an expression for the
growth coefficient is obtained:

. _ 2ciexp (—Bx2/4). _ C.,—C:
(Bn) = \bn(ﬁn) ’ & ¢ — C; (8)

Zener gives numerical solutions for the growth coefficients for one- and
three-dimensional growth, and also asymptotic expansions for large and
small values of the growth coefficients:

% Somorjai (S8) discusses the surface energy effect in the early growth of a condensed
phase, and Skinner and Bankoff (86) discuss the error in assuming a zero initial radius
in bubble growth.

¢ When concentrations (or temperatures) in two phases must be considered, the
original and newly formed phases will, in general, be designated by the absence or
presence of the prime superseript, respectively.
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By = 2% V2% Kl ©)
=22(1 — )2 B> 1
Bs = 2% Bs < 1

= 61/2(1 — ¢,)12 B:>1 (10)

so that the growth coefficient assumes all positive values as ¢, varies from
0 to 1. From an approximate solution it is shown that a more natural
choice of parameters is

(Cao - Ci) .
(C’ _ Cw)1/2(Cl — Ci)1/2’

for the one-dimensional case and

C, — CHV?
B = K W?

B =K, 113 < K1 <141  (11)

14 < K3 < 24 (12)

for the three-dimensional case, since the dimensionless coefficients K; and
K; show a relatively small range of variation over the entire range of
growth coeflicient values.

Shortly afterwards Frank (F3) derived the same results and extended
the discussion to include the case where both heat and mass diffusion
control the phase growth. In this case the melting point depression is
related by thermodynamic considerations to the interface concentration,
which can be determined either iteratively or by means of a convenient
graphical aid. Frank also considers several related problems, such as the
growth of a compound, where two dissolved substances which diffuse
independently unite to form the new phase.

Problems of this sort have been extensively discussed (not always
correctly) and studied experimentally. As an example, Hermans (H7)
considers particles diffusing into a medium which contains Cy “holes’ per
unit volume, in each of which one particle can be bound and removed
from the diffusion process.

Assuming for the present that the holes are immobile, the concentration
of unbound particles, C’, and of unfilled “holes,” C, is given by

aC’ C’ _ aC

—_ = — ' 4 —_ —
o ~ P ReC =7, (13)

where K is the rate constant for the assumed second-order reaction be-
tween molecules and holes.

For K very large, the right-hand side of Eq. (13) will be negligibly
small, except in a very thin transition region where the newly diffused
molecules are reacting with holes previously not in contaet with molecules.
In this case a sharp boundary will prevail between the region where the
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concentration of free particles is nonzero and that where it is zero. The
condition at the free boundary is then

-D %ﬁtw = (X (14)

The problem thus reduces to the same form as the Stefan problem for the
melting of a block of ice initially at the fusion temperature. On the other
hand, if the “holes” themselves are mobile, diffusion occurs on both sides
of the moving boundary. An example given by Hermans is the penetration
of $~— ions into a gel containing Pbt+ ions, precipitating PbS. The prob-
lem is now strictly analogous to that solved by Neumann of the melting
of ice initially below the fusion point. Adair (A1) has rederived this solu-
tion in connection with the mass diffusion problem. Hermans further
considers radial penetration into a cylinder? and mentions that Bungenberg
de Jong (B15) found experimentally that a quasi-parabolic law was
followed:

R = kh[\/i + \/t—l/; —V t1/2 —_ t] (15)

where E() is the radius of the free boundary and R(t) = $R(0). It will
be noted that this curve is symmetrical about the point E(t2). Hermans
studied the linear diffusion of thiosulfate ions into both ends of a capillary
filled with gel, containing iodine (and starch, to immobilize the iodine) and
verified that X{~¥/2 = constant. In the penetration of Na.S into agar gel
containing lead acetate, the free boundaries advancing from each end of
the capillary were quite sharp initially, but became indistinet as they
approached each other, due to depletion of the Pb*+ ions from the central
region by diffusion. Cylindrieal diffusion was also studied of 8,05 ~ into
gelatin gels with I, and Cut+ into cellulose xanthate containing bound
C8; groups. There was a considerable discrepancy in the diffusion co-
efficients measured in eylindrical and linear diffusion, to be expeeted in
view of the incorrect cylindrical diffusion analysis. Griffin (G8) has re-
considered this problem, using an integral method, and has succeeded in
bringing the results into reasonably close agreement.

b. Concentration-Dependent Diffusivity. Pattle (P1) has found an in-
teresting class of exact solutions of the diffusion equation when the diffu-
sivity varies as some positive power of the concentration,

D = Dy(C/Co)? (16)

where D is the diffusivity at the reference concentration Cy. This situation
obtains, for example, in the penetration of liquid into a porous body under
the influence of capillary forces. In this case the diffusivity increases
rapidly as the amount of the liquid in the pores increases, so that the

7 Hermans’ own rolution has an incorrect symmetry condition.
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resistance to viscous flow decreases. The equation for outward diffusion
from an instantaneous point source in n dimensions into a medium of
zero mean motion may be written

oC s oC

— = gl— n—1

=S 03 <s D — ) 17)
with the solution

—n/(nb+2) S‘Z

= ( ( > {1 - ——2}; t>0, s2<s? (18a)
to $1

C=0; 522> (18b)

These equations represent a region of diffusing substance with a definite
edge, whose radius s; is given by

¢ 1/(nb+2)
81 = 8 <i;)'> (19)

Assuming that a quantity @ is liberated at time { = 0 at a point in an
infinite line, plane, or volume, depending upon the number of dimensions,
the parameters s, and ¢ in Eq. (19) can be determined from

.. Q I‘(bl—f—l—{—zn)}
S = Cor™'? b1 + 1) (20)
. 8(;26
b= S henb + 2) 1)

As b— 0, Eqgs. (18a) and (18b) tend to the instantaneous point source
solution with constant diffusivity:

. Qexp (—s*/4D) .

e 22)
When b > 1, the concentration gradient at the boundary of the region is
infinite; when b = 1, it is finite; and when b < 1, it is zero. Note from
LS. (22) that the eoncentration at any point in space is instantaneously
affected by the liberation of a finite quantity of diffusant at the origin,
providing that the diffusivity of the medium is a constant. This is a well-
known property of parabolic partial differential equations, which implies
that the velocity of propagation of a concentration (or temperature) signal
is infinite. The introduction of a nonlinearity results in a finite propaga-
tion velocity. The appearance of a concentration discontinuity at the
outward-moving boundary as b exceeds unity is reminiscent of the appear-
ance of a shock wave in a gas flow when the local Mach number exceeds
unity. In the latter case, however, this corresponds to a change in the
nature of the characteristics of the linear partial differential equation, and
hence is only vaguely analogous to the nonlinear solution discovered by
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Pattle. Boyer (B12) has derived these results in a different way and ap-
plied them to the release of energy in an ionized gas, as well as to a trans-
mission line problem.

B. RELATIVE MOTION BETWEEN THE PHASES

1. Diffusion in One Phase Only

a. Constant Diffusivity. When the densities of the two phases are
constant but unequal a convective motion will be induced by the diffusion
process. Chambré (C2) considered the n-dimensional similarity problem
for this case but neglected the radial pressure gradients in the equation
of motion, with the result that continuity relationships were violated.
The first correct solution seems to have been given by Kirkaldy (K2),
who was particularly concerned with the applicability of quasi-stationary
diffusion theory to the condensation from air of water vapor on ice crystals
or water drops. Assuming constant mass density of the exterior phase the
mass flux can be expressed as the sum of a convective and a diffusive
term

J = Cu — Dv(C (23)
In a symmetrical n~-dimensional system the convective term must decrease
as s"*. The time dependence, such that the solution has the form ¢ = C(y),

turns out to be
CA /2

2m1

where A, is a constant. On substituting these expressions into the con-
tinuity equation

Cu (24)

aC

v+, =0 (25)

one obtains the differential equation

(n—2)/2
A t29C D 9 [sn_l @g] L, -

2 sl 9s  sn1ds s ot

The transformation to n-space converts this to the ordinary differential
equation

I: 4, _n—l_z]ﬂ_djg
2Dn/2nn——l n 2 dﬂ - d'r)2
The boundary conditions are the same as in Egs. (2) and (3) with the

solution
c(n) = ¢a(1)/¢n(Br) (28)

= ® 1—n -—_A" 1—n E%
éuln) = 2 hexp | g | ¥ de — ) de (29)
n

(27)

where
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The constant A, is determined by reference to the mass balance at the
interface. Using Eq. (5), this takes the form

Ci(S — u(S,t) = 'S (30)
or
u(S, ) = el = gﬁ"x/p/t (31)
where e = 1 — (C’/C,). This leads to
A, = €(B,DV)" (32)
In particular the growth function for spherical symmetry in three dimen-
sions is
© —Bfe 22
= 2 3 =
$5(n) f wtoxp (e - ) de (33)

This result was rederived shortly afterwards by Birkhoff, et al. (B7), and
by Scriven (84), in considering the growth of gas or vapor bubbles. Finally,
from Eqs. (24), (31), and (32), it follows that

Ant(n—2)/2 e6nnl)n/2t(n—2)/2
ggn—1 9gn1

u(s, t) = (34)

— u(S, & (f)”bl (35)

This is an expression of the continuity equation for the flow of a fluid of
constant mass density with n-dimensional spherical symmetry.

In principle, therefore, this solution can be applied to the growth,
limited by the diffusion of heat or mass, of slabs, cylinders, or spheres of
initially negligible size from a large body of surrounding quiescent fluid
of initially uniform concentration and temperature, where the densities of
the two phases are constant but not necessarily equal. One further prob-
lem remains, consisting of the determination of the growth constant 8,. This
follows from an energy or mass balance at the moving interface. These
matters will be treated in more detail in the disecussion of bubble dynamics.

Griffin (G8) gives a general procedure, based upon the method of
intermediate integrals, for finding similarity transformations to the moving-
boundary diffusion problem. This method is based upon the Riemann-
Volterra theory of characteristics (W2). As a particular example of this
method, Kirkaldy’s solution for the nm-dimensionally symmetric phase
growth problem with accompanying convective motion is once again
derived.

Horvay (H11) also derives the phase growth and temperature field
solutions, and in addition computes the pressure field from the equation
of motion. From this it is shown that, for every pressure and temperature
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at infinity and for e < 0 (p’ > p), there exists a critical spherical nucleus
radius which will grow smoothly by influx of liquid to the solid surface;
below this size the negative pressure at the surface of the nucleus is suffi-
ciently great to induce cavitation. On the other hand, for a cylindrical
shape, cavitation can be expected below some radius for any e, while for
a planar form, cavitation is predicted only for € > 0. An example is given
of the growth of a nickel nucleus in spherical or cylindrical shape, using a
formula deduced by Fisher (F1) for the fracture strength of a liquid, based
upon the expected waiting time for the first bubble.

2. Diffusion in Two Regions; Plane Free Boundary

a. Constant Diflusivity. In the preceding sections the concentration of
diffusant was uniform in the newly formed phase, so that only the diffusion
equation for the exterior phase needed to be considered. More generally,
however, there may be concentration or temperature gradients in both
phases; there may or may not be induced motion of the phases relative to
each other; and the position of the moving interface may or may not be
proportional to the total amount of diffusant which has crossed the
boundary. As noted previously, nearly all exact solutions of the free-
boundary heat diffusion equation in one dimension depend upon the
existence of fundamental solutions in terms of the Boltzmann similarity
variable, z/(at)'/?. Danckwerts (D1) extended the exact solutions of plane
problems to more general types of boundary conditions. The essence of
his method is to note that, assuming constant mass densities and diffusiv-
ities, each phase is at rest with respect to Lagrangian coordinates, so that
solutions of the heat equation written in coordinates appropriate to each
phase are readily obtained. Provided suitable restrictions are satisfied,
matching conditions can then be found at the interface to relate the
motion of one coordinate system to the other. To see how this goes (Fig. 1),

] 1 xl=X
—-—x==Q0 x=x=0 x=X x=00 —~
=~
\\\
\\ Medium {
Medium2)¥
\ c—
k\\~___
- 7'=-00 n=9'=0 x:=8 n=0-~-
=8

F1a. 1. Coordinate systems (D1). Redrawn by permission of Faraday Society.
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consider that the unprimed phase, in which the diffusant concentration
i1s C, occupies the right-hand half-space, and the primed phase the com-
plementary left-hand region. Consider two coordinate systems which are
fixed to their respective media, whose origins coincide with the common
boundary at ¢ = 0. Subject to the simplifications noted above the equations
for a single diffusant are

aC 3¢

3 =D_6x2’ C=Cx1, X<z <o», t>0 (36)
ac’ o’ , ) ,

o = Do C'=C' ), —o <2< X'®), t>0 (37)

where X(¢) and X’(t) are the positions of the free boundary with respect
to the two coordinate systems. The concentrations at the interface are
related by an equilibrium expression which may be linearized to the form

Cfi, = KlCl + K2 (38)

where C; = C(X, t), (" = C'(X’, t), and K, and K, are physical constants.
Assuming that there is no accumulation of diffusant at the moving

interface, a conservation requirement is that

WX, o Iy (X', Y
ox oz’

Further, the constant proportionality between the rates of movement of
the two media relative to the interface implies

X' =KX (40)

where K; is a constant determined by the physical conditions. Finally, in
many cases (such as the growth of a crystal or of a film of tarnish) the
position of the interface is proportional to the total flux of diffusant which
has crossed it up to that time. That is, some eonstant K, exists such that

X =K, [D ﬂc;—;ﬁ n C’X] (41)

where the terms on the right represent the contributions of the diffusive
and convective fluxes. Upon combining Egs. (39), (40), and (41), one can
obtain a corresponding condition for the second phase

D +CX-C/X =0 (39)

X - K,,K.;l: QO CX] (42)

Equations (36) and (37) require two initial conditions and four bound-
ary conditions, as well as two other conditions specifying the parameters
X and X', in order for the solution to be determinate.

The specification, therefore, of two initial conditions and two bounded-
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ness conditions at infinity, together with the four equations (38)—(41),
serve to define this type of problem (Class A). When Eq. (41) is not
applicable it is necessary to have an additional parameter specified, such
ag one of the interfacial concentrations, besides the initial conditions
(Class B). Danckwerts’ method of solution is to extend the domain of
Eqgs. (36) and (37) back to their respective origins, where fictitious con-
stant boundary conditions are imposed. The solutions thus obtained will
be valid in the respective physical regions, provided X [and therefore,
from Eq. (40), also X’] varies as the square root of time, and the interfacial
concentrations remain constant. To provide continuity with previous sec-
tions and also to emphasize the self-similar nature of the solution a
somewhat different development than that of Danckwerts is given below.
Define the similarity variables and dimensionless coneentrations

_ X . ¢ = C Co
TT VD Ci = Co
2, _C=C
n = \/I)',‘iy ¢ = ¢/ — ¢y (43)

where Cy represents the initial (uniform) concentration in the unprimed
phase, which remains unchanged at infinity, At the interface n = §;
n’ = f/, constant by virtue of the assumption concerning the interface
motion. Equation (36) can now be written as an ordinary differential
equation

d% de
d—ng=—§d—,;; c=cln), B<n<w (44)
subject to the two-point boundary condition
e(o) =0; (@) =1 (45)
The solution is readily found to be
cn) = erfo ] / erfc &, (46)

with the corresponding solution for the primed phase in terms of the
appropriate primed variables

d(n') = erfe L / erfc 2. g —g>0 (47)
Define now the dimensionless parameters
T = K4Ci; W = g)

G - JZ 48

C ’ V= D ( )

Q2

39

T = K.C/; o
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Equations (38), (39), and (40) now become

TI = I{]T + Kz]\rq (49)

de(B) dc' (89 1 [ B'VT’] _ B
T Ta—w Pt 70 (50)
By = —K;8 (61)

where
C/—C/ T(1-d)

YT -0 T Tl —w) (52)

Similarly Eqs. (41) and (42) may be written
B — T) = 27(1 — w) ‘%ﬂ@ (53)
Bl — KsT') = 2KsT/(1 — o) %@Q (54)

Upon making use of Eqgs. (46) and (47) one has

de(@) _ 2exp (=FY/)  d(8) _2exp (=88 oo
dn /2 erfe (8/2) dy — w2erfe (8/2)

Besides the two growth constants there are four other paramefers
defined by Eq. (48) which are not specified as combinations of physical
properties of the system. For class A systems there are the four algebraie
expressions in Eqgs. (49) to (53), so that two other quantities, such as the
concentrations at infinity, must be specified. For class B problems, where
Eq. (53) is not applicable, three parameters must be specified.

Danckwerts has obtained a variety of interesting results of which we
quote a few:

(1) Absorption by a liquid of a single component from a mizture of gases.
Let the unprimed phase be a mixture of a soluble gas A and an insoluble
gas, the initial mole fraction of A being Y. Similarly the concentration in
the primed phase in volumes of dissolved gas per unit volume of liquid is
initially equal to Cy'. At the interface a Henry’s law expression is satisfied,
so that, by Eq. (88), C'(X, t) = K:Y (X, t), where K, is the solubility of
A in the liquid, expressed as volumes of gaseous A per unit volume of
liquid per unit mole fraction of A in the gas. The growth constant is then
obtained by means of the result

1/2
.'Bl_ K1Y + Co'

2 - 2
élf oy = rllggexp% erfcg = f(g) (56)
21’ - 1 0

where the volume of A absorbed per unit area of the liquid surface is
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V = B(Dpy1/2 (57)

The solution of Eq. (56) proceeds by trial, with the aid of Figs. 2(a) and
2(b). This result was previously given in a less complete form by Arnold
(A5).

1.0
& L
0.8 ——R%l Pt
: A
qfl A
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L]
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B, Growth Constant

Fia. 2. (a) f(8/2), defined by Eq. (56), for positive values of 8 (D1). Reproduced
by permission of Faraday Society. (b) f(8/2), defined by Eq. (56), for negative values
of g (D1). Reproduced by permission of Faraday Society.

(2) Tarnishing reactions. A film of tarnish is formed on the surface of
a metal by diffusion of dissolved gas A through the film from an exterior
gaseous phase. The reaction rate of gas with metal is assumed to be large,
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so that the dissolved gas concentration C; at the metal-tarnish interface
can be taken to be zero. If C(0) is the saturated concentration of gas at
the outer surface of the film the growth constant can be determined from

B fon (D ()r() o

where (4 is the concentration of A in the compound formed with the

4
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Fia. 3. g(8/2), defined by Eq. (58), versus 8/2 (D1). Reproduced by permission of
Faraday Society.

metal. A plot of g(8/2) is given in Fig. 3. The thickness of the film is found
from
X = p(Dy)'” (59)

This problem was previously considered by Booth (B11). Exeept at high
pressures the left-hand side of Eq. (58) is frequently small, so that a
Taylor expansion may be employed. This gives

= (220" @

which is the result obtained assuming a linear concentration profile
through the film (quasi-steady approximation).

(8) Condensation of a vapor at the surface of a cold lLiquid of infinite
depth. Here, heat is the diffusant, and the liquid is initially at a uniform
temperature Ty < T, the temperature of the saturated vapor in contact
with the liquid. The mass condensed per unit of area is then given by

M= —Xp= —PBp(at)? (61)

where the growth constant is obtained from
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Ty — T,

QL(_OT_) =7 (g) (62)
where ¢, denotes the specific heat of the liquid and L the latent heat of
vaporization. The temperature distribution in the liquid is obtained from
Eq. (46):

_T—-1T, erfe(y/2)

=T, "1, = erfe (8/2) (63)

The same equations may be used for evaporation, in which connection
this solution was rederived by Knuth (K3). For f small, corresponding to
low subeoolings, f /& fx1/2/2, whence

w22 (1, - T (%) (64)

n

(4) Progressive freezing of a liquid. Consider the freezing of a liquid
of uniform temperature T, > T, in contact with a solid wall whose sur-
face is maintained at some constant temperature T, < T, There will be
an induced motion of the liquid resulting from the density change upon
solidification. This is a class B problem, since the thickness of the primed
phase (solidified material) is, in general, not proportional to the total
amount of heat crossing the interface, in view of the temperature gradients
in the solid. The growth constant is found from the expression

QP(Tw =T + ¢/ (Tw — 1)
J(B/2a'%) " glpB/20" ")

where f and ¢ are functions given by Egs. (56) and (58) and L is now the
latent heat of fusion. The thickness of the solid at time ¢ is

X = )ff’- = p8(1/p)" (66)

+L=0 (65)

while the dimensionless temperature ¢’ at any point in the solid is
-7,  erf [2'/2(at)*]

O =T o1, T af (820 ()] (67)
Correspondingly the dimensionless temperature of the liquid is
- 1/2
0 T —T, erfex/2(at))/?] (68)

T T, — T, erfc [8/2(a)')
This solution was rederived by Adams and Seizew (A2), and also by
Riazantsev (R5).
b. Concentration-Dependent Diffusivity. Consider the plane melting—
freezing problem with specific heats and thermal conductivities of both
8 There is a misprint at this point in Eq. (7.14) of the reference.



HEAT CONDUCTION OR DIFFUSION WITH CHANGE OF PHASE 93

phases temperature-dependent (H5). It can be seen from the self-similar
form of the heat equation (44), with boundary conditions given by Eq.
(45), that the only requirements for the existence of a self-similar solution
are that the densities of the phases be constant, that the thickness of the
new phase increase as the square root of the time, and that the initial and
interfacial concentrations (or temperatures) of both phases be constants.
This means that the class of self-similar solutions can be extended to cases
where the diffusivity is an arbitrary function of concentration in both
phases (or the specific heat and thermal conductivity are arbitrary func-
tions of temperature in both phases). The problem then becomes non-
linear, and resort to numerieal integration is necessary to obtain the exact
solutions. It is convenient to define a slightly different similarity variable,
N = z/X, previously given by Zener (Z2), where X({) represents the
thickness of the solidified layer. The progressive freezing problem posed
in the previous section, with the exception that the thermal properties
are now temperature-dependent, is considered. The heat equation becomes
for the liquid

4 (,aT sy _ 22 _ 0. _q1_2
d)\<k d)‘)+2cpp6 N\ — ¢ d)\—O, e=1 o A>1 (69)

and for the solid

4 (., al’ 1o rginy 8L _ .
dx(k dx)+2pcp5 vl _o; 0<ast (70)
where
X? = 46%2¢ (71)
There are two sets of two-point boundary conditions
T =T1) =T, (72)
T(w) = Ty; T'0) =T, (73)

together with the matching condition at the interface resulting from an
energy balance,

B~ %
The solution of this system by numerieal integration in both directions
from X\ = 1 is straightforward. Each choice of a growth constant and of
the temperature gradient at the interface in one of the phases leads through
Eq. (74) to the interfacial gradient in the other phase. An iterative method
is employed to determine appropriate starting values for assigned values
of T, and T,. In a numerical example it is found that the freezing rate of
a semi-infinite copper melt, initially at the fusion temperature, whose
surface is brought to ambient temperature is overestimated by about 10%,

= —2Lp8* at A=1 (74)
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when the thermal properties of the solidified copper are evaluated at the
average solid temperature.

These results were to some extent anticipated by Tirskii (T3), who
gave the Boltzmann transformation for self-similar heat conduction solu-
tions in a semi-infinite slab with temperature-dependent thermal properties
(although Boltzmann’s work is not referenced). For the case considered
above, a pair of equations analogous to Egs. (69) and (70) is obtained,
with the exception that motion induced by the phase change is not per-
mitted. The equations are integrated twice to obtain two simultaneous
nonlinear integral equations, coupled by a transcendental integral equa-
tion for the growth constant 8. An iterative process for the solution is
suggested, which appears inferior from the point of view of computational
effort, to the direct integration procedure employed above (although this
point is somewhat difficult to judge, since no numerical examples are
given). Tirskii also considers similarly Stefan’s problem of uniform melting-
front velocity, which corresponds to the steady-state ablation of a semi-
infinite slab with temperature-dependent physical properties.

3. Three-Region Problems

Lightfoot (L5, 1.8) considered the solidification of a semi-infinite steel
mass in contact with a semi-infinite steel mold, where the thermal prop-
erties of the phases were taken to be identical. In a later paper, (17)
different thermal constants for the liquid and solid metal and for the
mold were assumed. With uniform initial phase temperatures, it is seen
that all boundaries of the system are immobilized in g-space. Yang (Y2)
rederived this result and further extended the application of the similarity
transformation to three-region problems with induced motion. An example
is the condensation of vapor, as a result of sudden pressurization, in a
tank with relatively thick walls.

C. ABLATING SLABS

1. Landaw’s Transformation

Because of the uncertainty in the position of the free boundary relative
to the fixed boundary in finite slabs, it is natural to attempt a transforma-
tion which fixes the positions of both boundaries. For example, if a new
variable is introduced which expresses the position of a particle as the
ratio of its distance from the free boundary to the instantaneous thickness
of the original phase, the free boundary is immobilized, while the fixed
boundary remains stationary with respect to the new coordinates. This
transformation appears to have been given first by Landau (L4) in a
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consideration of ablating slabs in which the melt is continuously and
immediately removed. The problem is described by

oT d aT
P o = B2 (k ax>’ Xt <z<a t>0 (75)
T(z,0) = To(x) < Tn; 0<z<a (76)
%ﬁ =0; t>0 7
H{) = —k?ﬂ)—gfcﬂﬁ L LX; >0 (78)

where H(f) is the heat input, equal to the rate of heat flow into the solid
plus the rate of heat absorption by melting. The face at + = a has been
assumed to be insulated. There will be a premelting and a postmelting
period, defined by

X=0 when T(X(t),t)<Tn 79)
X220 when T(X({®),t) = Tw

The moving boundary is eliminated by the transformation

f= 2T X0 (80)

so that the boundaries are now fixed at § = 0 and ¢ = 1. The governing
equation and boundary conditions become

o[ 4 QT L2 08) @

o Ta—X® ol [a— X@®1Ter\" o
T(,0) =To(§) <Tw; 0<¢<L1, t=0 (82)
oT B
5{;=0, E=0 t>0 (83)
H(z):;—_ﬁm‘z—?ﬂm; E=1, t>0 (84)
X=0 when T1,80) <Tm £=1 (85)
X>0 when T(Q,t)=Tn t=1 (86)

Equation (82) states that the slab is initially below the melting temper-
ature. Gauss’s theorem applied to the heat conduction equation over a
region £ with boundary B in the (z, t’) plane bounded by the lines ¢’ = 0,
t' = t, x = a, and the curve 2 = X(¢') gives

(T2 (25 = 6,p L dwar = [ [#%Ear ]
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where
aT t . t
] k-a—dt’ = / [HE) — pLX )] dt’ = / H@)dt' — pLX(t) (88)
B T 0 0

t .
fB eooT dz = fo ® eopTo(e) dz — f;@ esoT(z, 1) do — [0 e TnX () dl (89)

so that
['Hwyar = f;w peo[T(x, £) — To(2)] do
+ p[(L + e TwX (1) — |,

The same result can be obtained, in a less elegant manner, by a macro-
scopic heat balance. For the special case of & semi-infinite slab with con-
stant heat input rate H, the temperature distribution in the premelting
period has been given previously by Hartree (H6):

0= 121 () [ {5} - o)
b= to ko) LT TP\ datf T 2(at) N\ S()

- rv o () o )]

where, in Hartree’s notation,

. ]
terfczx =L erfe 2 dz

*0 cpTo(x) dz (90)

The time when melting starts is therefore

 kcop Lpm\?
h b= F (0 — ) = o (22) (92)
where
1/2 -
my = LZ ¢ (TmL T (93)

is proportional to the ratio of the specific enthalpy of the initial solid and
liquid, and the datum condition is taken to be solid at the fusion tem-
perature. For the semi-infinite case an appropriate distance variable for
immobilizing the moving boundary is & = z — X(f). Since

z— X@® = lim a{l — (a — 2)/[a — XN},

this is a special case of the transformation defined by Eq. (80). It is con-
venient also to introduce the dimensionless variables

o* = 0*(2*, ',1/) = -;172(%1:—_7;0—76 (94)
2* = z— X@® (95)

(at,,.) 1/2
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¢
Yy = IZ —1 (96)
L X
vr = (97)
dU*  pLdX
. 22 _ g tA
U =" " 0 a (98)
The equations for the melting process now become
a6*  o%* a6*
5§=@+m1[]y*6—z*; x>0, y>0 (99)
*
0* = i erfc (%) *>0, y=0 (100)
6* — 0; oo, y 20 (101)
a6* * *
1=—2§+Uy; *F=0 y>0 (102)
o* = 1I'_1/2; 2% = O’ Y >0 (103)

These equations contain only one parameter m,, which is absent from the
initial and boundary conditions, so that numerical integration is facilitated.

A steady-state solution, previously given by Soodak (89), is obtained
by setting the left-hand side of Eq. (99) equal to zero in which case U,*
is a constant from Eq. (102). The steady-state solutions are

6* — %(z%) = 72 exp (—m U, *2*) (104)
with ~
U* =1+ 2mnt2)t (105)
or in terms of the original variables
X —my = H (106)

plL + cp(Tm — To)]
To obtain the steady-state thickness melted it is necessary to refer to the
integral heat balance, Eq. (90), in dimensionless form

U = O+ 1) — 2 [ 0865 y) de* (107)
From Eq. (104) this becomes
U*y) = Oy + 1) — 2/7'm, (108)
or
X(@E) — mat — "(L'”H——T") (109)

for large times.
Landau also gives solutions of Egs. (99) to (103) for the limiting cases
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my = 0 and m; = ». For m; = 0 the equations are linear and the solution
is
B*(2*, y) = 72 erfe (2*/2y)

+ (4my)—17? /n 1 erfe (z_*)
o 2

{exp [M] — exp [:(z*_(}—;gf]} de  (110)

4y

This solution, which corresponds to negligible sensible heat effects, can
be used to start the numerical integration for any finite my, since, in Eq.
(99), U,*(0) = 0. The case m; = « is well approximated, for example,
by the melting of steel originally at room temperature. Here m; = 27, so
that latent heat effects play a very small role. Some modification of the
transformed variables is necessary to get the equations into convenient
form for numerical integration.

For m; > 0 the time derivative was approximated by a forward
difference ratio and the space derivatives by central difference ratios. It
is known (E4, F2) that the solution to the difference approximation to
the heat conduction equation will not be stable unless the ratio
(Ay/Az*?) < 1. Stability implies that small perturbations introduced by
rounding off or truncation are damped out instead of being magnified.
Taking this ratio to be %, the difference approximation to Eq. (99)

06,5 + 1) — 0, ) = 2540 + 1, ) — 20%G,5) — 6°G — 1,J)

. A2F , "y ;
+ mUy S [0+ 1,5) — 66— L) (1)
simplifies to
%3, + 1) = 3(1 + mUpa*/2)6%( + 1, 7)
+ 3(1 — mUja2*/2)0%0@ — 1,5) (112)

To compute U,* a third-order formula for (86%/92*) at #* = 0 was used,
giving, with Eqgs. (102) and (103),

i =1+ (a2 [(—11/3x12) + 66%(1, ) — 36*(2,5) + 36*(3,5)] (113)

This is an initial-value problem, with results for fixed j and all ¢ being
computed before going on to j + 1. The values of the melting rate for a
semi-infinite solid are plotted against time in Fig. 4 for various values of
the subcooling parameter m,. At small times after the start of melting the
dimensionless melting rate is nearly the same for all m,, but the steady-
state condition is approached more rapidly for m, large.
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F1a. 4. Rate of melting of semi-infinite solid for various values of m, (L.4). Reproduced
by permission of Quarterly of Applied Mathematics.

2. Temperature-Dependent Thermal Properties

Citron (C4) generalizes Landau’s derivation of the steady-state melting
rate of a semi-infinite solid with instantaneous removal of the melt to
temperature-dependent thermal conduetivity and specific heat, expressible
in the form

k(T) = i—lo Eo(T/Tm)"
Ne

co(TY = D con(T/To)" (114)

n=0
Under the transformation ¢ = x — X(¢), the heat equation becomes

d aT . oT aT . B
" [k(T) g] +oe(DX G = peT) G T = T, 1) (115)

with boundary conditions

T©0,t) = T (116a)
T(o,t) = T, (116b)
Tk, tn) = To(&) (116¢)

Hi(®) = (1) 08 4 pLX (116d)
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Upon setting the right-hand side of Eq. (115) equal to zero, corresponding
to steady-state melting, and making use of Eq. (114), one obtains after
an integration

Zk ( m) + pXTn Z—EE"—(T,T)"H

n=0

= oXT. Zﬁ’-"—l( >+I (117)

n=0

With the aid of Eq. (116d), the steady-state melting rate X is found to be
pL}Ev _ 1

7 2 (118)
{1+ (Tw/L) 3 lem/(n+ DI = (To/ Ty}
n=0
which, for constant specific heat, reduces to
pLX L (119)

1 {1+ [ep(Tm — Tw)/L]}
1t is shown that the melting rates for copper, evaluated upon the assump-
tions of temperature-dependent and temperature-independent properties,
differ by approximately 109,. This is in agreement with the computation
of Hamill and Bankoff (H4) in the solidification of a semi-infinite copper
melt. The temperature distribution is found by integration of Eq. (117),
and bounds are established for the amount of material melted in a manner
similar to that employed by Landau. As expected, the largest melting
rate possible is the steady-state one.

The method is later extended to time-varying heat inputs on one face
with arbitrary boundary conditions on the back face (C7). Citron also has
given a simple method of successive approximations for the finite ablating
slab (C6) which is shown to converge rapidly for constant heat input.

3. Transient Heat Conduction in a Finile Slab

Sanders (S1) gives the first exact solution for transient heat conduc-
tion in a melting finite slab. The problem is that described by Landau,
Egs. (81)-(86), whose transformation to immobilize the moving boundary,
£ = (a — z)/[a — X(t)], is also employed. Introducing the dimensionless
variables 6*(£, §) = [T(, t) — Twl/Tn; X* = X/a the problem can be
stated as .

26

t.(1 — X*%) 9;4: =3 E[(1 — X% X*,) ‘—g; 0<&<1 (120)
t>0
6*(,0) = 6*(&) (121)



HEAT CONDUCTION OR DIFFUSION WITH CHANGE OF PHASE 101

a0*
3 G0 =0 (122)
6%(1,£) =0 (123)
_ T.k  86*(1, 1) *
Hy(@) = ol = X% ot + pLoX (124)
where the characteristic time ¢, is given by
t. = pcat/k (125)

For arbitrary surface heat fluxes the problem must be solved numerically.
However, if the desired quantity is the surface heat flux necessary to
produce a specified free-boundary motion, Eqgs. (120)—(124) become linear.
By a judicious choice of X* a closed-form solution can be obtained. This
procedure was previously followed by Baer and Ambrosio (Bl) for the
semi-infinite slab. With the choice

(1 — X%2 =1— 4421, (126)

the bracketed term in Eq. (120) is a constant, namely 242 After changing
independent variables by setting §+ = AE, Eq. (120) becomes

— *22 * 2%
< AzX a;t agzz 2+ 22 §+, 0<E <A t>0 (127)

Note that Eq. (126) implies a nonzero initial veloeity of the free boundary,
in common with previous exact solutions, which were, however, self-
similar. The present problem, while linear, is still in the form of a partial
differential equation. However, it is readily solved by separation of
variables, leading to an ordinary differential equation of the confluent
hypergeometric form. The solution appears in terms of the confluent
hypergeometric function of the first kind, defined by

nzr  yn+hHzr
1F1('Yl; 72;x) = 1 + ve 1' + 72(72 + 1) 2' + . (128)

The eigenvalue equation based on the boundary condition in Eq. (123)
is of the form
Fi(—Ai; 33 4%) =0 (129)

with an infinite number of real roots for the separation constant A;. A
complete set of orthogonal eigenfunctions with real eigenvalues results.
The computational labor is considerably lessened if the initial temper-
ature distribution in Eq. (121) is chosen to be given by the eigenfunction
corresponding to the lowest eigenvalue, since the orthogonality property
then leads to a one-term solution. By examining two heat inputs numer-
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ically it is found that X* is considerably more sensitive to small perturba-
tions in the heat flux than X*(f), as might be expected.

D. GrowtH oF A VArpor Finm oN A RARIDLY
HeateEDp PLANE SURFACE

An interesting class of exact self-similar solutions (H2) can be deduced
for the case where the newly formed phase density is a function of tem-
perature only. The method involves a transformation to Lagrangian
coordinates, based upon the principle of conservation of mass within the
new phase. A similarity variable akin to that employed by Zener (Z2) is
then introduced which immobilizes the moving boundary in the trans-
formed space. A particular case which has been studied in detail is that of
a column of liquid, initially at the saturation temperature T\, in contact
with a flat, horizontal plate whose temperature is suddenly increased to
a large value, T, > T,. Suppose that the density of nucleation sites is
so great that individual bubbles coalesce immediately upon formation
into a continuous vapor film of uniform thickness, which increases with
time. Eventually the liquid-vapor interface becomes severely distorted,
in part due to Taylor instability; but the vapor film growth, before such
effects become important, can be treated as a one-dimensional problem.
This problem is closely related to reactor safety problems associated with
fast power transients. The assumptions made are:

(1) The vapor obeys the ideal gas law.

{(2) The pressure of the vapor remains constant.

(3) Radiative heat transfer may be neglected.

(4) Viscous dissipation due to vapor dilation is negligible.

(5) The thermal conductivity and specific heat of both vapor and

liquid remain constant.
Assumptions (1) and (5) are more restrictive than absolutely necessary
and are made principally for simplicity of the development. Actually, all
that is necessary is that the physical properties, including density, thermal
conductivity, and specific heat, of both phases be specified functions of
temperature only.

The principal physical error is probably geometrical. Compared to
this, the above assumptions are not unduly restrictive, although extremely
fast high-power excursions at low pressures are ruled out by assumptions
(2) and (3). Assumption (2) is more nearly fulfilled at high pressures with
low liquid heads. Assumption (3) is acceptable in the vapor—film problem
even when the radiative flux from the solid surface is appreciable, provided
that the liquid (and, of course, vapor) is nearly transparent.

Considering first the case where the liquid is initially at the saturation
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temperature, the governing equations for energy transport and continuity
in the vapor are

aT aT aT
PCp l: Y —+ U a] = ka—z (130)
where ¥, is the velocity of the vapor away from the plate and
9p | 9pus) _
ol + Py 0 (131)
The boundary conditions are
T(O: t) = Tw: T(X(t); t) =T (132)
pEAe. SON) Y U (133)
dx dt /o
Upon introducing the Lagrangian coordinate m, defined by
m@@=ﬁpm (134)
and the ideal gas assumption
p = p/R,T (135)
one gets
oT d 1 aT
at ~ ™ omy (T am*> (136)

where o, = kp/c,R,.
A new similarity variable is now introduced, defined by

¢y = ]‘"2—’;; My = me(X) (137)

so that Eq. (136) becomes

ot  Myoy dt M2y

It is convenient to introduce the variables

(138)

ot o, - T, _ L — 2
Ty = T, = pslat; 1! T, A= Cst, q= M* (139)
where o, is the thermal diffusivity of the vapor evaluated at the saturation
density p;.
Equation (138) then becomes
9 _ 0 (106 yabdg
Yore ~ oy (01 a¢> T %0 dr, (140)

subject to the conditions
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601(11 T*! _ _éﬂ
iV T2 dry (141)
Bl(ly T*) = 1; 01(0) T*) = 0,,,(1-*) (142)

In searching for self-similar solutions, it follows that the left-hand
side of Eq. (140) must vanish, and from Eqs. (141) and (142) that (dq/dr)
and 8, must be constant. Equation (140) then reduces to an ordinary
differential equation

d (Ld& , ydo dg _
m (91 d\ﬁ) todgdn, =0 (143)
Defining the growth constant 8, by dg/dry = 48%
M, = 28,72 (144)

Hence for constant wall temperature the mass of vapor, although not the
position of the free boundary, increases as the square root of time. This
is thus a generalization of the Stefan constant-density similarity solution.
Equation (143), subject to the two initial conditions at ¢ = 1, is readily
solved by numerical integration. A plot of dimensionless flux into the inter-
face versus the dimensionless wall temperature is given in Fig. 5. Analytic
approximations by casting the equations into the form of a nonlinear
Volterra integral equation can also be established (H3), in good agreement
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film at the surface of a suddenly heated plate in contact with liquid (H2). Reproduced
by permission of Pergamon Press.
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with the exact numerical solution. Finally, the restriction that the liquid
be initially at the saturation temperature can be relaxed. For any constant
liquid subcooling, a fictitious latent heat of vaporization can be defined,
which is shown to cast the problem into the same form as for the saturated
liquid.

lli. Analytic Approximation Methods

A. QUASI-STATIONARY AND QUASI-STEADY-STATE APPROXIMATIONS

1. Introduction

On one or both sides of the moving boundary there will be a concentra-
tion (or temperature) boundary layer at any instant whose thickness
increases with time. Within this layer the concentcation has been substan-
tially affected by diffusion to or from the interface. Outside this region
the concentration has not been greatly affected by the imposition of the
interface boundary condition. It is possible to find approximate solutions
when the rate of growth of the boundary layer thickness is either large
or small compared to the interface velocity. The former case, where a
thin thermal boundary layer is assumed, will be examined in detail in the
next volume for the growth of a vapor bubble in a superheated liquid.
The latter simplification, which we shall call the quasi-stationary approx-
imation, implies that the boundary motion can be neglected in computing
the diffusant distribution. If, in addition, the concentrations on the
boundaries of the region are time independent, and the thermal boundary
layer thickness is at least comparable to a characteristic dimension of the
system, a quasi-steady condition will prevail, governed approximately by
the Laplace equation. This method has been applied, for example, to the
growth of ice erystals or to the tarnishing of metals. In a sense these are
all perturbation methods, in which the solution is expanded in a series of
powers of a small parameter, which is a familiar technique in the approx-
imate solution of nonlinear differential equations.

2. Growth of Small Particles of a Condensed Phase

The quasi-steady-state theory has been applied particularly where a
condensed phase exists whose volume changes slowly with time. This is
true, for example, in the sublimation of ice or the condensation of water
vapor from air on liquid droplets (M3, M4). In the condensation of water
vapor onto a spherical drop of radius R(t), the concentration of water
vapor in the surrounding atmosphere may be approximated by the well-
known spherically symmetric solution of the Laplace equation:
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c= C%_LCO” = % r > R(t) (145)

This can be used to compute the diffusive flux at the surface of the sphere,
which determines its rate of mass increase:

4rRC'R = 4xR°D &g}—” — 42RD(C, — C) (146)
Upon integrating, the radius of the condensed phase is
—_— 8 1/2
R - (2D(C?j' Clgt) (147)

assuming R(0) = 0, and that Eq. (145) holds for all ¢ > 0. A heat balance
similarly gives

LC'RR = KT — Ty) (148)
Finally, an interface equilibrium relation of the form

serves, together with Eqs. (147) and (148), to determine uniquely the
growth velocity in terms of the atmospheric conditions at infinity, C,
and T,.

Kirkaldy (K2) points out that the operation of discarding the time
dependence to obtain Eq. (145) and reintroducing it in Eq. (146) is math-
ematically untenable. This was his motivation in establishing exact
similarity solutions (Section II, B, 1, a). Thus, by employing the exact
solution [Eqs. (28) and (33)] to evaluate the interfacial coneentration
gradient in Eq. (146), a means is afforded for testing the quasi-stationary
assumption. If it is assumed initially that 8; << 1, so that the first term
in the exponent of Eq. (33) can be neglected, one obtains, upon substituting
into the mass balance in Eq. (146),

— O\ Tre
8y = [2———(C°° = C")] ~ 10~ (150)
for the growth of an ice crystal under typical atmospherie conditions,
which validates the assumption. The growth velocity is then

N —_ A% 9]

R= [D———Z(Cw — G (151)

2iC

which is identical with the value obtained from the quasi-stationary
theory. Equation (150) is equivalent to the statement that the interface
velocity is small compared to the rate of growth of the diffusion boundary
layer thickness. Note, however, that an additional approximation is made
when the concentration gradient at the interface is computed from the
steady-state solution. Kirkaldy is of the opinion that the quasi-steady-
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state theory should not be used in infinite regions, since steady-state
conditions are not achieved in a finite time. In finite regions, however,
after a sufficient time has elapsed for the diffusion boundary layer thickness
to equal some characteristic dimension of the system, the steady-state
approximation is thought to be more justified. The exact theory is, how-
ever, restricted to relatively simple boundary and initial conditions, so
that an approximate solution is frequently invoked. What is clear from
Kirkaldy’s analysis is that the neglect of the convective term in the
diffusion equation is justified when the boundary velocity is small com-
pared to that of the edge of the diffusion boundary layer. In this case the
problem is reduced to a heat conduction or diffusion problem in a stationary
medium, with well-known methods of solution. The literature is quite
extensive, several books having been partially devoted to the subject
(M5, T5). We shall here content ourselves with indicating briefly the
major ideas of some of the more pertinent recent work.

Reiss and La Mer (R4), in a consideration of the nucleation and
growth of a cloud of colloidal particles, consider various approximations.
Each particle is assumed to lie at the center of a spherical volume, whose
radius is determined by the particle concentration. A preliminary approach
neglects the boundary motion, so that an exact solution to this approx-
imate problem is readily obtained. A quasi-steady state for the diffusion is
now assumed, equivalent to neglecting the time derivative in the diffusion
equation, and limiting conditions for the two solutions closely to agree
examined. Finally, the approximate method is applied to the moving
boundary problem by the methods noted above. Application is made to
two problems which arise in practice. One problem deals with the possibility
of spontaneous nucleation, in accordance with the Becker-Déring theory
(B4), upon suddenly cooling an aerosol system (typically naphthalene)
with some predetermined number density of artificial nuclei. No super-
saturation can be supported at the surface of these growing particles.
Spontaneous nucleation is presumed to occur if the supersaturation at the
surface of the surrounding spherical volume reaches the critical value,
caleulated from fluctuation theory. In the particular case of a naphthalene
aerosol, it is found that spontaneous nucleation will not oceur if the
number density of nueclei exceeds 100/ce. A second problem deals with
the rate of growth of sulfur hydrosols, measured by Zaiser and La Mer
(Z1). Reiss (R3) shows separately that a nonuniform colloidal dispersion
will tend to increase in uniformity as diffusion-controlled growth proceeds,
since the rate of increase of the square of the particle radius is approx-
imately the same for all particles at any instant.

Similar methods are applied by Kueczynski and Landauer (K7) to
the diffusion of carbon in metallic carbides, in which a metal-carbon
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reaction takes place at the free boundary; and by Nielsen (N2) in dis-
cussing the kinetics of crystal growth in KClO, precipitation. Nielsen also
gives an approximate treatment of the increase in diffusional flux resulting
from convection of the fluid past the particles. Ham (H1) gives a con-
solidated statement of the theory of diffusion-limited precipitation of a
condensed phase. Only major features are discussed here; the original
reference should be consulted for details. In all eases the convective term
is neglected in the diffusion equation (quasi-stationary approximation).
A simple cubie periodic lattice of spherical precipitate particles is first eon-
sidered. By replacing the cubic cell surrounding one particle of radius R
with a sphere of equivalent radius r, and initially neglecting the motion
of the particle boundary, the diffusion equation for an initially uniform
supersaturation can be solved exactly. The eigenfunctions for the spatial
variation are trigonometric, while the time-dependence for each term is
exponential. After an initial transient, given by > 7, where = =
r,2/(4.5)2D, the average supersaturation decreases as exp (—t/r), where
70 =2 1,3/3RD, for R/r, < 1. Note that , represents a time for the diffusion
boundary layer radius to become appreciable compared to the cell radius,
so that higher-order terms might frequently be expected to be significant.
Ham, however, computes that a fractional error of only (108/175)(R/r,)?
is made in calculating the precipitation during the transient, neglecting
all but the leading term. Even when R/r, is not small, the flux can be
caleulated for small times as though each particle were isolated in an
infinite medium, and for large times by the first term in the eigenfunction
expansion. The approximate result thus obtained is nowhere in error by
more than 19,. The boundary motion is then taken into account, using
only the zero-order eigenfunction and eigenvalue, determined from the
instantaneous value of R. This leads to RR = DT./C., a result identical
with that obtained by Wert and Zener (W3) from a simpler analysis. For
large times the unprecipitated fraction of the initial supersaturation de-
creases exponentially with time and is a weak function of the initial ratio
of the mass of precipitate to the excess in solution. A variational method
can be employed for small B/r, and for ¢t 3> 74, since the Laplace equation
approximately describes the concentration field, and only the lowest
eigenvalue need be estimated by the Rayleigh principle. This allows
extension to spheroidal and to eylindrical particles, as well as to reaction-
controlled precipitation. The effect of a distribution of dissimilar particles
or a nonperiodic array is also considered and is shown to be very small
for R/r, < 0.1.

Ham further shows that the free-boundary problem, starting with a
precipitate particle of negligible dimensions, is not unique, since an
arbitrary spheroid will grow at constant eceentricity, its dimensions being
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proportional to {12, The time-dependence of the unprecipitated fraction
of the solute is found to be of the form exp (—bi®) for small ¢. For spheroids
n = §, and for cylindrical particles n = 1; but regardless of particle shape,
the unprecipitated fraction decreases exponentially with time (n = 1)
when the fraction is less than 1.

Buikov and Dukhin (B14) treat the complete problem of the evapora-
tion or growth of stationary drops by neglecting the convective terms and
the boundary motion in solving the diffusion equations. Three coupled
diffusion equations are considered: two for the transport of heat and mass
in the vapor, and the third for heat conduction within the drop. By a
limiting proeess it is shown that, for sufficiently slow growth rates, the
quasi-steady-state approximation applies wherein the drop temperature is
spatially uniform, and the vapor density and temperature fields in the
vicinity of the drop follow the changes in the drop temperature instan-
taneously. Dennis (D2) studied the growth of hygroscopic drops in an air
stream of controlled humidity and temperature. The 0.5-1 mm. drops
were suspended on a pair of crossed filaments, and the motion observed
with a microscope. H,80,, NH,NO;, NaCl, and CaCl, solutions were used.
The results were found to be in agreement with the quasi-steady-state
treatment originally derived by Maxwell (M6), and quoted, among others,
by Fuchs (F9) and Mason (M5), employing the simplified humidification
equation: . (T -

v 0 — o0
RR = o (152)

A “ventilation factor” was introduced originally by Frossling (see D2)
to account for the increased rate of growth or evaporation in a moving
air stream. For evaporating water droplets, Frossling finds this faetor to
be (1 + 0.229Re!/?) over the Reynolds number range 2.3 < Re < 1380.
This form was slightly modified by Kinzer and Gunn (K1). Charlesworth
and Marshall (C3) considered the evaporation of drops containing dissolved
solids.

In some cases, particularly in the growth of aerosol particles, the
assumption of equilibrium at the interface must be modified. Frisch and
Collins (F8) consider the diffusion equation, neglecting the convective
term, and the form of the boundary condition when the diffusional jump
length (mean free path) becomes comparable to the radius of the particle.
One limiting case is the boundary condition proposed by Smoluchowski
(87), C(R,t) = 0, which presumes that all molecules colliding with the
interface are absorbed there (equivalent to zero vapor pressure). A more
realistic boundary condition for the case when the diffusion jump length,
(2) < R, has been shown by Collins and Kimball (C11) and Collins (C10)
to be
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C(R, ) v
Ay _ X
o 7 C(R, 1) (153)
where ¥ < 1 is the probability that an incident vapor molecule will be
absorbed at the particle surface and

L 59

j: 2¢1(2) dz @

Here ¢1(2) is the free path length distribution function. It is shown, by
reference to the governing integrodifferential equation, that a boundary
condition of this form is applicable even for long mean free paths, providing
that ¢ 3> v7 ! = (2?)/6D, where v, is the mean jumping frequency. For the
usual aerosol systems, ¢ ~ 107¢-10-7 sec., and hence is a fraction less
than 10~* of the time required to grow a stable droplet. The competition
between droplets for the diffusant (equivalent to considering each droplet
to be enclosed in a finite vapor volume), and the effect of a time-dependent
source function are also considered. In a later paper Frisch and Collins
(F8) extend their previous stationary boundary analysis to include the
effects of the moving boundary, still neglecting the convective term in
the diffusion equation. A growth equation is derived for a plurality of
competing sinks, which is shown to be in satisfactory agreement with
experimental data for the growth of BaSO, crystals. Several interesting
extensions are made. One is to the growth of a single particle with a
variable absorption probability and a time-dependent source function. If
Ry « (2), where R, is the initial particle volume, v will not, in general, be
constant, because of both surface tension and temperature variation. The
appropriate boundary condition is then

where ¢ is a correction factor, of the order of unity, arising from the fact
that (2) may be large compared to R. This poses difficulties, but it can be
cast into more tractable form by defining Ci(R, ¢), the excess concentra-
tion of vapor molecules, as a result of partial reflection, over that which
exists when all molecules impinging on the droplet are absorbed:

o _ & _

o =7 (C — Cy) at r=~R (156)
This boundary condition is the diffusion analog of Newton’s law of cooling
in heat conduction theory. A noteworthy conclusion is that a polydisperse
self-nucleating sol tends to become monodisperse, i.e., the initial size
distribution becomes more peaked as growth progresses. Waite (W1)
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gives a more general treatment of the kinetics of diffusion-limited reac-
tions, based upon the change due to diffusion of the joint probability
density that reactants A and B shall be some specified distance apart.
For the reaction A 4+ B — B, this can be specialized to the case of the
competitive growth of colloidal particles.

The growth of small particles has been followed experimentally by
X-ray analysis, resistivity methods, direet observation, and light-scattering
techniques. The work of La Mer and co-workers (B2, J1, L2, L3) on sulfur
hydrosols, Turnbull (T4) and Collins and Leinweber (C12) on BaSO,
precipitates, Morin and Reiss (M11) on the precipitation of lithium in
germanium, Thomas (T2) on indium in zinc oxide, and Tweet (T6) on
copper in germanium, may be especially mentioned. Using Ham’s analysis,
Morin and Reiss conclude that interstitial lithium precipitates in germa-
nium around isolated lattice vacancies, in view of a measured n = 3. On
the other hand, Thomas and Tweet find that n = 1 fits their data and
conclude that the nucleating centers were dislocation lines. Estimates are
given of the nucleation center density.

3. Accumulation of a Filter Cake

Surprisingly enough, it is possible for the steady-state assumption in
a moving-boundary system to be essentially exact. This occurs in the
deposition of a filter cake under the influence of a constant pressure
difference. An interesting example is given by Brenner (B13), in a study
of the unconfined growth of a filter cake on a ecircular cloth-covered
aperture in a plane wall. It is assumed that the velocity vector of the
filtrate within the cake is everywhere and at all times proportional to the
pressure gradient (Darcy’s law).

u= l“iﬁl”Vp (157)

The fact that the permeability k, is taken to be a constant scalar indicates
that the filter cake is homogeneous, isotropic, and stationary in properties
with time. Since the filtrate is incompressible, Eq. (157) leads immediately
to Laplace’s equation:

Vip =0 (158)
The governing equation is therefore identical with that for the irrotational
flow of an ideal fluid through a circular aperture in a plane wall. The
stream lines and equipotential surfaces in this rotationally symmetrie
flow turn out to be given by oblate spheroidal coordinates. Since, from
Eq. (157), the rate of deposition of filter cake depends upon the pressure
gradient at the surface, the governing equation and boundary conditions
are of precisely the same form as in the quasi-steady-state approximation
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to the moving-boundary diffusion problem. Since solutions of Laplace’s
equation have been studied in detail, it seems probable that the same
technique could be used to prediet the growth of filter cakes in a variety
of geometries with time-independent pressure conditions. The same tech-
nique would appear to be useful in predicting the shape of the moving
interface in the displacement of a fluid in a porous medium by a second
immiseible fluid.

B. InteEcrAL EQUATION METHODS

1. Introduction

As noted above, exact solutions for the free-boundary diffusion prob-
lem exist only for a restricted class of initial and boundary conditions.
Approximation methods, or failing this, a direct numerical attack, are
indicated for more general problems. In either case, it is frequently helpful
to reformulate the differential equation and associated boundary and
initial conditions into integral equation form. One powerful procedure
leads to a functional equation for the moving boundary, which may be
in suitable form for iterative attack. In other cases the formulation of
integral equations leads to maximum and minimum bounds for melting—
freezing rate with the aid of mean-value theorems, while still another
method employs a polynomial approximation for the temperature, in the
manner of the well-known Pohlhausen integral method for momentum
boundary layers.

The classical method for solving linear boundary value problems in
integral equation form is by means of Green’s functions. The Green’s func-
tion for heat conduction in a solid body with specified boundary conditions
is the temperature distribution resulting from an instantaneous point
source of heat of unit strength at any particular point in the body, when
the initial temperature of the body is zero and homogeneous boundary
conditions are imposed at the surface. The solution for the inhomogeneous
heat equation with inhomogeneous initial and boundary conditions is
obtained by superposing the effects of distributed volume and surface
sources and sinks. Because of the nonlinearity of the moving-boundary
diffusion problem these methods cannot be directly used to obtain a solu-
tion. However, by considering the boundary motion to be an arbitrary,
but specified, function of time, the nonlinearity can be concentrated into
an integrodifferential equation for the position of the phase interface.

2. Green’s Functions: Lightfoot's Method (1.6)

A natural application of the Green’s function approach is to the case
where the density, specific heat, and thermal conduectivity remain essen-
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tially unchanged as a result of the phase transformation, and there is no
movement of either phase. In this case, the problem is equivalent to one
of heat conduction in a uniform solid with the same initial and boundary
conditions, subjected to a moving source surface whose strength is propor-
tional to the local velocity of advance. Before proceeding with a general
formulation of the problem, it may be advisable to review the properties
of Green’s functions for the heat diffusion equation (M2, M12). Consider
the inhomogeneous equation

£{T} =%,;—Q; £=v2—i%, T="T(x1) (159)

where  is the instantaneous volume rate of heat release at the point
P(r) in the closed volume V with surface T, subject to the initial condition

T(x, 0) = Tor). (160)

Denote the value of the gradient of the temperature along the outward
pointing normal to the surface by

M l) _ oy, 4 (161)
on
and the value of the temperature on the surface by

T, = T(r,, 1), i >0, (162)

where P(r,) is a point on the surface Z. The solution for the problem of
the temperature distribution is given by

T(r, 1)
t+
-1 / / Q(rs, £)G(r, try, 1) AV dly + / To(r)G(x, tlry, 0) AV
0 12 a fv

t+
+ / dt1/ [G(l‘, t[l'sl, tl) g%;‘l_@ _ T(l‘sl, tl) aG(l'atn:'al tl):l dzl,
0 =

(163)
where the Green’s function @ satisfies

V‘ZG(T, t]l‘l, tl) - i‘%‘at (l', tll‘x, tl) = —5(1‘ - 1'1) 5(t —_ tl) (164)

The delta function product in this case represents an instantaneous source
of unit strength at the point in space-time (ry, ).

Appropriate boundary conditions are homogeneous Dirichlet, Neumann,
or mixed, corresponding to the temperature, heat flux, or some linear
combination of the two, vanishing on the surface;
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G = (165)
G
am=0 r=m (166)
e
G =0 (167)

where hy = h/k may be a function of both position on the surface and
time. It is seen that the first two equations are special cases of the third,
for which the associated inhomogeneous boundary condition for Eq. (159) is

g—g A By, )T = f(ra, §) (168)

where the inhomogeneous right-hand side implies that the temperature of
the surroundings is a funetion of both position and time. If the Green’s
function is required to obey the corresponding homogeneous mixed
boundary condition in the source coordinates

M‘%&JQ + Ba(rs, )Ga(r, t|ra, ) = 0 (169)
1

the integral over the surface 2 in Eq. (163) becomes
" Galr, trg, t1)  flra, t)
I= L dtl/; dz aGg(l', tll‘sl, tl) i(l'sl, tl) (170)
any hx(l'sl, tl)
where either formulation is acceptable. If b, is equal, or nearly equal, to
zero, the former representation is appropriate; if Ay is large, or infinite
(f/hs remaining finite), the latter representation is employed. In order to

switch from observer coordinates to source coordinates, use is made of the
reciproeity principle for the diffusion equation

G(l‘, t‘l‘l, tl) = G(l‘l, '—tlll‘, '—t) (171)
This leads to the adjoint equation satisfied by @ in the source coordinates
VoG + 29 s w8t — 1) (172)

[44 6t1

where the change in sign of the time derivative is a consequence of the
time reversal in the reciprocity principle. Note that the first integral in
Eq. (163) represents the effect of distributed volume sources, while the
second integral implies that the initial temperature distribution can be
obtained by an instantaneous release of volume sources of the required
density distribution at ¢ = 0. The surface integral indicates that the effect
of the boundary conditions can be simulated by placing a layer of sources
along the surface in order to achieve the required normal heat flux, or of
doublets of strength dictated by the required surface temperature, or of
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combinations of sources and doublets to obtain a heat transfer boundary
condition.

This leads to a powerful method when the densities, specific heat, and
thermal conduectivity can be assumed to have constant average values
throughout the entire solid-liquid region. In this case, the moving boundary
can be considered to be a source surface. As an example, consider the
freezing of a semi-infinite region occupied by liquid with arbitrary initial
and surface temperature and conditions. In this case Eq. (159) becomes

#T _ 1T _ LpX .

=k 8z — X) (173)
where the strength of the point source at = = X(f) depends upon the
latent heat of fusion, the density and the rate of advance of the freezing

front, X. The initial and boundary conditions can be expressed by

T(z,0) = To(x) > Tm (174)
T(w, t) = 0 (175)
70, t) = f(t) < Tw (176)

where the requirements that the initial temperature be everywhere above
the melting temperature, and the surface temperature everywhere below
this temperature, are made in order to insure the presence of a single
freezing front at all times. Equation (175) implies that the zero of the
temperature scale has been taken to be the temperature at infinity. The
appropriate Green’s function for this geometry and the boundary con-
dition in Eq. (176) is

G(.’.U, t‘xly tl)
S — _mwy [ @te)?
- [47"0‘<t - tl)] [exp{ 4ot — 4) exp{ 4a(t — t) :l, t>h
=0 tsh (177)

obtained by the method of images. From Eqs. (163) and (170) the require-
ment that the freezing front always remain at the melting temperature
leads to an integrodifferential equation for the freezing front position,
X():

T, = % T OIX ), 4X (W), 1X () di
41 / " GIX (W), e, 0] Toler) din (178)
“ Jo

oG
+ ﬁ I g [X(0), 40, ] dts
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If a step change in surface temperature has been initially applied, X ~ /2
for small ¢, as seen from the exact solutions in Section II. Hence the
initial conditions for the position and velocity of the interface are specified,
and the problem is well suited to iterative attack, progressing forward
from t = 0. Lightfoot obtained the solution for constant initial and
boundary conditions and showed that Eq. (178) gives results in agreement
with the exact solution. Carslaw and Jaeger give a compilation of known
Green’s functions for the heat equation for a variety of geometries and
boundary conditions, so that functional equations for the position of the
moving boundary can be generated for a large number of problems. Very
few of these solutions have as yet appeared in the literature.

3. Kolodner's Method: Source and Doublet Distributions

In most cases, however, it is not satisfactory to assume equal dif-
fusivities in both phases. Moreover, there is often an induced velocity,
due to unequal phase densities. In other cases there is actual removal or
introduction of mass, as in aerodynamic ablation, so that the boundaries
of the domain do not remain stationary with time. Kolodner (K5) has
shown how to overcome these limitations by extending the solution over
all space, with suitable jump boundary conditions at the moving interface
obtained by appropriate single or double layers of sources. The procedure
follows that of Holmgren (H9) in the solution of free-boundary potential
problems.® Kolodner develops the theory for a single one-dimensional
region with a fixed and a moving boundary and later extends the theory
by means of examples to other geometries, including multiple regions. A
slight specialization is given below. If one considers the one-dimensional
heat equation in the region bounded by the fixed and the moving surface,
Eq. (159) becomes, with a minor change in coordinates,

n 9T 18T _
L{T} = Fyc i 0; X <z<0 (179)
A homogeneous boundary condition of the third kind (heat transfer
coefficient) at the fixed surface is assumed (although the extension to

inhomogeneous conditions is later made)
T{T(0, )} = Qﬂ‘%ﬁ FRTO,0) =0 0<h<o  (180)
As before, boundary conditions of the first and second kind are obtained

by allowing h, to become very large or very small. Two conditions at the

% Such problems arise in steady-state diffusion, such as the equilibrium radius of a
vapor bubble attached to a heated surface in contact with liquid. This was considered by
Bick (B5), who used spherical Besgel function expansions rather than integral methods.
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free boundary usually exist on the interfacial temperature and heat flux:

T(X, 1) = 10 (181)
TED _ 4 (182)

where f and ¢ are functions of time determined by the conditions of the
problem and the boundary motion. Occasionally they are written f[X]
and ¢[X] to emphasize that they are functionals, which is to say that
they are functions of the unknown function X(¢). Define now the single-
and double-layer heat source functions

Sz, t) = [ GGz, 4X (), t)h(h) dh (183)
D(hlz, ) = / t"—(i@f—‘g%ﬁ) h(t,) dby (184)
0 1

where
1\~ _z =)
G(x, tll'l; tl) - (41ra(t _ t1)> exp{ 4a(t _ tl) ’ t > tl (185)
o, 1<t

is the Green’s function for a plane source in an infinite one-dimensional
domain. It is readily established from Eqs. (183) and (184) that

DAz, § = —28AED (186)
and less obviously that

Dbz, t) h(0) [z — X(0))*
exp {_ 4ot }

ax T 2(zat)1
— D(hX|z, t) — $(hlz, 1) (187)

The solution of Eqs. (179)—(182) is found by extending the domain through
all space and requiring the temperature to vanish identically for z < X.
This implies a jump boundary condition at the moving surface both in
the temperature and in its gradient, obtained by the use of single and
double layers of sources at the free boundary. The resulting temperature
distribution is termed the fundamental part of the solution, Tr. To this
is added the complementary part of the solution, which is the continuous
function satisfying the heat equation in the extended region such that the
homogeneous boundary condition, Eq. (180), is satisfied at the fixed sur-
face. Explicitly, an auxiliary functional T, is defined over the region
obtained by extension past the moving boundary. The governing equations
and boundary conditions may be written
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E{T4(z, | X)} =0, z <0 (188)
I{T40,t|X)} =0 (189)
Talz,01X) =0 (190)
(T4] = fIX] (191)
(%4 ] = o (192)
where the square brackets imply the jump boundary condition
[74] = lim [TaX + 6 420 = TaX ~ 6401 (193)

To obtain the fundamental part of the solution the boundary condition
at z = 0 is replaced by a condition at infinity:

£{Tr} = 0; Tr = Tr(z, t1X); —o <z < (194)
Tr(z, 0|X) = 0 (195)

Tr(w, X) = 0 (196)

[Tr] = fTX] (197)

(%] - gx) (198)

Kolodner shows that the solution for T'», subject to suitable constraints
on the behavior of X, is

Tr = D(flz, ) — §lg + fX|2, 1) (199a)
_ <-4—71r;>1/2ﬁ [f(é;)z_(le?) _ g(tl)(t“'_fgg)jf(tl)] exp [—22(z, )] diy
(199b)

where 2(2, t,) = [z — X (t))]/[4a(t — ;)12 The auxiliary functional, which
coincides with the desired function in the original domain, is given by

Ta=Ter+ T, (200)
where
e{T} =0, z<0 (201)
T{T.+ Ts} =0, 2=0 ¢t>0 (202)
Ta(z, 0|X) = 0, <0 (203)
T. and |tV2T.(z, t)X)] < A as r— —o (204)

Here A is some positive constant. The free boundary problem is now
reduced to solving a functional equation for the boundary, expressing the
fact that in the domain formed by extension past the free boundary the
temperature and its gradient vanish:
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lim [TA(X = 4X)] =0,  ¢>0, X0 =0 (205
lim ["TA(X — HX ] =0, ¢>0, X(0)=0  (205b)

Other equations resulting from linear combinations of these two are also
satisfied. These equations are shown to be equivalent to

DX @), t|f) — X @), tlg + fX) — ﬂ_;(_]. + T(X(®),HX) =0 (206a)
— SO exp { O TTOL 1 ox0, 1)

— (X, U5 - g[X] aT"(X;;)’ﬁX)=0 (206b)

As an example, consider the isothermal evaporation of a liquid interface
into an unbounded space, previously considered by Danckwerts (D1).
The governing equation is now

de_de _Clai)—Ca
ox? - ot’ - Ci - Cw (207)

w >z > X(t); t>0; X0) =0

where C(z, t) is the vapor density, whose values at the interface, C;, and
at infinity, C,, are constants. Since there is no fixed finite boundary the
solution coincides with the solution for the fundamental part. The
boundary conditions are

¢(z,0) = 0 (208)
(X, t) =1 (209)
alD‘Ma%i) =X a-= c;,-_—g: (210)
cleo, ) =0 (211)

where p is the liquid density, and Eq. (210) has been obtained by a mass
balance at the free boundary. On applying Eq. (206b), an integral equation
of the second kind is obtained

1 (X)) 1 ! X(t) _
" (xDt)12 exp{— 4Dt + Qa2 ] {[D(t AR (X)) — X(t)]

{X(@#) — X(t)}? ]} _ _
e"p[ AD(t — 1) dh—"pp =0 (12
suitable for iterative attack. On the other hand, Eq. (206a) leads to an

integral equation of the first kind (fixed limits on the integrals), which
must be solved by polynomial approximations of the unknown function
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X(t). In the first case the accuracy can be improved, assuming convergence
and stability of the iteration, by decreasing the mesh size for the iteration;
in the second case, however, an improvement requires a higher order
polynomial, which means that the entire solution must be repeated. For
details of the extension of this theory to the motion of a plane liquid-
vapor interface in a confined medium, the decay by evaporation (or
growth by condensation) of a liquid drop in either an infinite region or a
finite region (corresponding to the behavior of a cloud of droplets), the
dissolution of a gas bubble in a liquid, recrystallization or other changes
of phase without appreciable change in density, and two-region problems,
such as the freezing of a lake and the solidification of the terrestrial erust,
the reader is referred for details to Kolodner’s original paper. The con-
straints necessary for uniqueness and existence of these solutions are also
discussed in some detail. It is worthy of note that an existence theorem
could not be proven for Eq. (206b) when X > 0, although it seems rea-
sonable that the sign of the derivative should be immaterial.

This method, powerful as it is, leads to a nonlinear implicit functional
equation for the boundary motion, which must be solved by numerical
means. In many cases a direct numerical attack on the governing equation
and boundary conditions has been preferred; but Kolodner’s method has
the advantage of being an exact integral formulation which does not
require solution of the heat equation throughout all space at each step of
the boundary motion,

4. Boley’s Method: Fictitious Boundary Temperatures

A closely related method is that of Boley (B8), who was concerned
with aerodynamic ablation of a one-dimensional solid slab. The domain
is extended to some fixed boundary, such as X(0), to which an unknown
temperature is applied such that the conditions at the moving boundary
are satisfied. This leads to two functional equations for the unknown
boundary position and the fictitious boundary temperature, and would,
therefore, appear to be more complicated for iterative solution than the
Kolodner method. Boley considers two problems, the first of which is the
ablation of a slab of finite thickness subjected on both faces to mixed
boundary conditions (Newton’s law of cooling). The one-dimensional heat
equation is once again

T  aT
@G = o0 X<z <a t>0 (213)
where

TO,tn) = Tw; X(©0) =0 (214)
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During the premelting period the faces are both subjected to boundary
conditions of the form

il

—k%+hT=qf(t); 2=0, 0<{< 1ty (215)

—k%+haT=0; P t> 0 (216)

where it has been assumed that the backface ambient temperature is zero.
In the post-melting period, the conditions at the free boundary imply
that
TIX(), 1] = Tw; X(tm) =0, {>n (217)
—lcél + T = pL + ¥(t); x =X (218)
where the heat transfer coefficient is assumed to be unchanged by the
ablation. This restriction is readily removed. The problem is solved by
considering the extended domain (0 < z < a), for which Eq. (218) is
replaced by

—k % S AT = ¥(t) + ), x=0 (219)

where Q(f) is an unknown function. This problem can be solved by Green’s
functions, or equivalently in terms of the fundamental solution, T,
satisfying Eq. (213) in the extended domain, and the initial and boundary
conditions

Ti(x,0) = 0; 0<z<a (220)
67 =+ AT =1 r=0 (221)
"T‘ 4 hTy = 0; r=a (222)

The use of Duhamel’s theorem now leads directly to

tm —_— 1
T(z, 1) = / y) TEL= 0 gy
0

t _ ¢
+ f [¥ () + e)] Mg—ﬁ—ﬂ dt’ (223)
tm
or, more conveniently,

t P !
T(, 1) = f ql(t—t')iT—‘f-ftfi)dt'

+ / o - 1) ‘—97—(”1—‘—) dt (224)
0
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Equations (217) and (218) now take the form

4 ’ !
/\I/(t—t’) Al );(tt H
0
t—tm ’ ’
+-jf a(; — 1) XL Har = 7, (225)
0

1 ] 4 ! t—im 9 ’ '
oxdt 0 dxdt
= —pLX — ¥() + hTw; t>1. (226)
which together with
X(tw) =0 (227)

define a set of two functional equations for the unknowns X (¢) and Q(¢).
Once the melting rate is known from the solution of these two equations,
Eq. (224) gives the temperature directly. As noted previously, for the
special case of a semi-infinite solid with prescribed constant heat input,
the fundamental solution becomes

— 0 _ _2et) . T
h=0;, T= o terfe {Z(at)m} (228)

Boley proceeds to find solutions for short times after melting in powers
of the square root of the dimensionless post-melting time and indicates
a numerical scheme for continuing the solution. The results are in good
agreement with those of Landau for equivalent conditions.

The second example is the solidification of liquid enclosed between
parallel boundaries. Here it is necessary to deal with two fictitious bodies
of constant dimensions, one representing the liquid and the other the
solid. For the solid phase one deals not with an initially finite body whose
dimensions are shrinking, but with a body whose dimensions increase
from zero. For this reason an imaginary initial temperature turns out to
be more appropriate than an imaginary heat input.

More recently, Boley (B9) shows that the method can be extended to
find minimum and maximum bounds for ablation rates. The proof is
based on a uniqueness theorem deriving from a theorem due to Picone
(P3) and leads to the physically obvious result that the higher the heat
input rate, the higher the melting rate. The procedure consists of forming
a lower bound for the known arbitrary heat input function in terms of a
sequence of constant heat flux periods, for which, as noted above, the
solution can be written in terms of integrals of the error function. Upper
bounds are constructed in a similar manner.
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5. Maximum and Minimum Bounds on One-Dimensional Melt Thickness

a. Time-Dependent Boundary Conditions. A transformation which im-
mobilizes the free boundary, analogous to those employed by Zener and
Landau, may be used in conjunction with an integral equation formula-
tion to obtain simple, but fairly close, maximum and minimum bounds
on freezing—melting rates with time-dependent boundary conditions (H4).
For definiteness consider the melting of a semi-infinite solid slab, initially
at the fusion temperature, through the application of an arbitrary, but
nondecreasing, wall temperature T,(f) at the surface. It is convenient to
introduce the dimensionless variables
x, « _ of, «_ X, __L .
X’ t T a? X* = a’ A*c,,T,,.’
where a is any convenient reference length. In terms of these variables
the equations for the dimensionless temperature 8, = 6;(\, t*) become

x:

T
o =7 (229)

2 »
*2% = %}\0—21 4 NX*X* %\1; 0<x<LY, >0, (230)
(L, ) = 1 21)
(L, %) ey (232)
oA
0,(0, *) = 61(t%) (233)

where X* = dX*/dt*. This system can be expressed in integral equation
form by integrating Eq. (230) twice, from N = 1 to A, and making use
of Eqgs. (231) and (232), with the result

A

X*a% / O = MBI, 1) dh = B8, 1) — 1+ X*X*A — DO — 1)
1

+ X*X* f1 YoM — NGO, ) AN (234)

Upon making use of the boundary condition at N = 0 and integrating
with respect to * one obtains

fo " [Bra(t®) — 1] dt*
[01 00, %) dh + (A — 1)/2

X* = (235)

For freezing, A would be replaced by — A. Equivalently, A can be redefined
as a dimensionless heat absorbed per unit mass during the phase change.
Equation (235) is an exact expression for the melt thickness directly in
terms of an integral of the melt temperature profile and the boundary
conditions at the plate. It has the usual advantage of integral formula-
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tions of being relatively insensitive to small variations in the kernel
function from the exact solution. Since 6;(\, *) > 1 and 6, increases
monotonically, it follows that

1 ! * 9;_w ! glw
5 < o )\101()\1, t ) d)\l < 2 0 )\1 d)\1 = '? (236)
whence, from Eq. (235),
2 X*2 2
< <= (237)
0w+ A—1 ﬁ)‘* Biu(t¥) diy* — t* A

Taking an average of the denominators in the upper and lower bounds
one has

X" 2 (238)
/ot* elw(tl*) dt1* _ t* A + (G;w - 1)/2
For the constant wall temperature case this reduces to
X*2 ~ 482 t* (239)
where
2 _ [ 2L ]_1
8 = a [cpl po + 1 (240)
As noted previously, the growth constant in the exact solution is given by
cplTw — T
Bexp(p?) erf § = =T (241)

It is not surprising that the approximate bounds give the correct time
dependence for the free boundary motion, since X is identieal, except for
constant factors, with the Boltzmann similarity variable. For a block of
ice whose surface temperature is subjected to a step increase of 5°C. the
upper and lower bounds are within 39 of each other, and the approximate
growth constant calculated from Eq. (238) is about 0.5% from the exact
value.

For arbitrary, but nondecreasing, wall heat input H(t), Eq. (231) is
replaced by

o6 *
~PE) ;g = 242)

Upon repeating the integrations of Eq. (230), using now Eq. (242), as
well as Eqgs. (231) and (232), the integral formulation for the dimensionless
melt thickness turns out to be

[ ) a*
ﬂ) Y00, 1) M 4+ A — 1

X*(t*¥) = (243)
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An examination of Eq. (230), which is similar in form to Eq. (81), shows
that, for melting, 8%,/0\? > 0. From the mean value theorem it follows
immediately that an upper bound for the temperature in melting is
given by

b < HX*(1 — N + 1 (244)
upon applying Eq. (242). Upon integration one obtains
0< [lamman—1  <3x% (245)

When inserted into Eq. (243) this leads to
ﬁ) “o(*) di* > X*

> é%‘? [—1 + {1 + 20(%) A " o) dt,*}m] (246)

where 6 = {(1*)/A. It is seen from an application of the binomial theorem
to the root quantity on the right-hand side of Eq. (246) that the upper
and lower bounds agree up to third-order terms. The requirement that
this series converge rapidly is equivalent to the condition that the super-
heat energy content of the melt be small compared to its latent heat
content.

For constant heat influx H the inequality {246) may be expressed in
the form

"> X > nl [—1 4 (1 + 202)"2] = g(ny) (247)

where Xi* = X*/V1* is a dimensionless melt thickness, and 7, = 6V t*
is a dimensionless thermal boundary layer thickness. For small 7; one has

g(m) = m — m® + b — -+ (248)
so that
Xi* = + O(n®) (249)

This is an expression of the fact that at constant heat flux the melt thick-
ness initially grows linearly with time. For small times an exact solution
of this problem has been given by Evans et al. (E3), who expanded X1*(m)
in a Maclaurin series and found the first five coefficients by direct sub-
stitution:

X*=m—im®+3m®— - (250)

It is seen that the lower bound g(n:) is correct to O(m?®). _
This representation is useless for n; > 1. For large n,, g(n) ~ V2, so
that the bounds diverge rapidly. However, for 7 = 1 and 2, g(m)/m,
which is the ratio of the upper to lower bounds, is 0.76 and 0.62, respec-
tively. Hence, the range of useful solutions has been extended to 9, ~ 2.
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Some numerical examples are given. For a semi-infinite copper melt
initially at the fusion temperature, losing heat with an over-all heat trans-
fer coefficient of 0.5 B.t.u./(hr.)(f1.2){°F.) to the surroundings at ambient
temperature, after 4 hr. 5. = 0.98, and the estimated thickness of solidified
copper is 44 in. with a = 129 error. A second example is a steel sheet
subjected to a slowly flowing stream of very hot gas, such that a uniform
heat flux of 10° B.t.u./(hr.)(ft.2)(°F.) is imposed at the surface with
negligible motion of the melt. After 200 sec., 7 = 0.68, and the melt
thickness is estimated to be 1.26 in., with a possible error of 8.6%.

Maximum and minimum bounds for the growth of the vapor film at
the surface of a rapidly heated plate in contact with a semi-infinite body
of liquid initially at the saturation temperature have been deduced in a
similar manner for arbitrary monotonic surface temperature or heat flux,
following the method of Section IT, D (H3).

b. Gutowski Method. An alternative approach is given by Gutowski
(G10), who considers the particular case of a radiation boundary condition
for the solidification of a semi-infinite liquid mass. The ambient temper-
ature is considered to be constant, and the liquid is initially at the fusion
temperature. The heat equation in the solid phase is formulated in the
integral form

f [aT(:c h) Tgo, tl>] di, = f ¥ [T(xy, £) — Tz, 0)1dz:  (251)
x 0

with the boundary conditions

HAOD 4 pize - 70,61 = 0 (252)
T[X(t); t] =Tn (253)

OT[X(D),t] _ oLX
oz k (254)

In this form this set of equations does not have a unique solution. Addi-
tional physical requirements imposed are that (37 /dx) > 0 and (327 /d9x2)
< 0, with T and X square integrable, so that

X0=0;, X>0, X<0, t>0 (255)

which corresponds to the monotonically increasing temperature distribu-
tion most favorable for approximate evaluation by integral methods. A
one-parameter family of trial functions satisfying Eqgs. (252)-(255) is
now assumed. For n > 1 such a family is
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~
|

(T = T)X = (L/R)XX (X + 1) (1 _

)" (256)

ol

oLyl _ =
kxx(1 X)+1;

This is a functional equation for the boundary position X and the un-
known constant parameter n. Upon substituting Eq. (256) into Eq. (251)
an ordinary differential equation is obtained for X (¢, n), and a family of
curves in the phase plane (X, X) can be obtained. For n sufficiently close
to unity two functions in the phase plane can be determined which serve
as upper and lower bounds for the trajectories. The choice is guided by
reference to the exact solution for the limiting case of constant surface
temperature. It is shown that the upper and lower bounds are quite close
to the one-parameter phase plane solution, although no comparison is
made with a direet numerical solution. The one-parameter solution also
agrees well with experiments on the solidification of aluminum under
conditions of low surface heat transfer coefficient (h; = 0.02 cm.™%).

C. VariaTioNaL METHODS

Biot and Daughaday (B6) have improved an earlier application by
Citron (C5) of the variational formulation given originally by Biot for
the heat conduction problem which is exactly analogous to the classical
dynamical scheme. In particular, a thermal potential V, a dissipation
funetion D, and generalized thermal force @; are defined which satisfy the
Lagrangian heat flow equation

vV |, aD
aq; + ag;
where g; is a generalized coordinate which deseribes the temperature dis-
tribution. The problem which is considered is the melting of a unit area

of a semi-infinite slab initially at zero temperature, immediately ablating
under a constant surface heat flux. For this case

=Q, i=12... 257)

V = %/Xw cpT?de = %/XX-‘-{A 1% da (258)
w X+q 1
D= %/ e dr g%/ 7 % dz (259)
X X
03Cu 83¢4(X)
Q /; aq: '8 (260)

where 3¢ is the integrated heat flux vector and ¢: is the depth of penetra-
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tion of the thermal boundary layer, A one-parameter cubic temperature
profile in the unmelted solid is assumed:

T=Tull - (- X)/q:]? (261)

As an admissibility condition, the heat flow per unit area must be consistent
with local conservation of energy, which gives

X+a _ 4
g, = / pe,T dz = %‘ T\mpCy [1 - ”—q—X] (262)
x 1

With these trial functions, Eq. (257) becomes
al[(4/112)¢: + (11/112)X] = (5/14)a (263)

Finally, an over-all energy balance requires that for constant surface heat

flux H:
X+q

H=H@) = [L+ pe,Tn)X +§2 T

= [L -+ pGme:IX + %PcmeQI (264)

from which the nondimensional melting rate can be determined, in con~
nection with Eq. (263). Comparison is made with Landau’s exact solution
for the problem. As might be expected, the one-parameter trial funection is
inadequate for small dimensionless times (t/tn), tm = (zkpc,Tn?)/4H?),
where the curvature of the temperature profile due to the latent heat
effect is relatively large, underestimating the melting rate by more than
309%. Excellent agreement, however, is obtained for ¢/, > 1, and this
agreement is not particularly affected by replacing the cubic temperature
profile by a parabolic one. In common with all variational methods, this
is a powerful technique when a single quantity, such as the position of
the melt boundary, is desired. For a satisfactory description of the tem-
perature field, it is probable that a more sophisticated trial function would
be required, with a corresponding increase in algebraic complexity.

D. Bounpary LayEr METHODS

1. Goodman's Application of Pohlhausen Method

Instead of attempting to satisfy the heat equation at every point in
the domain, it can be reduced to an ordinary differential equation involving
only time as the independent variable by integrating over the space
domain. The resulting integral quantity, which is proportional to the total
sensible heat of the domain, was termed the heat-balance integral by
Goodman (G5, G6), who worked out the method in some detail. The
procedure is exactly equivalent to the well-known Karman-Pohlhausen
momentum integral method in boundary layer theory. The teraperature
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function in the kernel is approximated by a second- or third-order pol-
ynomial in the distance variable, with undetermined coefficients which
are functions of time. On substituting into the differential equations satis-
fied by the integral, a set of ordinary differential equations for the co-
efficients is generated, whose solution is determined by reference to the
boundary conditions. As a simple example, the melting of a semi-infinite
slab, initially at the fusion temperature, upon imposition of a step-function
increase in surface temperature (Stefan problem) is treated. The equation
satisfied by the heat balance integral is

db LX = oT(0, ¢
- e[ 2]

where all properties refer here to the liquid, and 67, the total energy of
the melt, is given by

6 = A Oz, 1) do (266)

If a second-order polynomial for the temperature distribution is assumed
of the form

T = bi(x — X) + box — X)? (267)

the coeflicients are determined by reference to the temperature boundary
conditions at z = 0 and z = X. Substitution into Egs. (265) and (266)
then leads to a differential equation for X, which, with the initial condition
X(0) = 0, results in

X =gVa (268)
where the growth constant is given by

B _ L= (4w u]e 20Ty — Tw)
] e ] I (269)
It will be noted that the heat balance condition at the free boundary, Eqg.
(254), has not been employed. If this is used instead of Eqgs. (265) and
(266), a different growth constant is obtained. In order to satisfy, in
addition to Eq. (265), two boundary conditions at the melt line and one
at the wall, it is necessary to take a third-order polynomial, resulting in
a considerably more complicated solution, which is, however, within 2%,
of the exact solution. Higher order boundary conditions can be generated
in a manner similar to the Pohlhausen technique, although this does not
geem to be necessary. For example, the curvature of the temperature
profile at x = 0 must vanish, on aceount of the constant wall temperature.
In a similar manner solutions are given for arbitrary nondecreasing heat
input; heat transfer to a surrounding medium (also called a radiation, or
mixed boundary condition, or boundary condition of the third kind);
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ablating solids (for which excellent agreement is obtained with exact
steady-state solution presented by Landau); and vaporization of a melting
solid. Later applications are made to the melting of finite slabs (G7). A
similar approach appears to have been employed by Mirzadzhanzade and
Dghalilov (M10), Hrycak (H13), and Gadazhieva (G1). Yang (Y1) notes
that solutions obtained by the integral method are not unique; and that,
furthermore, the accuracy is not necessarily improved by going to higher
order polynomials, as has been demonstrated with the Pohlhausen method
in boundary layer theory. Koh (K4) suggests that exponential trial func-
tions are more suitable than algebraic polynomials in some cases. Intu-
itively, it would appear that the integral methods are most reliable when
the temperature and its derivatives are monotonic functions over the
entire domain for all time. Physically, this implies that the temperature
profile is quite smooth. If there are extremal points, or even points of
inflection, such as might result from a succession of temperature or heat
fluxes at the surface, or even a staircase surface temperature or heat flux
funetion, the method must be approached with ecaution.

2. Poots’ Application of the Tani Method

The Karman-Pohlhausen method appears to fail for cylindrical and
spherical geometries, and Poots (P5) shows how a modification of this
method, due to Tani (T1), can be applied to melting—freezing problems.
The results for the solidification of a cylindrical melt agree within a few
percent with the numeriecal solution of Allen and Severn (A4), obtained
by relaxation methods. Poots also applies the exact boundary layer
methods of Goldstein and Rosenhead (G4) to the solidification process,
in which X(?) is expanded in a Maclaurin series in the dimensionless time
variable. Upon substituting into the differential equation for one-dimen-
sional heat conduction in slabs, cylinders, or spheres, and equating co-
efficients of like powers, a set of ordinary differential equations is generated,
which can be solved exactly, The conditions at the fixed and at the free
boundary are used to give the Maclaurin series coefficients. Only the first
three coefficients are given, and the radius of convergence is difficult to
ascertain. Nevertheless, Poots makes clear the direct analogy between the
Stefan problem with diffusion on one side of the moving boundary only
(original phase at the fusion temperature) and incompressible boundary
layer theory, for which a wealth of approaches has been developed (Ci17,
MT7). In a later paper the integral boundary layer techniques are extended
to two-dimensional solidification problems. The Tani method again agrees
within 139, with the relaxation solution of Allen and Severn for the
freezing of melt in a uniform prism of square cross section, while the
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Karman-Pohlhausen method predicts a time for complete solidification
which is too small by more than 409.

Pleshanov (P4) extends the integral heat balance method to bodies
symmetric in one, two, or three dimensions, using a quadratic polynomial
for the approximate temperature function. Solutions are obtained in
terms of modified Bessel functions which agree well with numerical finite-
difference calculations.

E. ExpansioNs FoR SMALL TIMES

Stefan gave an exact solution for the constant-velocity melting of a
semi-infinite slab initially at the fusion temperature. This was extended
by Pekeris and Slichter (P2) to freezing on a cylinder of arbitrary surface
temperature and Kreith and Romie (K6) to constant-velocity melting of
cylinders and spheres by a perturbation method, in which the temperature
is assumed to be expressible in terms of a convergent series of unknown
functions. To make the method clear, consider the freezing of an infinite
cylinder of liquid, of radius ro, at constant surface heat flux. For this
geometry the heat equation is

19 ( oT\ _ 13T
,.a,.<7‘a,.>—a-a—t, R{t) <7< (270)

where R(f) is the radius of the freezing front, and it has been assumed
that the densities of the two phases are equal. Since the liquid is initially
and at all time at the fusion temperature, a heat balance at the free
boundary gives

kG _ 5. _
‘T =k RO) =1 (271)

where Gy = (8T /dr)r = R is a constant. In dimensionless form the problem
becomes

-2 = .+
o\ o ) T O (272)

T+ = Tt t¥), R+<r+<1, +>0
OT+(R+ ) _ dR*

19 <+a_r_+> AT+

HRY ) = (- =1 -+ =
TR+, t+) = 0; ot pTe 1; R+¥(0) =1 (273)
where
T+=T_T"‘ 7.+___r_. R+ ==
oG Ty’ To
= M g G0N (274)
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If now the right-hand side of Eq. (272) is considered to be a small
perturbing term, the temperature modulus can be expressed by the series

T+ =Ty Tot Tokooe + Tuct oo (275)

where each term of the series is related to the preceding term by the
equation

1 6 aT,. aTn—l

= 2 (%2 = g+ Tzl + = +

T+ ar+ <T ar+> Gl 3t1+ ’ tl 1 + 14 (276)

subject to homogeneous boundary and initial conditions for n > 2. Note

the implication that 7, is of the order (Gi7)”. Solutions are obtained for

the first five terms, and it is estimated that for |Gi*| < 1.5 the evaluation

of T is accurate to within 1-29,. However, the radius of convergence is

not given, and there is a logarithmie singularity at the origin, as evidenced
by the first term of the solution

o

T1+ = t1+ In 21_';

which renders the method useless as complete solidification is approached.

A similar solution is obtained for the solidifying sphere,

277)

F. Lingar METHODS

Redozubov (R1) extends a procedure said to be suggested by Grinberg
(G9) [which is also discussed by Gibson (G2, G3)] for obtaining opera-
tional solutions to the problem of the ablating semi-infinite slab, for the
special case X{'/? = constant, and T(x, 0) = Az + B. In another paper
(R2) these methods are extended to the case of linear motion of the melt
line Xt~! = constant, the solid being initially at the fusion temperature.
Problems of this type were treated originally by Stefan, as discussed in
Carslaw and Jaeger (C1).

Friazinov (F4) deals with a generalized Stefan problem involving finite
depth of the two-phase layer, densities and thermal conductivities which
are functions of position, and arbitrary initial and boundary conditions, by
an approximate expansion in terms of appropriate Sturm-Liouville eigen-
functions.

IV. Analog and Digital Computer Solutions
A. PASSIVE AND ACTIVE ANALOG SOLUTIONS

London and Seban (1.8) introduced the method of lumped parameters
in melting—freezing problems, whereby the partial differential equation is
converted into a difference—differential equation by differencing with
respect to the space variable. The resulting system of ordinary differential
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equations is suitable for solution on the analog computer. London and
Seban simplify the problem by assuming that the heat capacity of the
newly formed phase is negligible. Cochran (C8) extends the zero-heat
capacity solutions of London and Seban for the slab with specified surface
temperature by assuming that the thermal capacity of the newly formed
layer is lumped at the midpoint.

Kreith and Romie (K6) consider freezing problems symmetric in one,
two, and three dimensions, where the liquid is initially at the fusion
temperature. The heat capacity of the solidified phase is taken into
account. Thermal properties are considered to be temperature-independent.
A passive analog device, in which the thermal system is simulated by an
electrical network of resistors and capacitors, is used. It is shown that
neglect of the heat capacity of the solidified phase is justified if
L/(Twm — Ty)ep, > 25. The progress of the fusion front is determined by
an integrating circuit. When the heat balance around the lump containing
the solidification front indicates that liquid is no longer present, a relay
system switches the front to the next lump and adjusts the thermal
properties accordingly.

Horvay (H10) deals with the more difficult problem, important in
casting processes, of the freezing of a growing liquid column, by means
of a passive analog circuit. A liquid metal column, initially at one tem-
perature, is supplied at the top with additional metal at a different tem-
perature at a uniform rate, while at the bottom of the eolumn heat is
abstracted through a solid plate of finite thickness. The bottom surface
of the plate is maintained at ambient temperature. An exact solution,
obtained by finite transforms, is given for the case when the ambient
temperature is above fusion and the heat capacity of the bottom plate
can be neglected. For the more general case, s differencing scheme is
employed such that the liquid column is always divided into equal inter-
vals. This is equivalent to the transformation employed by Zener (Z2),
Landau (L4), and others, for immobilizing the boundaries of the diffusion
region; and, in fact, by a limit process from the difference equation, the
Landau equation is again obtained. A passive network is used with voltage
sources in parallel with resistors to simulate the heat flow due to mass
convection. Several representations are studied, and complete numerical
solutions obtained.

Other passive network solutions are given by Hlinka and Paschkis (HS8).
Otis (01) employs the Landau transformation for the problem of an
ablating slab with uniform initial temperature and specified heat fluxes
at the front and back faces,

T = Ty t=0, X(t)=0 (278)
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aT

—ka + oLX = H(t); = X() (279)
aT » —
—k&- = H,(1); zT=a (280)

(z — X)/(a — X), the

With the introduction of the space variable &
heat equation becomes [cf. Egs. (80) and (81)]

oT o 9T 1—§& 8T

= - = £ 281
- @-Xpot Ta— X o (281)
The variable coefficient is eliminated from the first term on the right-
hand side of this equation by defining a new dimensionless time variable,

- a f° dt,

=— | — 282

! bmax ﬁ [(1, - X(tl)]2 ( )
With a dimensionless temperature variable
-1

Eq. (281) becomes

90 _ olmex 9% 1 — & o 80
3" at ok Ta— X ok (284)
with boundary conditions

0=0; X®H=0; 1=0 (285)

Tm — To _ag- _———a2X F— . —
k a— X 622 + pL tmax(a —_ X)2 - H(t)) £2 =0 (286)

Tm — T(] Qo_' _ . _
~h T e = Ha)y =1 (28D

The moving boundary has now been eliminated and the problem reduced
to that of solving the heat conduction equation for a nonmelting solid
with internal heat absorption, corresponding to the last term of Eq.
(284). This system is then differenced with respect to the space variable
and solved on a passive analog system.

Baxter (B3) uses an ‘“‘enthalpy-flow temperature’”’ method, due orig-
inally to Dusinberre (D5, D6) and Eyres ef al. (E4), whereby the moving-
boundary effect is reduced to a property variation. To begin with, the
melting of a slab of finite thickness initially at the fusion temperature is
considered. At the surface of the melt, which is of the same density as the
solid, a heat transfer boundary condition is applied. The technique takes
into account latent heat effects by allowing the specific heat to become
infinite at the fusion temperature in such a way that
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€ +
lim [* ¢, dT = /0 " e, dl = L, (288)
e—Q 4 ¢

where zero temperature is taken to be the fusion point. New variables,
consisting of an “enthalpy” and a “flow temperature” defined by

T
. dHp(T
H(T) = A epdl, i, SO (289)
T
xr(T) = ﬁ kdT, ie., d—’g‘}—m =k (290)

are now introduced, when the one-dimensional heat conduction equation
becomes
oHy _ o,
P ot = aar’
with xr = xr(Hr) and Hy = Hyp(x, t). This equation is applicable through-
out the entire region, the nonlinearity having been concentrated in the
variation of xr(Hr). The equations are then made dimensionless and con-
verted into a set of difference—differential equations which are solved on
an active analog computer. Nonlinear function generators are used to
simulate xr(Hr) and T(Hy). Solutions are also given for the fusion times
of slabs and cylinders. The problem is slightly more complicated when the
solid is not initially at the fusion temperature. lllustrative solutions are
given for the freezing of a layer of water with various initial temperatures.
In a differential analyzer study of ablating slabs Manci (M1) employs
an exponential transformation to reduce the semi-infinite distance interval
to a unit interval and to remove the moving boundary. Several approx-
imations are examined at the heated surface; it is shown that second-
order differences yield significant improvements in accuracy compared to
first-order differences, with negligible increases in computer requirements.
Ruddle (R10) gives a detailed experimental and theoretical treatment of
solidification rates in molds. Special attention is paid to Schmidt’s graphical
method (83) and the method of Sarjant and Slack (82), and Dusinberre’s
numerical method, discussed above. Longwell (L9) also applies the Schmidt
procedure to freezing problems.

0<z<a t>0 (291)

B. NUMERICAL SCHEMES

1. Relazation Methods

Allen and Severn (A3, A4) demonstrate how relaxation methods,
originally developed for elliptic partial differential equations, can be
extended to the heat conduction equation. With elliptic equations, the
value of the dependent variable at any mesh point is determined by all
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its nearest neighbors. The relaxation method provides an orderly procedure
for minimizing the residual error in a method of successive approximations
over the entire domain. With the parabolic differential equations
or _ ST, Q
o = %o T oy (292)
where the integration proceeds forward with time, this method is not
directly applicable. A preliminary transformation is therefore employed:
W PI*w

T=W+a'5;; (293)

resulting in

oW _ oW Q

at? & ot pCp (294)

which is suitable for use with the relaxation method. The method does
not appear to have been used extensively for melting—{reezing problems,
presumably beeause of the extra computational effort.

2. Finite-Difference Methods

a. Melting and Ablation. Douglass and Gallie (D4) introduce an
implicit difference scheme for the numerical integration of a parabolic
partial differential equation subject to a moving-boundary condition. In
particular, they considered the Stefan problem of the melting of a semi-
infinite slab initially at the fusion temperature upon the application of a
step function increase in surface temperature. Uniform convergence to the
correct solution and stability with respect to small errors was demon-
strated. The proof is based upon a maximum principle for parabolic partial
differential equations, which essentially states that for bounded initial
and boundary temperatures the temperature remains bounded through-
out the domain for all time. This is not true for explicit difference equations
with an unstable ratio of At/(Az)?. The procedure employs a fixed space
interval with a varying time step, so that the moving boundary is always
kept at the right-most mesh point at the time level undergoing computa-
tion. An iteration process is therefore required to determine each time
step. A second method is also given in which the time is fixed and the
boundary is searched for, and which can also be shown to be uniformly
convergent and stable but is believed to be inferior from a practical
standpoint to the former method.

Ehrlich (E1) uses the Crank-Nicholson (C16) finite-difference proce-
dure for the integration of the diffusion equation, with a three-point
approximation of the space derivatives on either side of the moving
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boundary. Arbitrary heat input into a finite slab is considered, the liquid
phase remaining in contact with the solid.

Murray and Landis (M13) also deal with the fusion of a finite slab
with arbitrary initial and boundary conditions. In the first method, the
solid is divided into a finite number of equal intervals, which are required
to shrink uniformly as the fusion front progresses into the slab. The
liquid region is handled in a similar manner. It will be noted that this is
equivalent to immobilizing the free boundary with the transformations
given by Zener and Landau. In the second method, a fixed space network
is employed, but the fusion front is traced as it travels through a particular
interval, and the temperature of the lump node is continuously adjusted
as the fusion front moves. A three-point slope approximation on both
sides of the fusion front is used to determine the free boundary motion.
It is necessary to start with some small finite melt thickness. Two sample
solutions are shown, carried out both by digital and analog computation.
In the eonventional method the whole lump containing the free boundary
is assumed to remain at the melting point until the free boundary is cal-
culated to pass into the next lump. It is shown from numerical com-
parisons with the Stefan problem that the fusion front travel is relatively
ingensitive to the calculation scheme employed, but the temperature his-
tories in the neighborhood of the fusion front are more accurately described
by the second method than by either the first method or the conventional
method.

Lotkin (L10) gives a scheme for numerical integration of the heat
conduction equation in a finite ablating slab, using unequal subdivisions
in both space and time variables. Near the melting surface it is advan-
tageous to choose rather small integration steps. Stability characteristics
of the method are established.

Sunderland and Grosh (811) use an explicit numerical scheme for
solving the Landau problem. An Eulerian coordinate system is used with
the origin at the melt interface. As noted by Landau, the numerical
integration is simplified by appropriate choice of the ratio of the space
and time intervals. Extension to time-dependent heat flux by either a
numerical or a graphical technique is indicated.

Dewey ef al. (D3) present a numerical scheme for the ablation of an
annulus with specified heat fluxes at the outer (ablating) surface and at
the inner surface. An implicit finite difference technique is used which
permits arbitrary variation of the surface conditions with time, and which
allows iterative matching of either heat flux or temperature with external
chemical kinetics. The initial temperature may also be an arbitrary function
of radial distance. The moving boundary is eliminated by a transformation
similar to Eq. (80). In addition a new dependent variable is introduced to
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obtain a smooth behavior of the finite difference equations near the
boundary:

x = [, B(TY) ATy (205)

where Ty is a suitable reference temperature. Time-centered differences
are used to replace all derivatives, resulting in

0x . (Xi1 — Xi.i)

ol Al (296)
9x ., (Xigrip1 — Xirgyr + Xigt,j — Xio1.5)

3 297
36, ryva @97

% ~ (X141 — 2Xig1 + Ximvin + Xepni — 205 + Xi-1,9) (298)
08 2A%?

where 7 represents the space index and j the time index. This leads to a
three-point recursion formula for the temperature at an interior mesh
point in terms of adjacent temperatures at the same time. The resulting
set of simultaneous linear relations is solved by a method which is the
equivalent of Gaussian elimination. The constants are successively elim-
inated in a ‘“forward” direction and determined by substitution in a
“rearward’” direction, substantially reducing the required time and
memory capacity. The stability analysis indicates that, for the thermal
conductivity and boundary position varying slowly with time, the dif-
ference equation is unconditionally stable. This is to be contrasted with
explicit difference procedures in which the temperature at a particular
point in space and time is described explicitly in terms of temperatures at
a preceding time, with consequent limits on the size of the time interval
for stability. The implicit procedure allows the integration interval to be
selected to control truncation errors in each step. Some numerical examples
are given in terms of typical re-entry conditions.

b. Penetration of a Finite Slab. Crank (C13, C15) poses a problem of
particular interest to chemical engineers, consisting of the penetration of
a solute from a finite volume of well-mixed solution into a sheet initially
free of solute. The solute molecules are adsorbed on fixed sites within the
sheet and are thereby removed from the diffusion process. Two methods
for the numerical solution of this moving-boundary problem are then
described.

To formulate the problem, an infinite sheet of uniform material of
thickness 2a is placed symmetrieally in a solution of extent 2I, whose
initial concentration, expressed in molecules of solute per unit volume, is
Cy. The sheet contains N sites per unit volume, on each of which one
diffusing molecule can be rapidly and irreversibly withdrawn from the
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diffusion process. Denoting by C the concentration of freely diffusing
molecules at any point in the sheet, the concentration of molecules im-
mobilized on the sites changes from 0 to N whenever (' assumes a positive
value.

From symmetry only one-half the sheet thickness need be considered.
In terms of the dimensionless variables

x _ I, *__:D_t. *=_Q. *=_i“
x pr t pt c o N ce (299)
the diffusion equation becomes
act _ 9%c*, * *
Feiiryert 0<z* <X (300)

where the diffusion coefficient has been assumed constant. The initial
condition is

F=0; t*=0 0<a*<l1 (301)
and the boundary conditions
c* = 0; x* > X* * >0, (302)
. 1 /ac*
dt* - _N* <af€*)z*=x*’ <303)

X*
c*=1—‘—l’/ (" + N¥)de*; 2*=0, *>0 (304
0

where X represents the depth of penetration of solute. Crank proceeds by
introducing the Boltzmann similarity variable and a new time variable

"mve T vor VDt (305)
whereupon Egs. (300)-(303) become
d2c* ac* ac*
m* ~ Tar Tam (306)
c* =0; 7=, r=10 (307)
¢t = 0; n > B, 720 (308)
_1d8_ 1 6*®) | B
2dr  N*r 9y + 27 (309)
while the material balance expression, Eq. (304), becomes
]
c*=1~%/(c*+zv*)1dn; 7=0, 7>0 (310)
0

For small times Eqs. (306), (309), and (310) become
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&t de*

= " dp (311)

£ %
dcdf)ﬁz _ _N_2§ (312)
=1 at g= (313)

Note that for small times the left-hand side of Eq. (309) is small, since
the penetration thickness increases as the square root of time, implying
that B is constant. From Eq. (58) the first estimate of 8 is therefore given
by

8 g 2
/2 4 [
7128 erfe (2) exp <4) V* (314)
A further transformation to the Zener variable is made by writing
~1_2Zz, - 5
A\ 5= X T =7 0<r<1 (315)
whence one obtains
ot _ L, oct 2 act[ac(l)
2ax2_BTar+N*ax[ ax] (316)
_ldg_ 1 (), 8
3dr - N5 an To (317)

1
=1~ %ﬁ (c* + N*¥)r8 d)\; A=0 - (318)

These equations are now in convenient form for iterative solution by
finite-difference methods, since the free boundary has been immobilized.
An implicit method is developed, based on central time differences.
Denoting the dimensionless concentration gradient at the moving boundary

by

A = Z2W 4= agan (319)

and ¢}, = c*(C AN, JAT);4,7=0,1,2,..., Egs. (316) and (317) may be
placed in finite-difference form, giving, after some rearrangement,

{ 2 + (A; + Ajﬂ))\}
(AN)? 4 AN
=32+ D82+ 312+1} (i1 — €5))

2
- (A_)\)—z {(cterg41 + chery) — 2(ctier + cfy) + ctory) (320)

A4+ A DN .
+ %):zil_)_ {C?+1,j+1 + iy~ Cioag)
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A = {jB* — BB — (F + 1)BT41} — A; (321)
The iteration procedure begins with an estimate of 8,1, with which
A4 is caleulated from Eq. (321). Taking ¢ = M when N = 1, and using
the approximation

* * *
A_é_ Ay = CM—2.}+12 AiCM—uH; M = %\ (322)
one notes from Eq. (308) that the special case of Eq. (320) for which
1 = M — 1 enables the calculation of c¢i_: and ¢} _s. This now allows
the integration to proceed backwards in Eq. (322) and the value of ¢* at

= 0 is compared with that obtained from Eqg. (318), using any con-
venient formula for the numerical integration. The initial estimate of
B;41 is adjusted until the values agree within some predetermined error,
at which point the integration proceeds to the next time interval. Crank
shows that quite reasonable accuracy can be obtained in a trial problem
with only two steps in time and four in distance, showing that the method
is well suited to a desk calculator. The corresponding heat conduction
problem is the melting of a slab initially at the fusion temperature when
immersed in a well-stirred volume of fluid of limited extent, the initial
temperature of the fluid being above the slab melting point, and the melt
being constrained to remain immobile.

The problem is extended by Crank to the case where the slab is initially
at a uniform temperature below the fusion point, for which a mass transfer
analog involves site mobility (H7). Note that the center line of the slab
is no longer a fixed point in the N coordinate system. A second spatial
coordinate is introduced for the unmelted region

n—8

g‘l_(l/T)_ﬂ’ ﬂSﬂS
where {1 = 0 at the moving boundary and ¢{; =1 at the center line.
Introducing the dimensionless temperature § = (T' — T)/(T, — To) which
ranges from zero at the initial solid temperature to unity at the initial
bulk fluid temperature, the diffusion equation for the melt (primed phase)
becomes

(323)

TN

O ar N

and for the unmelted solid (unprimed phase)

2g/ ’ ’
PG _ o, (,32+37%§), 0<A<1  (324)

%0 _ e 90
2D~ Pk 1 - B) 3

3

1 (325
a0 0<a < ( O)

+ - DA = ) <3 + Tfl—’j)
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The heat balance at the moving interface results in
_ldg 1 [190Q)) Kt _ 98(1) B (326)
2dr  TN*|8 o k(1 — 8r) ot 2r
The requirement that the temperatures at the free boundary be equal to
the fusion temperature may be written

6=06 =6 =1, =0 (327)
The symmetry requirement at the center line gives
il
— =0 =1 328
a{l 3 g‘ 1 ( )

Finally, a macroscopic heat balance requires that

1
B -0 = %ﬁ (O + N*)rg
»

1
+ 4 f e (1 — o)’ dti; N =0 (329)
L Jjo plcy

These equations are now in convenient form for a finite-difference scheme
along lines similar to that used above. An alternative approach developed
in some detail employs the Lagrangian interpolation formula to follow
the motion of the boundary in the (z/e, 7) plane. This is a means of
developing finite-difference approximations to derivatives based on func-
tional values and not necessarily equally spaced in the argument. Crank
points out that the application of Lagrangian interpolation formulas in-
volves a relatively large number of steps in time, whereas the fixed-
boundary procedures require iterative solutions at each time interval,
which are, however, far fewer in number.

V. Concluding Remarks

It would appear that the study of the diffusion equation subject to a
phase change at one boundary is in a relatively satisfactory state, provided
simple boundary conditions of the first, second, or third kind are specified.
From a mathematical point of view, the interesting features of the prob-
lem arise from the nonlinearity, exhibited for all but a few particular
boundary motions. A wide variety of approximate and numerical methods
have been employed, and it has frequently been difficult for workers in
one specialized field of activity to become conversant with similar ap-
proaches made by investigators in other areas. It is hoped that the present
work will, to some extent, alleviate this problem.

From a practical point of view, much remains to be learned. For
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sufficiently small particles macroscopic diffusion theory is no longer ad-
equate without modification; surface kinetics frequently play an important
role, and the growth dynamies of clouds of particles are still not com-
pletely understood. Ablation in high-speed flows continues to be a highly
active field, both experimentally and computationally. In part this is due
to the complexities when the diffusion process is coupled to the external
chemical kinetics and boundary layer flow.

Finally, the subject of bubble dynamics, in which the pressure equa-
tion is coupled to the convective diffusion equation, offers a number of
unsolved problems which will be considered in a succeeding volume of
this series.
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Nomenclature

a Initial slab thickness or ence concentration, Eq. (16)
reference length f Notation for arbitrary, but
a; Constant, Eq. (210) specified, function
A, A, Constants 1Fi(a, b, z) Confluent hypergeometric
A(r) Dimensionless concentra- function
tion gradient, Eq. (319) g(t) Arbitrary function of time
b Positive constant g(m) Function defined by Eq.
bo, by, be, . .. Constants, Eq. (267) (247)
¢ = (C —= Co)/(C; — Cy), di- g. Gravitational constant
mensionless concentration  G(r, t/ry, ;) Green’s function for diffu-
a = (Ce —C)/(C = Cy), di- sion, Eq. (164), (177), or
mensionless concentration, (185)
Eq. (8) Gy = (aT/ar)r.r,  constant,
¢* C/Cy, dimensionless concen- Eq. (271)
tration, Eq. (299) Gt = (Ghepro/pL), dimension-
¢y Specific heat at constant less, Eq. (274)
pressure h, hs Surface heat transfer coeffi-
C Concentration cients at front and rear
C« Excess concentration, Eq. faces
(156) hi(x, 7)) = (h/k), ratio of heat trans-
C., C Excess concentration in old fer coefficient to thermal
and new phases over sat- conductivity, Eq. (167)
uration in the old phase H Constant surface heat flux
D Mass diffusivity; or thermal H(t), H.(t) Surface heat flux at front
dissipation function, Eq. and rear faces
(259) J¢ Integrated heat flux vector,
D(h )z, t) Double layer heat source Eqgs. (259) and (262)
function, Eq. (184) Hr Enthalpy function, Eq.

Dy Diffusivity at some refer- (289)
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Index of space interval R,
Notation for integral s
Index of time interval

Mass flux, Eq. (23) Sy
Thermal conductivity

Henry’s law constant st
Constant in Eq. (15)

Filter-cake permeability $1
Ventilation factor, Eq.

(152)

Rate constant, Eq. (13)

Constants S
Length, Eq. (304)

Latent heat of phase change Sthiz, t)
Notation for diffusion oper-

ator, Eq. (179) ¢
= xl2, (T, — Tv)/2L, di- t
mensionless, Eq. (93) lin
= H/P[L -+ Cp(Tm - T())]y

steady-state melting rate, *
Eq. (106)

= L ? p dx, Lagrangian co- t*
ordinate, Eq. (134) o+
Mass condensed per unit !

area ;
= mx(X), Eq. (137)

Number of sites for diffu-

sion, per unit volume

Constants, dimensionless, "
Eq. (114) ¢
N/Cy, dimensionless, Eq. y

(299) ™
Pressure T
= M+*(X), Eq. (139) T+
Generalized coordinate de-

scribing temperature dis-

tribution, Eq. (257)

Volume rate of heat release Ta
Generalized thermal force, Ta
Eq. (260)

Radial coordinate Ty
Fixed or reference radial

coordinate Ty
= r/r,, dimensionless radial Tr
coordinate, Eq. (274)

Radius of the free boundary u
= R/r,, dimensionless, Eq. Uz

(274)

Universal gas constant
Generalized position coor-
dinate

Fixed distance parameter,
Eqg. (19)

= y/R, dimensionless var-
iable

Generalized coordinate de-
noting the radius of the re-
gion containing diffusant,
Eq. (18)

Generalized position of in-
terface

Single layer heat source
function, Eq. (183)

Time

Reference time

Time for penetration to
half-radius, Eq. (15)

= (at/a?) or (Dt/a?), di-
mensionless time

= (AkG/pLry), dimension-
less, Eq. (274)

=1 +t*, dimensionless,
Eq. (276)

= (a?/tmax)

(-/;‘ [ll - ){(h)]_2 dt;,)’
dimensionless, Eq. (282)
Characteristic diffusion time
for finite slab, Eq. (125)
Time when the melting
starts
Temperature
= (T — m)/"‘oGl, dimen-
sionless temperature, Eq.
(274)

Ambient temperature
Auxiliary functional,
(200)

Auxiliary functional,
(188)

Bulk temperature
Fundamental temperature
solution, Eqs. (194)-(198)
Velocity vector

Component of the velocity
vector in z-direction

Eq.

Eq.



X()

U* = pLX(l)/Ht,, dimension-

less, Eq. (97)
V' Volume; or thermal poten-
tial function, Eq. (258)

W Transformation variable for

temperature, Eq. (293)
Cartesian coordinate

= z/a, dimensionless space
coordinate, Eq. (299)
Position of interface in Car-
tesian coordinate

X* = X/a, dimensionless posi-

tion of interface, Eq. (120)

GREEK LETTERS

[24

(243
8,8
B
B*
B

Y
r

8(x), 8(t)

&
A

€
$o
¢!

m

Thermal diffusivity
= kp/c,R,, Eq. (136)
Growth coefficients (n = 8 and
7 = B’ at free boundary)
Growth coefficient in n-dimen-
sional space
Growth coefficient defined in
Eq. (71)
Growth coefficient defined in
Eq. (144)
Accommodation coefficient
Gamma function; linear opera-
tor, Eq. (180)
Delta functions in space and
time
Boundary layer thickness
Standard notation for differ-
ence
= (1 — (C'/Cy)], or
(1 — (o'/p)];

dimensionless term
Correction factor, Eq. (155)
= aH(t)/kTn, Eq. (242)
= (3 — B)/[(A/7r) — B,
variable, Eq. (323)
Boltzmann transformation var-
iable, (= s8/{at)!? or z/(af)V/?
or s/ (DY or x/(Dt)\2
= e\/t—*, dimensionless thermal
boundary layer thickness, Eqg.
(247)
= (T - TO)/(T’"L - Tl))) or

(T — To)/(Ts — To),

space

0*

[}
01

e
1

™Mo

T
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X* =XV
y = (t/tn) — 1, dimensionless

time variable, Eq. (96)

Mole fraction

Dummy variable, or funec-

tion defined in Eq. (199b)

{z) Meandiffusant jump length,
Eq. (154)

2 = [z - X®)/(ata)?,  di-
mensionless variable, Egq.
(95)

Z Function defined in Egq.
(154)

n

or (T'—-Tu)/(I's — Ts), di-
mensionless temperature

=(T = Tw)/Tnor (T —T,)/T,,
dimensionless temperature
=146

Heat balance integral, Eq.
(266)

= b{t*)/A dimensionless var-
iable, Eq. (246)

= z/X({), dimensionless space
coordinate

= L/eyTs or L/cyTm, dimen-
sionless

= Viscosity; or2¢,(Tw — T'm) /L,
Eq. (269)

= (D'/D)"?, dimensionless, Eq.
(48)

Mean jump frequency of the
diffusant

= (a —z)/[a — X (t)], Landau's
transformation

=z — X(1), space variable,
Eq. (115)

=1-—-t

Density of original phase
Surface of volume V or region
in {x, ¢’) plane

= (t*)V2, dimensionless time
variable, Eq. (305)

= (axl/rs), time variable, Eq.
(139)

= K.(,, dimensionless variable,
Eqg. (48)
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¢1  Mean free path length distribu- ¥n(z) TFunection defined in Eq. (7)
tion function, Eq. (154) ¥(t) Arbitrary heat input function,
¢-(n) TFunction defined in Eq. (29) Eq. (215)
x(T) Flow temperature function, w = (y/C;, dimensionless concen-
Eq. (295) tration, Eq. (48)
xr(T) Flow temperature function, Q(t) Fictitious heat input function,
Eq. (290) Eq. (219)

= ms/Mx, dimensionless vari-
able, Eq. (137)

SUBSCRIPTS (UNLESS OTHERWISE NOTED)

oo 8

Initial condition 1 Interface
Source coordinates, or dummy var- m Melting
iable max Maximum

Coordinate or summation index
Radial

Condition of saturated vapor
Condition at the wall

Condition at infinity

Condition at z = @, or ambient
Bulk fluid

Liquid phase

S ooz 2

SUPERSCRIPTS (UNLESS OTHERWISE NOTED)

Al
A2.
A3.
A4,
A5,

B1.

B2,

B3.
B4.
B5.
B6.
B7.
BS.
B9.
B10.
B11.
B12.
B13.

Time derivative ~ Steady state
Newly formed phase (where prop- *  Dimensionless variable
erties of both phases are considered) + Dimensionless variable
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I. Introduction

The flow of liquids in thin layers is frequently observed in everyday

life; & common example is the flow of rain water on window panes, road
surfaces, and roofs,
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Film flow is a special case of two-phase flow. In the present survey the
flow of free liquid sheets (i.e., films bounded by two free surfaces) will
not be considered; attention will be confined to film flow along a solid
surface of some sort, with only one free surface. The second phase in
contact with the free surface of the film may be either a gas or a second
(immiscible) liquid, which may be at rest or in motion relative to the solid
surface on which the film flows. Film flow is distinguished from other forms
of two-phase flow by the presence of large interfaces of basically simple
geometrical configuration. Two-phase flows are also often further classified
as single-component (e.g., steam-water) or multicomponent flows, but this
distinetion is not of great importance in the study of the flow behavior of
films,

The oceurrence and applications of film flow in modern technology are
numerous and important. Omitting the field of chemical engineering for
the moment, the following applications of thin liquid flows have been
found in the recent literature:

(1) Film cooling of rocket motors, turbine blades, reactor tubes, ete.
(T17, K18, Y3).

(2) Refrigeration problems (C5).

(8) Conveying of liquids by cocurrent gas streams, e.g., in oil pipelines,
boiler tubes, ete. (H17, K23).

(4) Design of channels, camber of roads, drainage works (C8, 13).

(5) Design of dam spillways (B1).

(6) Design of drain pipes and overflow lines (E2, V4).

(7) Study of the transport of radioactive materials by rain water (B12).

(8) Combating soil erosion (I1).

(9) Heat transfer from wavy films of molten materials, e.g., on space-
craft (Z5).

The flow of thin liquid films in channels and columns has also served
as the basis of fundamental studies of wave motion (M7), the effects of
wall roughness in open-channel flow (R4), the effects of surface-active
materials (T9-T12), and the like.

A very early application of liquid film flow in the chemical industry is
mentioned in a patent of 1836 (G5): hydrogen chloride gas produced in the
Leblanc soda process was absorbed by water films flowing over packings.
Much later the film coolers and evaporators used in the German beet
sugar industry inspired the earliest detailed theoretical and experimental
studies of flow and heat transfer in falling films (C10, N6, N7). Chemical
engineering interest in film flow has increased rapidly in recent years.

Typical modern applications of gas/film flows in the process industries
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are in trickling-type cooling towers, packed and wetted-wall towers for
rectification and gas absorption (or desorption), and in various types of
coolers and evaporators. Most vapor condensers also make use of film
flow, since droplet condensation is comparatively rare. In recent years
swept-film equipment has been finding increasing application for solving
difficult separation problems (B20, H21).

Extensive treatments of general two-phase flow problems have been
given in the monograph by Kutateladze and Styrikovich (K25) and in
recent surveys by Dukler and Wieks (D17), and Scott (84), all of which
indicate clearly the important place of film flow in the over-all scheme of
two-phase flow phenomena. Film flow is more amenable to detailed study
than most other types of two-phase flow, and a detailed knowledge of the
phenomena occurring in film flow (with or without an adjacent gas stream)
would assist greatly in understanding many of the more complex types of
two-phase flow and the mechanisms of heat and mass transfer in such
flows. Numerous experimental studies have been made of various two-
phase transfer processes, but these have led mainly to empirical corre-
lations of more or less limited applicability.

An attempt is made in the present survey to collect and review the
more important results of the studies of liquid film flow scattered through-
out the literature. It is hoped that this will avoid future duplication of work
and enable investigators to concentrate on the many aspects of film flow
which have been insufficiently studied in the past.

Studies of heat and mass transfer to films and film condensation are
considered only insofar as the results throw light on the flow behavior;
a brief review of such studies has been published elsewhere (F6). In
addition, annular gas/liquid flow in horizontal ducts will not be considered
here, since this is usually complicated by droplet entrainment.

Il Description of Film Flow
A. Tyees or Fim Frow

As in other flows, various types of film flow can be distinguished. The
most important of these are steady flow and uniform flow, in which the
properties of the flow are constant with respect to time and with respect
to distance in the direction of flow.

Thus, the flow of a smooth film outside the acceleration zone is both
steady and uniform. The flow in the smooth entry zone of a wetted-wall
column where acceleration occurs is steady but nonuniform, while certain
wavy film flows are both unsteady and nonuniform.
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B. Tue REciMES oF Fiim Frow

A dimensional analysis of the problem of film flow (F7) has shown
that in general the properties of a film flow may depend on the Reynolds,
Weber, and Froude numbers of the flow, a dimensionless shear at the free
surface of the film, and, for wavy flows, a Strouhal number formed from
the frequency of the surface waves, and various geometrical ratios, e.g.,
the ratios of the wave amplitude and length to the mean film thickness.

The general dependence on the Reynolds, Froude, and Weber numbers
appears to be the most useful. In this survey the following definitions of
these groups are used:

Nre = ubp/p = W/n (1)

(a Reynolds number four times as large, based on the hydraulic diameter
of an infinitely wide film, is frequently used in the literature, but appears
to offer no particular advantage):

Nwe = @/(c/pb)V* 2)
Nw: = 7/ (gh)"" @)

This definition of Ny, is of particular physical significance in film flow,
since here the Froude number denotes the ratio of the mean film velocity
to the celerity of a gravity wave in shallow liquid. (Wave celerity is defined
as the velocity of a wave relative to the liquid on which the wave propa-
gates.) The Weber number is defined by analogy.

It is well known in fluid flow studies that below a certain critical value
of the Reynolds number the flow will be mainly laminar in nature, while
above this value, turbulence plays an increasingly important part. The
same is true of film flow, though it must be remembered that in thin
films a large part of the total film thickness continues to be occupied by
the relatively nonturbulent “laminar sublayer,” even at large flow rates
(NRe > NRe.w). Hence, the transition from laminar to turbulent flow
cannot be expected to be so sharply marked as in the case of pipe flow
(D12). Nevertheless, it is of value to subdivide film flow into laminar and
turbulent regimes depending on whether (Nge S Nreos)-

However, the flow regime of a film cannot be defined uniquely as
laminar or turbulent, as in the case of pipe flow, due to the presence of
the free surface. Depending on the values of Ny, and Nw,, the free surface
may be smooth, or covered with gravity waves or capillary or mixed
capillary-gravity waves of various types. Thus, under suitable conditions,
it is possible to have smooth laminar flow, wavy laminar or turbulent
flow, where the wavy flows may be subdivided into gravity or capillary
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types. It is to be noted particularly that the presence of waves is no
indication that the flow as a whole is turbulent.

It can be seen that a large number of film-flow regimes exists. In the
past it has been customary to describe the boundaries between the various
regimes in terms of the Reynolds number only. This has given rise to a
large number of “critical Reynolds numbers” for the first formation of
waves, the appearance of capillary waves, the onset of turbulence, ete.
(cf. B14). Recently it has been shown that it is possible to describe the
various film-flow regimes in terms of Nge, N, and Nwe, and a rational
nomenclature has been proposed (F7). The most important flow regimes
discussed in this survey are the smooth laminar, the wavy laminar, and
the (wavy) turbulent regimes. For instance, in the case of water films flow-
ing on steep or vertical walls, smooth laminar flow occurs only at very low
flow rates, gravity-type surface disturbances predominate at moderate
Ng., while capillary effects become important mainly at larger flow rates.
(For water films, the ¥roude number is larger than the Weber number at
a given flow rate except at very small slopes of the wall.)

It is clear that the flow regime is a complicated but predictable function
of the physical properties of the liquid, the flow rate, and the slope of the
channel. It has been shown that, for water films, gravity waves first appear
in the region Ny = 1-2, capillary surface effects become important in
the neighborhood of Nw. = 1, and the laminar-turbulent transition occurs
in the zone Ng. = 250-500 (F7).

lil. Theoretical Treatments of Film Flow
A. InTRODUCTION

From the brief discussion above it is apparent that the flow of viscous
liquids in the form of thin films is usually accompanied by various phe-
nomena, such as waves at the free surface. These waves greatly complicate
any attempt to give a general theoretical treatment of the film flow prob-
lem; Keulegan (K14) considers that certain types of wavy motion are the
most complex phenomena that exist in fluid motion. However, by making
various simplifying assumptions it is possible to derive a number of relation-
ships which are of great utility, since they describe the limits to which the
flow behavior should tend as the assumptions are approached in practice.

In the present section the general equations are set up, and the main
results of the various treatments of smooth laminar flow, wavy flow,
turbulent flow, and flow of films with an adjoining gas stream will be
reviewed briefly.
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B. LamiNar Frow

1. General Equations

The most general equations for the laminar flow of a viscous incom-
pressible fluid of constant physical properties are the Navier-Stokes
equations. In terms of the rectangular coordinates z, y, z, these may be
written:

o ow, ou du_ _ 0 _1dp . o,
Uar TV TP T ot T T pas VY @)
@ w w91, .
Yo Tl T Tt = "oy "oy VY ()
o ow  ow ow_ a0 _lop, .,
“ax+”ay+waz+at" 9z paz+va )

where u, v, w are the velocities in the z, ¥, z directions, ¢ is the time, p and
» are the density and kinematie viscosity, p is the pressure, Q is the force
potential of the field in which flow ocecurs, and V2 is the Laplacian operator.

In addition, the continuity equation

oy , dv , dw
m+@+m“0 )
must be satisfied.

Since only gravity fields will be considered here, the negative deriv-
atives of @ are merely equal to the components of g in the respective
directions.

For flow on flat plates, the following coordinate convention will be used,
except where otherwise noted: the z-axis is directed along the plate surface
in the direction of the greatest slope, the z-axis is directed across the plate,
and the y-axis is taken perpendicular to the plate.

The forms assumed by the general equations for various simplified
cases together with the boundary conditions and solutions will now be
discussed, starting with the simplest possible case.

2. Smooth, Laminar, Two-Dimensional Film Flow

If the flow is steady, uniform, and two-dimensional (i.e., flow of a
smooth film on an infinitely wide plate outside the acceleration zone),
Egs. (4) to (6) reduce directly to the very simple case originally obtained
by Hopf (H18) and Nusselt (N6):

d? .
#+%sm0=0 (8)
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dp

dy = pg cos (9)
dp _

o 0 (10)

where 8 is the slope of the wall. The continuity equation is satisfied auto-
matically. With the boundary conditions

u=0 at y = 0 (no slip at wall)

Z—Z = at y = b (no drag at interface)
the velocity distribution is given by the semiparabolic equation:
2
u =2 (sin 0) (by — l) (11)
v 2
The surface velocity (at y = b) is therefore
_ g
Uy = 5 sin ] (12)

By integrating (11) over the film thickness, the mean velocity is found to be

2
7=%sing (13)

3y

whence
w,/u = 1.5 (14)
The volumetric flow rate per wetted perimeter is
3

Q=0bu= %Sinﬁ (15)

In the absence of drag at the free surface, the wall shear stress must
support the total body force on the film, so that

70 = bpg sin 8 = (3p?¢%u@ sin?g)'/3 (16)

Using the film Reynolds number defined as
Nre = bu/v = Q/v an

the results above can be rewritten to give
; 1/3

a = [ (18)

_ 23 e
b= l:g sin 0:| Nie (19)
7w = p(3vig? sin?) 3N (20)



158 GEORGE D. FULFORD

If the friction factor for film flow is defined in the usual way, so that
1w = fp(W)2/2, then, by substituting for r,, and % from above,
f = 6/ N Re (21)

which can be compared with the analogous value for laminar flow in
closed conduits, f = 8/Nge.

3. Azisymmetric, Smooth, Laminar Film Flow

When the film flows on a vertical cylindrical surface of radius R, Eq.
(8) becomes

du  ldu _ g

drt " rdr » 22)
with r as the radial coordinate, which is to be solved with the boundary
conditions

u=0 at r= R (noslip at tube wall)
du/dr =0 at r= R+ b (no drag at interface)

(The film is assumed to flow on the outer surface of the tube; for flow inside
the tube the interface is at r = B — b, but the derivation is similar other-

wise.)
The velocity profile is found to be
= 4 _ g r
u=L@-m+LE+trn (R) (23)
and the flow rate per wetted perimeter is
_ 9 [4R+b) (R-I—b _3(R+b) _ ]
Q-1 [ (B N RO Y e

which is the result given by Feind (F2). The equation quoted by Jackson
(J1) can be derived from (24) also. However, this equation is inconvenient
for frequent use. By expanding the terms above in powers of (b/R), it is
easily shown that

=ﬁ[ b i(ﬁ 2_L<ﬁ P b é)‘* ]
=3 ' TrT\r) "0\r) T\ ] &
which is a more general case of the equation used by Kamei and Oishi
(K4).

As the tube radius £ tends to infinity, it is seen that (25) tends towards
(15) for the infinitely wide wall.

Considering a film 1 mm. thick flowing on a tube of 1 cm. diameter, it
is seen that the b/R term in (25) constitutes a correction of 209, to the
film thickness calculated by (15), while the next term makes only a very
small correction. It can be seen that it is necessary to apply these curvature



THE FLOW OF LIQUIDS IN THIN FILMS 159

corrections in comparing film flow results on tubes with those on flat walls
unless the tubes are of large diameter.

Grimley (G11) has shown experimentally that for tubes of very small
diameter there is an additional capillary effect on the film thickness.

4. Smooth, Laminar, Three-Dimensional Film Flow

When the film flows in a channel of finite width, with side walls, the
flow is no longer two-dimensional in nature, as in Section III, B, 2, but
edge effects occur and must be taken into acecount. Two types of edge
effects can occur: viscous edge effects, due to the drag of the side walls,
and capillary edge effects, due to the capillary surface elevation at the
side walls.

The viscous edge effect will be calculated first. It is assumed that the
liquid possesses no surface tension, so that the liquid surface is flat from
wall to wall of the channel. In this case, with the other assumptions of
Section I1I, B, 2, Eq. (4) reduces to

2 2
gﬁ—i—g—z-?::——igsin(i (26)
to be solved with zero velocity on the wall (y = 0) and at the side walls
(z = +w) and zero drag at the interface (y = b). Several solutions of this
equation have been given (C16, 7, H18, O1). These differ somewhat in
form, but Owen (O1) has pointed out that, since this is a problem of the
Dirichlet type, which is known from potential theory to possess only one
regular solution, these must be merely different expressions for the same
solution.
For the velocity distribution, Hopf gives (H1R)

_16w?g sin §_
“"Z( D" + Donsy

cos {(Zn + 1) g%b}

cos {(2n + 1) %Eb

— 1 |cos {(2n + 1) g%—i} @27

from which the flow rate is given as

owQ = 4w qsmﬂL 0 ({(2n " } (2n -2|-w1)7rb>

L3 ()| @
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Provided that the channel width is considerably larger than the film
thickness, which is usually the case, Hopf showed that (28) can be greatly
simplified to give the mean flow per wetted perimeter as

L
Q= gb—gﬂ’ (1 — 0,63 3) (29)

As w — o, (29) tends to the solution for the infinitely wide plate, (15), by
comparison with which it is seen that the term 0.63b/w is the correction
for the viscous edge effect. Since normally w >> b, it is clear that this
correction is very small.

The velocity distribution equation (27) indicates that in the absence of
surface tension effects the maximum velocity in a film flowing in a flat
channel of finite width should oceur at the free surface of the film at the
center of the channel. The surface velocity should then fall off to zero at
the side walls. However, experimental observations have shown (B10, H18,
H19, F7) that the surface velocity does not follow this pattern but shows
a marked increase as the wall is approached, falling to zero only within a
very narrow zone immediately adjacent to the walls. The explanation of
this behavior is simple: beeause of surface tension forces, the liquid forms
a meniscus near the side walls. Equation (12) shows that the surface
velocity increases with the square of the local liquid depth, so the surface
velocity increases sharply in the meniscus region until the side wall is
approached so closely that the opposing viscous edge effect becomes
dominant.

For this case the velocity equation is the same as (26), since the pressure
term 8p/dzx in Eq. (4) disappears in uniform flow in which the free surface
is In contact with the atmosphere at all points. Equations (5) and (6)
reduce to

dp _
dy = pg cos 6 (30)

which shows that there is a hydrostatic pressure distribution across the
film thickness and .
ap _
& 0 (31)
If the film is flat, (31) is automatically satisfied, as in the calculation of
the viscous edge effect above, but, with surface tension, the capillary
pressure in the curved part of the meniscus must be taken into account,
and Eq. (31) provides the condition from which the shape of the free
surface can be calculated.

Numerical calculations of the velocity distributions in the meniscus
region of a water film flowing in a glass channel have been made (¥7) for
a few cases. Figure 1 shows the isotaches in the meniscus region for a water
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F1a. 1. Calculated lines of constant velocity in a water film flowing near the corner
of a rectangular glass channel at 30° to the horizontal; film thickness far from side
wall is 3 mm. (F7).

film {(at 20°C.) of undisturbed thickness 1 mm. (far from the side walls)
flowing in a glass channel at 30° to the horizontal. The calculated results
for the local flow rates were in fair agreement with experimental data.

The calculations and experimental observations show that the local
flow rates near the side walls are considerably larger than the local flow
rates prevailing over the central part of the channel. It is clear that
this capillary edge effect must be allowed for in film flow experiments in
rectangular channels unless the channel is extremely wide (H19, B10). It is
clear that the capillary effect noted here could be very important in the
flow of films over packings, since meniscuses may be formed in the angles
between packing elements; a relatively large part of the liquid might flow
in such regions, due to the greater thickness of the film there, and, because
of the greater velocity, the contact-time distribution of elements of the
film surface could be greatly disturbed.

5. Inertia Effects in Smooth Laminar Flow

Kasimov and Zigmund (K11) have dealt with film flow on a vertical
laterally unbounded surface for the case when the flow is steady but not
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necessarily uniform, ie., taking the inertia terms into account. In this
case, Eq. (4) becomes
au du d*u

+v—=v

ug 3 o +9 (32)

and (7) becomes
ou , dv oo
5oy =0 (33)
Denoting the initial film thickness at z = 0 by b; and assuming a

semiparabolic velocity distribution, the following equation was obtained
for the local film thickness b, at x = «:

ég.@ — _1_ In |:<bx2 + bsz + bNZ) (bi - bN)2 ]
6Q2  6by? (bz — by)? (b + bab; + ba?)
bN\/g(bx — bl) .
+ bN2\/§ arctan bZ(bi - bN) + bNb,' + 2bN2 (34)

where by is the value of the film thickness given by the Nusselt theory,
neglecting inertia [Eq. (15) or (19)].
The flow can be divided into three zones:

(1) The stabilization zone, where b, < by.
(2) The zone of stabilized flow, where b, = by.
(3) The zone in which inertia forces are important, and b, > by.

The usual Nusselt equations, Section ITI, B, 2, are strictly valid only
in the second zone, which is usually only of short extent.

A second approximate solution was obtained without assuming the
shape of the velocity profile. In this case the  component of the velocity
was found to be

9 (py— 2ol _ 13 g byt

v ( i ) {4v2 . [ 2104° ¢ ] (35)

for the region z > 2.02 cm., with a similar relation for ». It will be observed

that the Nusselt solution (11) is a special case of this general result.

Similar expressions were obtained for the case when a surface drag due to
a gas stream was present.

The main prediction of this treatment is that the film thickness should

increase gradually in the direction of flow due to the inertia effects. Substi-

tution of values of the physical properties into these equations has shown

that these effects are usually small for ordinary mobile liquids, such as
water.
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C. Tue OnsET oF WavY FLow (THEORETICAL STABILITY
CONSIDERATIONS)

In addition to the general treatments of wavy flow, a number of theories
concerning the stability of film flow have been published; in these the flow
conditions under which waves can appear are determined. The general
method of dealing with the problem is to set up the main equations of flow
(usually the Navier-Stokes equations or the simplified Nusselt equations),
on which small perturbations are imposed, leading to an equation of the
Orr-Sommerfeld type, which is then solved by various approximate means
to determine the conditions for stability to exist. The various treatments
are lengthy, and only the briefest summary of the results can be given
here.

Shibuya (S10) dealt with the case of the onset of instability in film
flow on the outer surface of a vertical tube. By assuming a mixed disturbing
velocity of the cosine-hyperbolic cosine type, it was found that the numeri-
cal value of the Reynolds number for instability was approximately

NRe;, = 7 (36)

regardless of the physical properties. The wavelength at the onset of
rippling was calculated as approximately 2 mm.

In his early paper, Yih (Y1) carried out numerical calculations for
stability in the case of flow on a vertical wall, from which it appears that

Npe, = 1.5 (37)

Both these treatments omitted surface tension forces.
The Kapitsa treatment of wavy film flow (K7), which is discussed in
detail later, indicates that

Nge; = 0.61(Kp sin §)~1/11 (38)

where Ky is the physical properties group u‘g/ps?. The Kapitsa theory is
strictly applicable to long waves only (\/b > 13.7), so this result may not
be accurate if the waves at the point of inception are short. This equation
gives a numerical result of Nge, =2 5.8 for water on a vertical wall.
Benjamin (B5) has given a detailed treatment of the onset of two-
dimensional instability in film flow, taking capillary effects into account.
The expression for neutral stability found in this work can be given as

2
6;;—")5/3 (K sin 6)-173 + 43"7‘“@ — g + 5.5280142n2
Re, Re

— 0.0000639(nNge)? — 14.6352052n* = 0 (39)
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where # is the wave number, defined as
n = 2xb/\ (40)

It was deduced that surface tension has a stabilizing effect, especially
at short wavelengths, but instability cannot be converted to stability
merely by increasing the surface tension. It was found that, for a vertical
slope,

N Re: = 0 (41)

i.e,, vertical film flow is always inherently unstable, though the instability
at very low Nge may not be physically manifest. At other slopes there is
a small zone of stable flow.

Andreev (Aba) has recently considered the stability of viscous film
flow with respect to infinitesimal disturbances. In this treatment, absolute
instability was not found for laminar film flow along a vertical wall.

In a simplified treatment for longer waves, Benjamin derived an
amplification factor @, defined as the amplification experienced by the
wave of maximum instability in traveling a distance of 10 em. If neutral
stability exists, @ = 1, and if @ > 1, wavy flow can be expected. For a
vertical wall,

6 = exp (1.7396 [em.] »2/3g2/3 fN;@) (42)

Binnie (B10) extended this treatment to cover angles other than the
vertical; thus, for water films (~20°C.),

2
@ = exp {0.0434 8 _ 400t ) inesgyNy (43)
5 3Nge
Substituting the condition @ = 1 for neutral stability, it is seen that
NRe; = §cot 8 (44)

This work was later extended to cover the case of three-dimensional
instability (B6). The results tended to confirm the earlier results.

Hanratty and Hershman (H2) have given an interesting treatment of
the stability problem. For the case of free film flow (i.e., film flow without
a bounding gas flow), the condition for neutral stability becomes

cos 0
(]vl?‘r)2

where » is given by (40). It can be shown that Benjamin’s result can be
expressed in an exactly similar form, apart from replacing the term 3
in Eq. (45) by 3.6.

= 3 — n2(Ny)? (45)
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The treatment of Ishihara ef al. (I2) leads to results similar to those of
the simplified Benjamin theory.

The stability problem in the presence of a bounding gas stream (co-
current and countercurrent) has been considered for a number of special
cases (F3, G6, M10, Z1). The countercurrent solutions tend to confirm
Benjamin’s result that the flow is always inherently unstable on a vertical
wall.

Recently Yih (Y2) has given a detailed treatment of the stability of
film flow on an inclined plane. Three cases are considered in detail: small
wave numbers (n), small Reynolds numbers, and large wave numbers. In
the first case the results are in agreement with the results of Benjamin
noted above, but for large wave numbers and zero surface tension,
Benjamin’s tentative conclusions are shown to be invalid. The stability
curves are considered for film flows on vertical and sloped walls for liquids
with and without surface tension.

The stability of flow in open channels has been investigated theoreti-
cally from a more macroscopic or hydraulic point of view by several
workers (C17, D9, D10, D11, 14, J4, K16, V2). Most of these stability
criteria are expressed in the form of a numerical value for the critical
Froude number. Unfortunately, most of these treatments refer to flow in
channels of very small slope, and, under these circumstances, surface
instability usually commences in the turbulent regime. Henece, the results,
which are based mainly on the Chézy or Manning coefficient for turbulent
flow, are not directly applicable in the case of thin film flow on steep sur-
faces, where the instability of laminar flow is usually in question. The
values of the critical Froude numbers vary from 0.58 to 2.2, depending on
the resistance coefficient used. Dressler and Pohle (D11) have used a
general resistance coefficient, and Benjamin (B5) showed that the results
of such analyses are not basically incompatible with those of the more
exact investigations based on the differential rather than the integral
(“hydraulic”) equations of motion. The hydraulic treatment of the stability
of laminar flow by Ishihara et al. (I2) has been mentioned already.

It is to be noted that, for laminar open channel flow, the Froude and
Reynolds numbers are interrelated. Making use of (1), (3), and (19), it is
easily shown that

Ny = (Nre/3)2sin'/29 (46)
so that for this regime the Reynolds number of instability Nge, can be
expressed as a critical Froude number, if desired. Similar equations can
also be obtained for other flow regimes [see, for instance, (P4), but it is
necessary to note that Ng. and Ny, are defined differently in this publi-
cation].
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D. Wavy Laminar Fiom Frow

For the case of two-dimensional wavy film flow, Levich (L9) has shown
that Eqs. (4) and (5) reduce to the familiar form of the boundary layer
equations:

gu, du, ou_ —ldp

6t+uax-}~vay p 6x+ +gsm0 47
P _q .
3y (48)

with the following boundary conditions: at the free surface of the film,
y = b, where b = f(z, 1),

2
P=P = —0 (% (capillary pressure) (49)
ou . .
u @ = (zero interfacial shear) (50)

at the solid wall (y = 0),
=p=0 (no slip) By

The continuity condition can be expressed as

%%= aé; (/udy) (52)

Kapitsa was the first to attempt the solution of this system of equations
(K7). In this original solution the term » du/dy in Eq. (47) was omitted,
as also in the analysis by Portalski (P3) who resolved Kapitsa's equations
to a higher degree of accuracy. By comparing the corrected solution by
Bushmanov (B22, 1.9) with the original result, it appears that the errors
caused by the omission of this term are not large.

It is assumed that the velocity distribution in the film can be given by
the usual semiparabolic expression [Egs. (11) and (13)]. Substituting this
value of the velocity into (47), making use of (49), and then averaging
over the film thickness by integrating with respeet to y and dividing by b,
it is found that

+10 a—;w—ﬁ‘ﬁ-gsmo (53)
while (52) becomes
9 _ d(mb)
at dx (54)

where 7 is the mean velocity over the film thickness.
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It is then further assumed that the waves are long compared to the
film thickness, so that the film thickness can be represented as

b="0b(1+¢) (55)
where b is the mean film thickness and ¢ is the local deviation from the
mean, and the mean veloeity and thickness are then referred to the new
variable (x — ct), where ¢ is the phase velocity of the waves. After various
rearrangements, the equation for solution becomes, finally, to the first
approximation,

b d3 d 3
a? ax—d; — {c—m) (?g >£ (5;2 (c — 3u)¢

4 ¢gsin 6 (b)2 =0 (56)
where % is given by @ = bu.
In order for an undamped periodic solution to exist it is necessary that
the constant term in this equation and the coefficient of ¢ be equal to zero,
so that, to the first approximation,

_— (BQQ%Sin 6 57)
c=3u (58)

Comparison of (57) with (13) shows that, to the first approximation, the
film thickness is not affected by the waviness of the flow.

It is of interest to note that the wave-velocity condition obtained by
Benjamin (B5) can be written as

¢ =2(1 —n?+ ' + 0.0077581n%(Nge)* — 3.3555556n%)u, (59)
where u, is the surface velocity (equal to 1.5%), and = is given by (40).
For long waves, (59) reduces to

c=2u, = 3u (60)
which is in agreement with the first result of Kapitsa above. The same
value of ¢ has been obtained by Hanratty and Hershman (H2) and can
also be deduced from the general wave theory of Lighthill and Whitham
(L11).

Using (57) and (58), Eq. (56) becomes

“5d¢+42— d¢ =0 61)

from which the function ¢ defining the surface shape (55) is

¢ = asin [4(4.2p/eb) 2 (x — ct)] (62)
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where ab is the wave amplitude. To this first approximation, it is seen that
the surface disturbances are sinusoidal.

In the second approximation, the equation analogous to (56) contains
terms to the second order in ¢. The details of the calculation cannot be
included here, but briefly, it is found that in this case the mean film thick-
ness of the wavy flow depends on the wave amplitude «, or

)3 = &’g@ ® (63)

where @ is 8 function of « and ¢/%. In order to estimate the wave amplitude,
Kapitsa (K7) carried out an interesting analysis of the stability of the
wavy flow and determined the conditions under which the energy supplied
to the film by the gravity force is balanced by the dissipation of energy by
viscous forces. From this it was deduced in general terms that the film will
assume & configuration in which its mean thickness is a minimum for the
given flow rate; that is, the function @ in (63), which is unity for smooth
flow, but which is always less than unity for wavy flow, must be a minimum.
For the particular second-order conditions of this treatment, the equations
for & as a function of «? and of ¢/% are solved graphically, making use of
the fact that & must be a minimum, In this way, Levich (1.9) shows that

a = 0.46 (64)
¢ = 247 (65)
3 =08
80 that, substituting in (63),
b = 1.34(»Q/g)"/3 (66)
r 1/2
e R g:/n - o.9>}‘ (67)

For flow on nonvertical slopes, ¢ is replaced throughout by ¢ sin 6, where
6 is the angle of inclination of the wall, measured from the horizontal.

It is seen from (65) that the wave velocity is considerably smaller than
the value given by the first approximation, (58). From (63), the ratio of
the mean film thickness in wavy flow to the thickness of a smooth film
at the same flow rate is given by ®!/% or, from above, 0.93. The correspond-
ing value obtained by Portalski (P3) was 0.94. It is thus seen that for
wavy flow of the type assumed here, the mean thickness of the wavy film
is 679 smaller than the corresponding smooth film. It is pointed out by
Kapitsa that it does not follow that there may not be some other type of
film surface configuration which would lead to a greater reduction in
thickness and, therefore, to greater stability of flow.

Based on a treatment like that above, Tailby and Portalski (T2) have
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derived an expression for the increase in the surface area of the film due
to the waves at the interface:

ss= (3 [+ (535)] o

It is elaimed that this relationship is valid up to approximately Nz, = 300.
However, the Kapitsa treatment (K7) is shown to be valid only up to the
condition that the wavelength is more than 13.7 times as great as the film
thickness, which corresponds to Nge = 50 for a vertical water film.

Semenov (S7) simplified the equations of wavy flow for the case of very
thin films, and this approach has also been followed by others (K20, K21).
These treatments refer mainly to the case of film flow with an adjoining gas
stream and will be considered in Section III, F, 3.

Kapitsa and Kapitsa (K10) have shown that the relative change in
wavelength for flow on a tube of radius B compared with that on a flat
surface at the same flow rate is

AN = 3(\/2rR)? (69)

which is quite small except for small values of E.

Recently, Kasimov and Zigmund (K12) have published the first part
of a new theoretical treatment of wavy film flow, extending their recent
work on smooth laminar film flow (Section I1I, B, 5) to this case also. It is
shown that, with appropriate assumptions, the new theory reduces to the
Nusselt solution for smooth films, or to a result similar to the corrected
Kapitsa solution. The most interesting conclusions to be drawn from the
part of the theory so far published are:

(1) The mean film thickness and the wave amplitude should increase
in the direction of flow.

(2) The wave amplitude should decrease with increase of the liquid
viscosity.

(3) The wavelength is proportional to (Nge)!%c/32/,

(4) The wave amplitude on an inclined surface should be smaller than
on a vertical surface for the same flow rate and liquid properties, while the
wavelength should be greater on the inclined surface.

In addition to the theories reviewed above, there are many treatments
in the literature which deal with the hydraulics of wavy flow in open
channels. Most of these refer to very small channel slopes (less than 5°)
and relatively large water depths. Under these conditions, surface tension
plays a relatively minor part and is customarily neglected, so that only
gravity waves are considered. For thin film flows, however, capillary forces
play an important part (K7, H2). In addition, most of these treatments
consider a turbulent main flow, while in thin films the wavy flow is often
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laminar. It is of interest to note, however, that Dressler (D9) has shown
that gravity waves in steep channels became nonsymmetrical, with steep
fronts and gently sloping tails (roll waves). The breakup of an initially
uniform wave pattern to form irregular roll waves is also considered by
Lighthill (L.10) and Mayer (M7). Ishihara et al. (I1) have considered
gravity roll waves on a laminar main flow and deduced that, for small
channel slopes and waves of small amplitude, the wave velocity is

¢ = §u + [gb + f5(@)*]"" (70

E. TurBurLENT FiiMm Frow

The problem of turbulent flow in thin films has received comparatively
little attention. Because of the great complexity of the flow processes
involved, there are no theoretical treatments of the problem of wavy
turbulent flow, and the usual procedure is to neglect the surface waves and
obtain solutions for the case of smooth turbulent flow,

Keulegan (K13) applied the semiempirical boundary-layer concepts of
Prandtl and von Karméan to the case of turbulent flow in open channels,
taking into account the effects of channel cross-sectional shape, roughness
of the wetted walls, and the free surface. Most of the results are applicable
mainly to deep rough channels and bear little relation to the flow of thin
films.

Levich (L8, L9) has given an interesting treatment of fully turbulent
film flow. In the absence of a flowing gas stream at the interface, Levich
deduced that the scale of turbulence and the turbulent velocity normal to
the interface must be proportional to the distance from the interface, so
that all turbulent pulsations must disappear at the interface itself, leaving
there a nonturbulent layer of thickness

8 o b/(Nge)?/4
A theory of gas absorption by turbulent liquid films has been developed on
the basis of this conclusion (1.9).

For fully developed turbulent flow with zero interfacial drag, it is
shown (L8) that the mean film velocity is

o \/gb ;énﬂ I I:g \/gb ;én 9] )

where K is a constant. No numerical value is given for K, but substitution
of the value b = 0.076 ¢cm. for Nr. = 1000 obtained experimentally (B14)
for a water film (v = 0.01 em.?/sec.) on a vertical wall (sin 4 = 1) shows
that K should be in the region of 1.

Nearly all of the remaining treatments of turbulent film flow are based
on the assumption that the film can be regarded as smooth, and that some
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form of the dimensionless velocity profile valid for single-phase flow (pipe
flow) can be applied to the flow of films. In principle the treatments differ
mainly in the form of the dimensionless velocity profile used, and only one
will be discussed in detail.

Dukler and Bergelin (D16) used the universal velocity profile equations
of Nikuradse:

wt =yt for 0 < y* < 5 (laminar sublayer) (72)
ut = —3.05 + 50Inyt for 5 < y* < 30 (buffer layer) (73)
ut =554 25Inyt for 30 < y* < bt (turbulent zone) (74)
where
ut = u/u* (dimensionless veloeity) (75)
yt = yu*/v (dimensionless distance from wall) (76)
b+ = bu*/v (dimensionless film thickness) 77
u* = (r,/p)V? (friction velocity) (78)

By integrating the dimensionless velocities over the film thickness, it is
found for the case of turbulent flow (b > 30) that

Nge = b+(3.0 + 251Inb") — 64 (79)
[For bt < 30, Portalski (P3, P4) has given a corrected form of the original

treatment.] In the case of zero interfacial shear, the wall shear stress is
given by (16), so from (77) and (78)

bt = (gl/‘zp sinllzg)bs/Z/u (80)

Hence, knowing the values of the physical properties appearing in (80),
it is possible to calculate the value of b for any value of Ng, using (79) and
(80). The values obtained in this way for the film thickness are in good
agreement in the laminar zone with the values given by (19).

In the case of flow of the film in a tube of radius B, with a pressure drop
per unit length of ¥, a force balance shows that, approximately,

Tw = (Pgasg 8I0 0 = ¥) 15?’ + bpg sin 8 (81)

in place of (80), and in this case a trial-and-error or graphical solution is
necessary in order to find b at a given Nge and .

According to this theory, the film becomes turbulent when b+ = 30.
Substitution of this value into (79) gives

NReurit = 270 (82)

This result has been criticized (B14) on the grounds that recent investi-
gations do not support the view of well-defined zones within the boundary
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layer. The critical Reynolds number will be discussed further in Section
IV, B.

Kutateladze and Styrikovich (K25) have presented a treatment very
similar to that outlined above. Thomas and Portalski (T14) have also used
the universal velocity profile concept, but for the case of countercurrent
gas flow they have used instead of (81) the more exact form (for a vertical
tube):

r=0-96-9~E=Vy (818)

The treatments of Anderson et al. (A4, A5), Charvonia (C4), Calvert
(C1, C2), and others differ mainly in the manner in which the gas stream
pressure drop is taken into account for various cases of gas flow. Labuntsov
(1.2) has carried out an analysis using two forms of the velocity profile
which do not involve the assumption of sharply differentiated zones in
the boundary layer; this analysis is mainly concerned with heat transfer
in films.

Dukler (D12) has carried out a superior analysis of this type, based on
the dimensionless velocity profile of Deissler (D7), but as this is also
concerned with the effects of gas flow, it will be considered in the next
section.

F. Fium FrLow IN THE PRESENCE OF AN ADJOINING STREAM

In most of the treatments considered above it has been assumed that
the phase adjoining the free surface of the film is stationary. In the case of
an adjoining stationary gas phase, the buoyancy effect will be small and
can be neglected, and, because of the small viscosity of a gas compared
with that of the filmn liquid, it is reasonable to assume that the drag caused
by the stationary gas is small. This was confirmed experimentally by
Grimley (G11) who showed that similar results were obtained with various
degrees of evacuation of the gas space of a wetted-wall column. On the
other hand, since there can be no relative slip at the interface, it follows
that a thin layer of the ‘‘stagnant” gas phase must be entrained by the
film surface. This gas-pumping effect of the film surface has been dealt
with theoretically and experimentally by Mazyukevich (M8) for the case
of film flow inside a tube and has also been noted elsewhere (2, F7).

1. Flow in the Presence of an Adjoining Liquid Phase

In the case of film flow in the presence of a heavy adjoining phase
(density p.), it has been shown (F1) that the results obtained in Section
111, B, 2 for laminar flow remain valid provided there is negligible inter-
facial drag and the quantity gp is replaced by the effective value g(op — p.)
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throughout the derivations. In particular, Egs. (15) and (19) assume the

form
_ 3Q 1/3 _ , p 1/3 V2 1/3
b= [g(p — po) sin 0] = BN [p - Pc:l [g sin 9] (83)

Even when the adjacent liquid phase is stationary it is clear that the
interfacial shear is likely to be considerable because of the large viscosity of
the adjoining phase. Film flow with interfacial drag is considered below.

2. Smooth Laminar Film Flow with Interfacial Shear
For smooth laminar film flow with an interfacial shear the equations
of motion remain as in Section III, B, 2, but the boundary condition
du/dy = 0 at y = b must be replaced either by
(du/dy)y—s = —7i/n
with 7, as the interfacial shear, in which case,

9oy — L sing — Y
u—V<by 2>sm0 . (84)

or by
U = U at y=1>

where u, is no longer equal to 1.5% as in Section III, B, 2, which leads to

=Pl .o
u % by — y?) sin 8 + (85)

YUy
b
From these, two series of expressions similar to those obtained in Section

111, B, 2 can be obtained for use where 7, or u, are known,

Semenov (36) considered the case of smooth film flow with an interfacial
shear 7; (which may be either positive or negative) and a pressure drop in
the gas stream of ¢, and it was shown that no fewer than eight regimes of
gas-liquid flow may exist for an upward gas stream; however, half of these
are unstable and do not normally occur. Semenov’s expression for the
volumetric flow rate per wetted perimeter was

3u 2u

At the commencement of flooding in a wetted-wall column, the net flow
is zero (@ = 0), and, with this value, various solutions of (86) can be
studied. The trivial solution is that b = 0. If 7; is negative (downward
cocurrent flow) the equation can only be solved to give a negative value
of b, which is not physically meaningful, indicating that flooding cannot
occur in this case. With r, positive, however (countercurrent flow), flooding
commences at a film thickness of
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b= .A__

2(pg sin 6 — ¢)

More recently, Brauer (B18) carried out a detailed analysis of the flow

of smooth films and gas streams inside vertical tubes; this work was

subsequently extended by Feind (F2). In this treatment, all the possible

cases of film/gas flow (countercurrent, upward cocurrent, and downward

cocurrent) are dealt with in a unified manner by plotting the calculated

results in the form of |f] as a function of Nge,... Here |f] is the absolute value
of the dimensionless pressure drop in the gas stream:

Ifl _ 2r; _ 2(AP)(R —_ b)
- pga8<aga8)2 B Pgas(’l—zgas)‘zL

where AP/L is the pressure drop per unit length of the wetted tube. The
gas stream Reynolds number is defined as

N Regas = (ngas)Z(R - b) / Vgas (89)

Limiting values of the gas stream pressure drops have been obtained for
the various flow regimes.

Feind (I'2) has shown that the effect of an interfacial shear 7; due to a
countercurrent gas stream is to increase the film thickness in the ratio

b 3rs \1/3
1/ (=) @0

(for a vertical wall), where by denotes the value in the absence of a gas
stream. Flooding commences when

T _ 2

bog 3
1t is found that the ratio of the wall shear stresses 7,/7.0 decreases until
7:/bpg = % and then increases sharply. The surface velocity in the presence
of the gas stream is shown to be

(87)

(88)

(91)

Gyl T

= b (2 bgp) (©2)
and it can be deduced that the ratio of the surface velocity to the mean
velocity of the film is given by

_ 27 37
W/ =3 (1 bgp sin 0)/ (2 bgp sin 0) (93)

which reduces to the value given by (14) if r, = 0.

It is to be noted that these treatments assume that the pressure drop
per unit length is constant over the length of the wetted tube and that the
film is in smooth laminar flow, which is usually the case only at very low
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flow rates. The results above, therefore, represent mainly a limiting case, as
recognized by Brauer and Feind.

3. Wavy Flow with an Adjoining Gas Siream

Kapitsa (K8) extended his treatment of wavy free film flow to cover
this case also. For the simplest case, in which the gas stream does not
seriously affect the wavelength, it was found to a first approximation that
the mean film thickness b could be given in terms of the flow rate per wetted
perimeter @ and the mean gas velocity %g.s by means of the equation

s 2.40Q
__.ga_
(b)* + 0.27 79 sin 6 (Tigas — €)2Q2b — g sin 6 =0 (94)

where the 4 sign refers to countercurrent and cocurrent flow, respectively.
Hence, in downward cocurrent flow, when increasing 7, decreases b for
a given @), it follows from the stability considerations mentioned in Section
III, D that increased stability will result, while for countercurrent flow an
increase of %gas leads to an increase of b for constant Q; hence, the film
eventually becomes unstable and flooding commences, as observed in
practice. Kapitsa derived a condition for the onset of flooding from (94)
which was in excellent agreement with published experimental data (F4).

Semenov (87) simplified the wavy flow equations by omitting the
inertia terms, which is permissible in the case of very thin films. Expressions
are obtained for the wavelength, wave velocity, surface shape, stability,
ete., with an adjoining gas stream; the treatment refers mainly to the case
of upward cocurrent flow of the gas and wavy film in a vertical tube.

Konobeev et al. (K20, K21) have generalized the Semenov and Kapitsa
results for the case of wavy film flow with an adjoining gas stream. In
particular, the wavelength expression is obtained as

=T [p(c/u - 1E>(Zc/u - T)]m

In the absence of a moving gas stream, the velocity profile is semiparabolic,
and T = 0.9, so that (95) reduces to (67). For a linear velocity profile,
such as might occur in very high-speed cocurrent gas/film flow, T = 2.
It has been shown (K21) that the use of T = 0.8 gives excellent agreement
with wavelengths measured experimentally with very low liquid flow
rates and moderate cocurrent gas velocities. It seems that countercurrent
flow of the gas and film would require values of T' greater than 0.9.
Konobeev et al. obtained experimental wave velocities on a vertical wall
which were in excellent agreement with (95) up to film thicknesses of
about 0.28 mm.

It is of interest to note that Zhivaikin and Volgin (Z4) have questioned

(95)
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the utility of the wavy flow theories of the Kapitsa-Semenov type on the
grounds that the regular “sine wave’’ behavior assumed by these theories
is not usually observed in practice. However, these are the only compre-
hensive wavy flow theories for thin films available at present, and they
represent an interesting limiting case of film flow.

4, Turbulent Film Flow with an Adjoining Gas Stream

Attention in this section will be confined to the analysis of turbulent
film flow by Dukler (D12, D13, D14), which includes the effect of a
cocurrent downward gas stream. Film heat transfer under these circum-
stances is also considered. The Dukler analysis was later extended to cover
the case of upward cocurrent gas/film flow by Hewitt (H7).

Briefly, in this treatment a force balance is carried out on an element
of the film, taking into account the gas shear on the interface, which is
expressed in terms of the pressure drop per unit length in the gas stream
(assumed constant)., As usual, the interface is assumed to be smooth. In
this way an expression is obtained for the shear-stress distribution in the
film, and this is converted to a velocity distribution by making use of the
dimensionless veloeity profiles proposed for channel flow by Deissler (D7)
in the zone 0 < y+ < 20 and by von Karméan (V8) for the zone yt > 20.
The complicated equations obtained in this way were solved on a computer,
and the numerical results have been presented graphically and in tabular
form (D12, H7).

An important result of this treatment is that the dimensionless veloeity
wt within the film is no longer a unique function of the dimensionless
distance from the wall y*, as in single-phase pipe flow, but depends signifi-
cantly on a parameter involving the interfacial shear.

Neither of the treatments above covers the case of countercurrent
gas/film flow, but the behavior of a downward film flow in the absence of
a gas stream can be obtained from the original Dukler analysis. It is
found that in the laminar zone the film thicknesses predicted by the Dukler
theory are in agreement with (19). A comparison of the theory with
experimental results will be carried out in Section IV, A.

Finally, it may be noted that the error in Dukler’s original treatment
(D12) pointed out by Hewitt (H7, p. 4) is only apparent, since Hewitt’s
result can be reduced to a form exactly analogous to the corresponding
Dukler equation.

IV. Experimental Results and Comparison with Theory

The results of the more important experimental studies of the flow of
thin films will be reviewed briefly in this section, and these results will be
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compared with the predictions of the theoretical treatments of film flow
which have been outlined in Section III.

A Dbrief chronological review of the more important theoretical and
experimental investigations pertinent to the flow of liquids in thin films
is given in the Appendix. In general, only those heat and mass transfer
investigations which throw light on some aspect of the film flow problem
have been included.

For a more detailed survey, it will be most convenient to consider the
experimental results under separate headings, e.g., film thicknesses, film
velocities, etc., even though it will be apparent that many of the investi-
gations cover several of these topics.

A. MeaN FizMm THICKNESSES

1. Introduction

A knowledge of the thicknesses of flowing liquid films is of importance in a wide
range of practical problems involving film flow. Such problems include the calculation
of heat transfer in evaporators and condensers, mass transfer in film-type equipment,
the design of overflows and downcomers, ete.

As a result, much experimental work has been carried out to determine the thick-
nesses of flowing films. The experimental techniques for measuring the film thickness,
the most convenient manner of presenting the results, and finally the results with and
without a gas stream adjoining the film will be discussed here.

2. Ezxperimental Techniques and Presentation of Results

Many techniques have been proposed in the literature for the measurement of film
thicknesses, and most have been used by various investigators. These techniques may
be classified as:

(1) Direct determination of the position of the surface by means of a micrometer
gauge and pointer, e.g. (C9, H18, J3, J4, K17, R4).

(2) Improved probe methods, in which contact of the probe with the surface is
determined by some nonvisual method (B14, H9, P1, etc.).

(3) Photography of the film and channel (B4, C6, C11, K10, R3, W4).

(4) Weighing the channel and film continuously (K4).

(5) Drainage technique: the feed of liquid to the channel is shut off, and simul-
taneously the film liquid flowing from the channel is collected and measured. Knowing
the wetted area of the channel, the mean film thickness can be determined from the
volume of liquid (B21, C10, C15, F1, F5, W1). Improved drainage techniques have
been used by (F2, F7, P3, T14).

(6) Measurement of the electrical resistance between two probes set in the channel
wall (A1, B8, C13, G11, H9, K21, M7, V1).

(7) Measurement of the electrical capacitance between a probe placed above the
film surface and the channel wall (B12, D16, H9, P3, S11).

(8) The light-beam extinction technique, using a dyed film liquid (C4, C14, G7,
H11, L13).

(9) Radioactive tracer method (J1).
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Of these methods, the first can give accurate values of the mean film thickness only
in the absence of surface waves. The fourth and fifth methods can be used only for the
mean film thickness, while methods (2), (3), (6), (7), and (8) may be used for measuring
either the local or mean film thicknesses. Black (B12) and Portalski (P4) have discussed
the advantages and disadvantages of most of these measurement techniques, and
Hewitt and Lovegrove (H11a) have compared the film thickness values measured by
three different methods.

Several methods of correlating film thickness data have been published
in the literature. Thus, several investigators have plotted the film thickness
b as a function of the Reynolds number Ng.; this yields a different curve
for each liquid and is not very convenient. Hopf (H18) presented his film
thickness results in the form of an apparent liquid viscosity as a function
of Nr.. This type of plot makes it possible to see very clearly the value of
Nz, at which turbulence commences, since at this point the apparent
viscosity begins to differ from the true viscosity.

Two of the more general correlations may be considered here. The
first of these is the film friction-factor correlation. From Egs. (15), (17),
and (21), it can be shown that

o o
g - 2uml (96)
which indicates that the friction factor defined in this way can be regarded
as a form of dimensionless film thickness, as pointed out by Brauer (B14).
A plot of f as a function of Nge should therefore correlate all film thickness
data, and this method of correlation has been applied by several workers
(B14, C15, F1, 813, Z3). However, it is to be noted that (96) gives a true
value of the friction factor only for steady uniform laminar film flow in a
wide channel. For other flow regimes the value of f caleulated from (96)
can be regarded only as a dimensionless film thickness, and it is somewhat
misleading to take these values of f as friction factors in these cases. It has
been shown that the true value of the friction factor as calculated from
wall shear stress measurements in the wavy flow regime is not the same
as that given by (96) (F7). For this reason, the second method of corre-
lation given below seems to be preferable.

By rearranging Eq. (83), which is a generalized form of Eq. (19), it can
be shown that

b(g sin §/v%)1/3 (P ‘; Pu)”a = (3Ngo)V/3 (97)

The group on the left side of this equation is a form of dimensionless film
thickness and has been termed the Nusselt film thickness parameter
Nr (D12). Equation (97) indicates that a plot of N7 against Ng. on double-
logarithmic coordinates should give a straight line of slope 3 for the
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regime of smooth laminar flow. It has been found that this type of plot
successfully correlates film thickness data obtained in the other flow re-
gimes also (though the lines have a slope different from 4 for the other
regimes), and also data obtained with various liquids and on walls of
various slopes. When the fluid phase adjoining the free surface of the film
is gaseous the density correction term in (97) can be omitted, since then
P > Pe.

3. Discussion of Film Thickness Data in the Absence of a Glas Stream

A search of the literature up to 1959 revealed some 1013 values of the
film thickness which were tabulated or plotted on graphs large enough to
be read accurately. These measurements were obtained for a wide variety
of liquids, varying from very mobile hydrocarbon oils to glycerol, for film
flow on vertical walls and at slopes down to about 1° to the horizontal.
These values of the film thickness were recalculated and plotted as the
dimensionless thickness parameter N7 against Ng. (7). Figure 2 shows the
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Frc. 2. Sample of earlier film thickness data near the critical Reynolds number
plotted in terms of the Nusselt thickness parameter N7 and the Reynolds number Ng.,
for the ease of zero gas flow.

part of this plot in the region of the critical Reynolds number; the total
range extended from (N7, Ngre) of (0.5, 4 X 10~2) to (50, 4 X 10%). As can
be seen from this figure, many of the early film thickness data, which were
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obtained mainly by the micrometer or simple drainage techniques, were
not of a high degree of accuracy. However, in the laminar region the
values fell near the line given by Eq. (97) for the most part. Above Nz,
values of about 300-400, the experimental values deviated systematically
from this line. In the laminar regime, even when waves were present, the
Nr values appeared to agree better with Eq. (97) for a smooth film than
with the predictions of the Kapitsa theory of wavy film flow, Nzwavy) =
0.93N Temootny (see Section 111, D).

More recent film thickness measurements in the laminar wavy regime
obtained by improved techniques (F2, F7, P3) have shown that there are
appreciable reductions in the mean film thickness in the wavy regime for
both vertical and sloped surfaces, as predicted by the Kapitsa theory.

Feind (F2) measured the thickness of various films of kinematic
viscosities 1 to 19.7 centistokes flowing in a vertical tube. An improved
drainage technique was used. At the lowest values of Nr. (smooth laminar
flow regime) the values of Ny fell along the line given by Eq. (97). Once
wavy flow commenced, the values deviated towards the Kapitsa line,

Nr = (2.4Nge)'? (98)

At larger values of Ng, there was a gradual transition back towards the
Nusselt line, Eq. (97), which was finally crossed at about Nge,. = 350.
In the turbulent zone the experimental values of N7 fell above the Nusselt
line.

Feind’s empirical relationships may be written as

NT — (V’)0.02530.333(NRe)0.333(v')'°v“ (99)
for the region 0.72K ' < Ngr. < 135K %;

Np = (/) ~0-00530.333( ' )0.3830/) 08 (100)
for the region 1.35K P! < Ng. < 6.0Kp*;

Ny = (/) ~005530.333(\)0.3330)00: (101)

for the region 6.0K 3! < Ng, < 400,

where K is the physical properties group given by

Ky = p'g/po® = (Nwe)®/ (Nro) (N¥:)? (102)
and » is a “relative viscosity’ given by N B
v = » (in m.2/sec.)/0.6 X 10~ (103)

so that »' = 1.495 for water at 25°C.
For the turbulent region (Ng.> 400), it was found approximately
that
Nr = (0.369)313N L2 _ (104)
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The results of recent measurements of the thicknesses of water films
flowing in a channel of slope 74° to 90° (F7) can be represented approxi-
mately over the range 30 < Ngr. < 300 by the empirical relationship

Nr = 1.28(sin 6) —0-005y 3337 (105)

which indicates that the effect of the waves on the film thickness varies
with the slope of the wall on which the film flows. The data of Kamei and
Qishi (K4) also indicate that there is a reduction in the mean film thickness
in the wavy laminar regime, but these data are not presented in a form
suitable for exact comparison.

Portalski’s experimental results (P4) for several liquids flowing as
films on a vertical plate show that the measured film thicknesses are
smaller than those calculated by the Nusselt theory for smooth laminar
flow, except in the presence of surface-active materials. In certain cases
the measured film thicknesses were also smaller than those predicted by
the Kapitsa theory. Good agreement was also observed between the
measured film thicknesses in the turbulent and laminar regimes (except
at the lowest flow rates) and the predictions of the treatment based on the
universal velocity profile [see Eq. (80), ete.]. At the lowest flow rates (in
the smooth laminar regime), Portalski’s experimental film thicknesses fall
well below the Nusselt line and show a trend away from this line, and it is
deduced that the Nusselt theory (Section III, B, 2) cannot be used for
calculating the film thickness, even in this zone. However, these results
are not in agreement with other recent measurements (F2, F7), which
agree with or tend towards the Nusselt line in the smooth laminar zone.

Hence, the trend predicted by the Kapitsa theory is supported by the
recent, more accurate, film thickness measurements. This does not indicate,
however, that the Kapitsa theory will apply in detail over the whole wavy
laminar regime of film flow, since Kapitsa (K7) pointed out that such a
reduction in the mean thickness should result for other types of wavy
flow besides the particular case considered in his theory.

Turning to the turbulent regime of film flow, there are several empirical
relationships to be found in the literature. The experimental data of
Brauer (B14) for the zone Nge > 400 can be represented by the equation

Nr = 3YANYI*(400)—1/5 (106)

Feind’s results (I'2) have been given already by Eq. (104). Partly from di-
mensional considerations, Brétz (B21) showed that, in the turbulent region,
Nr = (3N%./580)1/3 (107)

By analogy with pipe flow, Zhivaikin and Volgin (Z4) obtained for the

turbulent region
Nrp = 0.141(4Ng.)"/1? (108)
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It can be seen that the empirical equations predict that Ny will vary
with some power of the Reynolds number between } and 2. These
equations are plotted in Fig. 3 on which is also shown the curve given by

10° i
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Eq. {98) Kapitsa line

Eq. (107) Brotz line
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Fi1a. 3. Comparison of various correlations for the film thickness in the turbulent
film flow regime in the absence of a gas flow.

the Dukler theory (Section III, F, 4) for the special case of zero interfacial
drag. The experimental film thickness data obtained by Reinius (R4) for
the flow of water in a smooth channel of small slope are also plotted on
Fig. 3, and it is clear that the Brétz relationship, Eq. (107), is in excellent
agreement with the experimental values over this very wide range of
Reynolds numbers. However, at the smaller values of Nge normally en-
countered in falling films, there is little difference between the predictions
of these relationships; and the Dukler curve, which avoids a sharp tran-
sition between the laminar and turbulent regimes, lies close to many of the
data in the transition and lower turbulent zones.

As noted earlier, the equation for turbulent film flow obtained by
Levich (L1.8) [Eq. (71)] contains an unspecified constant and therefore
cannot be readily compared with the other relationships for turbulent
films.
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4. Film Thicknesses in the Presence of a Gas Stream

There have been numerous studies of the effects of gas streams on the
thicknesses of liquid films flowing in contact with them. Cases studied in
the literature refer mainly to gas/film flow in vertical tubes or channels or
horizontal pipes. The latter case will not be considered here. The gas/film
flows may be countercurrent, cocurrent upwards, or cocurrent downwards.
Only the most important studies can be discussed here.

Semenov (S6) considered generally the effects of a gas drag at the film
interface for all the cases listed above for smooth laminar film flow (see
Section III, F, 2), and later experimental work confirmed these results
(K20, K10, 87) for the case when the film thickness is very small, with
no waves present on the film surface, and at moderate gas flow rates. The
early treatment by Nusselt (N6, N7) also gave results in agreement with
the experimental data obtained under these restricted conditions. Brauer’s
treatment of the problem (Section 1II, F, 2) (B18) also assumed laminar
flow of the film and absence of surface waves. The experimental work of
Feind (F2), which refers to countercurrent gas/film flow in a vertical tube,
showed that, although such a treatment was useful in predicting the quali-
tative effects of the gas stream on the film thickness and other properties,
the Reynolds number range in which it applied strietly was very limited.

In general, the various treatments predict that, as the velocity of the
gas stream is increased, the mean film thickness for a given liquid flow rate
decreases in the case of downward cocurrent flow of the two phases, due to
the acceleration of the surface by the gas stream drag. With countercurrent
flow of the gas and film, the opposite effect occurs, until & point is reached
at which the film no longer has a net downward flow, and “flooding” is
imminent. If the liquid is introduced at the lower end of the channel and
if the gas velocity is large enough, it is possible to have upward cocurrent
flow of the film and gas, and, as in downward cocurrent flow, the mean
thickness of the film at a given liquid flow rate decreases as the gas velocity
increases. This general behavior has been confirmed experimentally (co-
current upward: A5, C14, H9, H10, M5, K21, 86, Z3; cocurrent downward:
C4, K5, K21, 86, Z3; countercurrent: F2, ¥4, ¥7, G10, H20, K4, N2, 86,
811, T14, Z3, among others).

For wavy flow the experimental results of Konobeev ef al. (K20, K19)
are generally in quite good agreement with the theoretical predictions
outlined in Section II1, F, 3 for very low liquid flow rates. At larger flow
rates there are serious deviations from the predictions.

In the case of turbulent film flow with an adjoining gas stream, there
is a wealth of experimental studies reported in the literature. Only the
briefest review of these can be given here. In general, the difficulty en-
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countered in such studies is to convert the measured pressure drop in the
gas phase to a drag at the film/gas interface. It is frequently assumed that,
if the gas stream is made to pass through a long calming section to form
a fully developed flow profile before being introduced into the wetted
section, the entry effect will be negligible, so that the interfacial shear
stress can be calculated directly from the pressure drop per unit length.
However, even if the gas stream is fully developed with respect to the dry
entry tube, it will no longer be fully developed with respect to the wetted
section, where the new boundaries of the gas stream are in motion relative
to the inlet section walls. In general, it is necessary in such cases to make
use of the more complicated relationship quoted by Eckert et al, (E1) for
calculating the interfacial shear. In using this relationship, it is necessary
to know the manner in which the gas stream velocity profile changes in the
direction of fow, and this information is not often available.

In most of the work reported in the literature it is assumed that the
wetted tube over which the pressure drop is measured is sufficiently long
that such entry effects can be neglected. No account is taken of the waves
at the film surface, or of the fact that they may move faster than the mean
surface velocity of the film, and the energy lost or gained by the gas stream
in accelerating or decelerating the liquid surface near the inlet is also
neglected.

In spite of these apparently seriously restricting assumptions, Dukler
(D15) has shown that his theory for downward cocurrent flow is in agree-
ment with experimental gas/film thickness data reported by Charvonia
(C4) and McManus (M3). Hewitt et al. (H10) and Collier and Hewitt
(C13) have carried out analyses of numerous experimental data on the
thicknesses of liquid films in upward cocurrent flow in terms of the Dukler
theory and other simpler theories such as those due to Anderson and
Mantzouranis (A5) and Calvert and Williams (C2) (Section III, F, 4).
The experimental and calculated values are in moderate agreement in the
case of the Dukler and the Anderson and Mantzouranis treatments. The
discrepancies are probably due to the simplifying assumptions made in the
theoretical treatments.

Zhivaikin (Z3) has recently published the results of a detailed investi-
gation of the effects of a gas stream on the film thickness for upward
cocurrent, downward cocurrent, and countercurrent flow of the phases over
a wide range of flow rates. Thus, downward cocurrent flow is little affected
by gas velocities up to about 4 m./sec. For gas velocities between 4 m. /sec.
and the velocity at which spray formation commences (which has been
determined experimentally as a function of the flow rates of gas and liquid
and their physical properties), the film thickness is given by
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Nr =11 —0.022(v, — 4)](3Nge)/? (109)

where v, is the gas velocity, measured in meters per second.
For upward cocurrent flow, in the zone extending up to the formation
of spray, it was found experimentally that

Nr = 1.18(vg)V3(Nge) V2v; %4 (110)

where v, is the gas velocity in meters per second as before. The conditions
for flooding in countercurrent flow are also reported.

Feind (F2) has shown that, in countercurrent flow of the film and gas
stream, there is a zone at low gas veloeities in which the film thickness is
hardly altered by the gas stream. At larger gas flow rates the film thickness
increases; this point of initial increase of the film thickness occurs at lower
gas Reynolds numbers as the film Reynolds number is increased, as might
be expected. With countercurrent flow of liquid core streams, when the
interfacial drag is much larger than with gas cores, Strang ef al. (813) and
Treybal and Work (T16) have noted much larger increases in the film
thicknesses.

From the remarks above, it can be seen that, although there are many
experimental data available on the thicknesses of liquid films in the
presence of gas streams, further work, both experimental and theoretical,
will be required before film thicknesses can be predicted accurately under
such conditions.

B. OnsET oF TURBULENCE IN Fioms

There are several reports in the literature of the eritical Reynolds
number at which turbulent film flow commences. These values of Nge,.
are usually determined from the breaks which appear in the curves of film
thickness, surface velocity of the film, heat or mass transfer coefficients in
the film, etc., when plotted against Ng.. Some of the numerical values
proposed by various investigators are listed in Table I.

Several of these investigators have quoted an upper and lower critical
value, enclosing a transition region, and Schoklitsch (83) has given three
values, the lowest, Ng. = 144, at which turbulence could be first detected,
the second, Ng. = 389, at which the turbulent part of the flow became
important, and an upper value, Ng. = 900, at which the film became
“fully turbulent.”

Dukler (D12) and Zhivatkin and Volgin (Z4) have pointed out thaf
the transition to turbulence in a thin film is likely to be a gradual process,
so that it is not reasonable to expect a single, sharply defined critical
Reynolds number. The seatter in the experimental values of Nge. tabu-
lated below can be explained in this way. However, the bulk of the evidence
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TABLE I

Varurs oF THE CRITICAL REYNOLDS NUMBER

Investigator and Date Ref, NReorit
Hopf, 1910 (H18) 250-300
Schoklitsch, 1920 (53) 144, 389, 900
Jeffreys, 1925 J4) 310
Monrad and Badger, 1930 (M12) 350
Schmidt et al., 1930 (82) 280-430
Kirkbride, 1934 (K17) 500
Cooper et al., 1934 (C15) 525
Horton et al., 1934 (H19) 550-750
Fallah et al., 1934 (F1) 500
Kutateladze, 1939 (reported by Z4) (Z4) 375
Grigull, 1942 (G8) 350
Dukler and Bergelin, 1952 (D16) 270
Grigull, 1952 (G9) 310-450
Emmert and Pigford, 1954 (E4) 300
Britz, 1954 B21) 590
Stirba and Hurt, 1955 (S512) below 300
Brauer, 1956 (B14) 400410
Thomas and Portalski, 1958 (T14) 290
Belkin et al., 1959 (B4) 325-500
Feind, 1960 (F2) 400, 800
Kutateladze and Styrikovich, 1960 (K25) 100-400
Reinius, 1961 (smooth channel data) (R4) 400
Zhivatkin and Volgin, 1961 (Z4) 400, 1000
Saveanu et al., 1962 (S1) 362
Wilke, 1962 (W3) 400, 800
Fulford, 1962 (F7) 260-330

seems to support a lower value Nge,.. in the region of 250400, with a less
well-marked upper value of about 800.

Brauer (B14) and Kamei and Oishi (K4) have reported experimental
values of the eritical Reynolds numbers of films containing small quantities
of surface-active materials in solution. In this case, the value of Nge..
appeared to depend on the surface tension of the solution; this effect is
probably due to the layer of surface-active material present at the inter-
face.

C. OnsgT oF RippriNGg IN Fium Frow

As reported in Section III, C, there are numerous theoretical treat-
ments of the problem of the onset of rippling in a falling film. By way of
comparing these predictions, the theoretical lines giving the Reynolds
number at the onset of rippling, Nr., as & function of the channel slope
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are plotted in Fig. 4, using the Benjamin simplified theory (B5), Eq. (44),
Kapitsa’s theory [Eq. (38)], and the theory of Ishihara, et al. (I2), which
reduces to a form similar to Eq. (44). The physical properties substituted
in the equations in making this plot are those of water at room temperature.

50 Line | — Eq. (44) Benjamin theory
2 - Eq. (111
3 -~ Eq. (38) Kapitsa theary (H0)
4 ~ Npge, = cos 8, ishihara (12)
Symbol  Ref. Liquid
40 . (s14) H,0
+ (B9) H,0
r{ X (BIO) H20
* (F7) Hx0
° (P3) Aq. glycerol
30
k
NRe,
20
L 2
10 %
3 * *
*
i 4 \\ ;
—
1
00 30 60 S0

Channel slope §°

Fic. 4. Variation of the Reynolds number for wave inception, NRe;, with channel
slope.

Making use of the condition that waves can only be stable if the Froude
number of the flow is equal to unity (or exceeds unity), and using Eq. (46),
it is seen that

Nge, = 3 cosec 6 (111)
The stability criterion of Hanratty and Hershman (H2) cannot be plotted
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on Fig. 4, since it contains the relative wavelength as a parameter. How-
ever, for long waves this reduces to a form very similar to the conditions
of Benjamin and of Ishihara et al.

The various hydraulic stability analyses mentioned in Section III, C
lead to the criterion Ny, = n, where n = 0.58-2.0, instead of 1.0 as assumed
above, and these reduce to conditions similar to Eq. {111) for the onset of
rippling, but with numerical constants other than 3.

Also shown in Fig. 4 are the experimental values of the Reynolds
number at which waves were first detected on water films flowing in
channels of various slopes (B9, B10, B14, F7). These values were de-
termined by careful visual observation of the free surface of the film (B9,
F7), from photographs (B10), or by an electronic ‘‘feeler”” (B14).

It is seen that in general the various theories are in reasonable agree-
ment with each other, especially the Benjamin and the Ishihara theories,
The simple condition Ny, = 1 shows a similar trend with channel slope,
but the values lie slightly higher at all slopes. The Kapitsa theory predicts
that the values of Ny, will change little with slope except at very small
slopes.

The experimental values lie above the theoretical curves but indicate
a similar trend with channel slope. Binnie (B10) has shown that the exact
value of Ng., obtained depends to some extent on the method used for
detecting the waves; waves are detected at smaller values of Nge, when
more sensitive methods are used. Since many of the experimental points
in Fig. 4 were determined visually, which is not a particularly accurate
method, it is reasonable to expect that they should fall high, for the
Benjamin and Ishihara curves give a lower limit of Ng.. It can be seen
that the condition Ny = 1 seems to be in moderate agreement with the
experimental values of the Reynolds number at which waves are clearly
visible for water films in channels of various slopes. It is interesting to note
that, by analyzing his own and previously published experimental results
on the onset of rippling in vertical columns using a number of liquids of
widely different physical properties, Jackson (J1) also deduced that the
criterion for wave formation was N > 1. Belkin ef al. (B4) arrived at the
same conclusion. It seems, therefore, that the condition Ny, = 1, or its
equivalent, Eq. (111), represents a useful working equation for calculating
the onset of rippling.

Unfortunately, the experimental results mentioned above do not throw
any light on an interesting aspect of the Benjamin theory of film stability,
namely, the prediction that films flowing on vertical walls are unstable at
all flow rates (see Section I11, C). This is due to the fact that, although
the theory predicts that vertical films will always be wavy, the waves may
be very small at low flow rates. The fact that the use of more sensitive
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methods of wave detection leads to smaller experimental values of Nge,
(see above) may be indirect confirmation of the theory.

Brauver (B14) carried out very careful determinations of the values of
Nge for films of water and aqueous diethylene glycol solutions flowing on
vertical tubes. The results were correlated by the empirical relationship

Nre, = 0.306(Kp)—0-1 (112)

where Kp is the dimensionless group given by Eq. (102). Rather earlier,
Grimley (G10), using less sensitive methods of detection, obtained a
similar correlation,

NRei = 0.3(Kp)~18 (113)

which gives slightly higher numerical values of Nge, for the liquids used.

A careful analysis of the experimental results of Brauer in terms of
Benjamin's theory (Section ITI, C) indicated (F7) the interesting fact that,
for all the pure liquids (i.e., liquids not containing surface-active materials
in solution), the rate of increase of the Benjamin amplification factor with
the Reynolds number, d@/d(Nr.), was the same at the point of onset of
rippling.

Benjamin (B7) has also indicated that, if constant amplification of the
most unstable wave per wavelength is assumed, it can be derived from
the theory that

Nge; o (Kp)~t/H (114)

and it is interesting to note that this relationship is quite similar to the
experimental correlation obtained by Brauer, Eq. (112).

D. SurracE WavEs oN Finms

1. General Observations of Wavy Flow

Perhaps the most interesting features of film flow are the wave patterns which ap-
pear at the free surface of the flowing film at all except the lowest liquid flow rates.
Numerous investigators have made observations of these waves under various flow
conditions, e.g. (A2, A3, B6, B9, B10, B14, B15, B16, B20, C4, D17, E4, F2, F7, G10,
Hi6, H19, H2, 12, J4, K1, K10, K18, L10, L11, L12, L13, M7, R2, 87, 811, T3, T5,
T7, T13, T14, V1, V4, W2, W3), among others. It has been mentioned earlier (Section
III, C) that wavy film flow is usually so complex that no satisfactory general theory of
wavy film flow has yet been possible. For the same reason the experimental determi-
nation of the parameters characterizing the wave patterns is extremely difficult. Many
of the earlier descriptions of wavy film flow are purely qualitative, and it is only in
recent years that attempts have been made to measure mean wavelengths, amplitudes,
etc., for any but the regular (“‘sine wave’’) regime of wavy flow.

In general, the wave patterns may be described qualitatively as follows. At very low
flow rates (Nre < NRe,), the film surface is completely smooth and mirror-like, troubled
only occasionally by small random “dimples,” which are rapidly damped out in the
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direction of flow of the film. At slightly larger Reynolds numbers, small, symmetrical,
regular waves appear. The wave fronts are almost straight and perpendicular to the
direction of flow. At still larger flow rates, the regular symmetrical waves tend to become
less regular, and the cross section of the wave assumes the nonsymmetrical shape
usually described as a “roll wave” (D9), with a steep front and a long, gently sloping
tail. Frequently each roll wave is preceded by a number of small waves [termed ‘“push
waves” by Brauer (B14)] which move as a group with the main wave (B14, C6, F7,
M7). (It appears likely that, although the wavelength of the main roll waves is large
enough to make capillary effects negligible over most of the wave, the curvature of the
steep front is sufficiently great to lead to the formation of capillary ripples at the toe
of the main wave.) In this zone of flow the wave fronts are no longer straight at all times
but show a tendency to form bulges or to split or overtake each other. Similar obser-
vations have been made recently for the case of upward cocurrent gas/film flow (T7),

As the liquid flow rate is increased a stage is reached when the main waves and their
accompanying push waves have become so randomly mixed that the individual wave
fronts can scarcely be distinguished, and the surface appears to be covered with a mass
of small jagged ‘“turbulent”’ waves. A number of photographs of this type of wave
pattern have been published, e.g., by Bressler (B20), by Dukler and Bergelin (D16),
and by Tailby and Portalski (T'4). Certain observers (B14, T7) have noted larger wave
rings or disturbance waves superimposed on this rough surface.

The presence of a gas stream appears to increase the size and randomness of the
waves on the film surface (C4, F2, F7). Countercurrent gas flow leads to a decrease in
the wave velocity, with the opposite effect for cocurrent flow.

2. The Smooth Entry Zone

In nearly all of the observations of wavy flow, it has been noted that
there ig initially a smooth region near the liquid inlet before waves appear
on the film surface. The length of this smooth entry zone varies with the
liquid flow rate, the fiow rate of the adjoining gas stream, if present, and
to some extent on the manner in which the liquid is introduced (T5). In
general, the length of the smooth zone increases as the flow rate increases,
but the increase is not in direct proportion to the flow rate (C6, Ji, F2,
M2, ¥7, T5, B14). Chien (C7) has noted that, as the flow rate is increased
above a certain value, local disturbances occur within this initially smooth
zone, leading to an apparent decrease in its length; however, it appears
that the length of the zone without sustained wavy flow continues to
increase with increasing flow rate. The observation made by Grimliey
(G11), that his films ceased to be wavy above a certain liquid flow rate, is
probably due to the length of the entry region exceeding the total length
of his wetted surfaces at the larger flow rates.

The cause of this initial smooth zone and the subsequent fairly sudden
transition to wavy flow is not completely clear. Working on a much larger
scale, with mostly turbulent flow of the liquid layers on dam spillways,
Bauer (B1) has shown that the length of the smooth initial region is the
same as the distance required for the turbulent boundary layer, which
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begins to form at the point of introduction of the liquid, to reach the thick-
ness of the whole liquid layer, which in this initial zone accelerates and
becomes thinner in the direction of flow. MacLeod (M2) arrived at a
similar conclusion for flow rates normally encountered in wetted-wall
columns, i.e., that the waves appeared at the end of the acceleration zone
of the film, when the boundary layer (laminar or turbulent) had reached
the same thickness as the film. Unfortunately, it is not a simple matter to
caleulate the film thickness in the acceleration zone; there is some dispute
as to the length of the acceleration zone (S5, L14), and, in any case, the
exact manner of introducing the liquid will affect the length of this zone to
some extent (see ¥2, L14, W4). However, recent measurements of the
film thicknesses near the liquid inlet have indicated a marked decrease in
the film thickness in the direction of flow (C6, C7, ¥7, M7, T7), and it has
been found that in many cases the film acceleration continued at an
ever-decreasing rate as far as the point of wave inception (F7).

It seems possible, therefore, that in this initial region the upper part of
the film, outside the growing boundary layer, is in potential-like flow, and
that once the boundary layer reaches the free surface, its vorticity is
sufficient to trigger the wave disturbances, which can then propagate or
not, depending on whether the flow is unstable or stable (Ng > 1 or
Ne:. < 1).

On the other hand, since the film is accelerating in this initial zone, it
follows that the IFroude number of the flow, which may be taken as the
criterion for gravity-wave instability, increases from some very small
value at the inlet to its equilibrium value for the particular flow rate and
channel slope. Depending on the flow conditions, it is possible for the
Froude number of the flow to reach the critical value before the end of the
acceleration zone is reached. In this case it can be supposed that waves
could occur before the end of the acceleration zone if some triggering
mechanism were available. This appears to be the case in fact, for Tailby
and Portalski (T5) have noted that when an adjacent gas stream (either
cocurrent or countercurrent) is present, the length of the smooth entry
zone decreases markedly.,

Chien (C7) has proposed an energy mechanism for explaining the
initial decrease in film thickness and subsequent formation of waves.
Mayer (M7) has dealt with the manner in which the waves, which are
initially fairly regular near the inception line, later develop into roll waves,
ete., downstream, and Lighthill (L10) has also considered the manner in
which waveforms may change by amplitude and frequency dispersion.

It is clear that further detailed work is required in order to explain the
initial smooth zone adequately.
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3. Effect of Surface-Active Materials on Wavy Films

1t is well known that many types of waves and ripples can be damped
by interfacial films of surface-active materials, as shown theoretically by
Levich (1.6, L7). There have been a number of investigations into the
effects of surface-active additives on the flow of wavy films (E4, H2, H20,
12, J1, L15, M7, 811, 812, T3). In addition, surface-active materials have
also been used in various studies of mass and heat transfer to films, and
some of these results throw light on the flow behavior of the films, e.g.
(H13, M11, R1, T9, T10, T11, T12).

Most of the investigators have found that surface-active additives
greatly reduce or completely eliminate the surface ripples. The mechanism
by which the surface-active materials suppress the waves is discussed by
Emmert and Pigford (E4). In the mass-transfer studies, it has been found
that the addition of surface-active materials greatly reduces the rate of
mass transfer at a given liquid flow rate. It is interesting to note that by
adding surface-active material to an initially wavy water film, Ternovskaya
and Belopol’skil (T11) found that the rate of absorption of SO, at small
Reynolds numbers decreased by 25-387%,, while Kapitsa (K9) has calcu-
lated that, in the regime of regular waves, the increase in the mass-transfer
rate due the waves is of the same order, namely 20-309. Hence it seems
that the change in the mass-transfer rates under these circumstances is due
purely to the changes in the hydrodynamics of the flowing surface. It has
been shown experimentally that the change in surface tension brought
about by the surface-active additives has little effect as such on the mass-
transfer rates (T9). Lynn et al. (L15, 116, L17) have shown that surface-
active materials may lead to the formation of a stagnant ‘“‘skin” over the
lower part of a film surface, and this may become important in measuring
rates of mass-transfer in short wetted-wall columns.

Emmert and Pigford (E4), Ternovskaya and Belopol'skil (T9-T12),
and Tailby and Portalski (T3) have carried out detailed investigations of
the effects of surfactants, using several different surfactants, each at a
number of concentrations. In nearly all cases it was found that, as the
concentration of surfactant was increased, the waves were rapidly damped
out as far as some optimum concentration, beyond which there was either
little further damping of the waves, or the waviness increased again.
Ternovskaya and Belopol'skii calculated that the optimum concentrations
for wave damping corresponded to quantities of surfactant just sufficient
to form a saturated monolayer at the interface (T10).

It is of interest to note that Brotz (B21) and Jackson (J1) could find little effect of

the addition of surface-active materials on film flow. It is possible that these experiments
were carried out in a region where the waves were mainly of the gravity type, i.e., of
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fairly long wavelength, and hence less likely to be affected by capillary forces. In this
connection, it may be noted that Keulegan (X15) has found that surface-active materials
may prevent waves being formed in the first place, but that, once formed, they do little
to prevent gravity waves from propagating in the usual way. In dealing with wave
problems of the present sort it is clearly important for experimenters to specify whether
the Froude and Weber numbers are above the critical values, so that it can be decided
whether the waves are likely to be controlled mainly by gravity forces, capillary forces,
or a combination of both; surface-active materials will have a much larger effect on the
capillary waves with their shorter wavelengths and hence greater surface curvatures.

4. Wavelengths, Wave Velocities, Maximum and Minimum Film Thicknesses

a. Wapelengths. In recent years there have been several investigations
of the wavelengths of the surface waves appearing on films or, alterna-
tively, the wave frequencies, from which the wavelengths can be calcu-
lated if the wave velocities are known (A3, B10, C4, C6, F7, G7, G11, 11,
12, K10, K20, K21, M7, 87, T4, T7).

It has already been noted that the wavelengths are regular only near
the line of wave inception, except at low liquid flow rates, when regular
waves extend over the remainder of the film surface also.

Tailby and Portalski (T4) have reported measurements of the wave-
lengths near the point of wave inception on vertical films of various liquids.
Even in this case, it was found that the wavelengths were considerably
greater than predicted by the Kapitsa theory, Eq. (67), even in the cases
in which the conditions of the theory were satisfied. Similar results have
been obtained for water films on walls of various slopes (F7).

For most flow rates the wavelength in the region away from the line of
inception varies considerably with time, and it is possible to obtain a mean
wavelength only by averaging the distances between the fronts of a large
number of waves. It has been found that after a zone at low Reynolds
numbers in which the wavelength decreases with increasing Nge, as
predicted by the Kapitsa theory, there is a marked increase in the mean
wavelength in the roll-wave zone (F7). The maximum wavelength is
reached at Nr. = 100-160 (depending on the channel slope), after which
there is again a decrease in the mean wavelength. The locus of the maxima
on the wavelength-Reynolds number curves has been found to agree
closely with the line Nw. = 0.7-1.0, which indicates that the initial sharp
increase in the wavelength is due to the action of gravity-type-roll waves,
while the subsequent decrease is probably due to the formation of shorter
capillary waves near the critical Weber number of unity.

These results also show that, at a given liquid flow rate, the wavelength
increases rapidly as the slope of the wetted wall is decreased.

The standard deviation of the individual waves from the mean wave-
length was also calculated, giving some measure of the randomness of the
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wave patterns. (The wavelengths appeared to follow a Gaussian distri-
bution quite closely.) The standard deviation increased in the roll-wave
region, then decreased in the zone immediately above Nwe..,, and finally
increased again, slowly, in the turbulent region.

Although there are numerous published investigations in which records
of the wavy surface profile have been obtained, e.g. (H9, D16, S11), not
many of these have been analyzed for information on wavelengths, most
being concerned with wave-size (height) distributions. However, it may
be noted that the experimental wavelengths of Kapitsa and Kapitsa (K10)
show a trend in the direction of the data reported above, even at very
small Reynolds numbers (Ng. < 25). It seems, therefore, that the Kapitsa
theory is applicable only at very small flow rates, as far as wave charac-
teristics are concerned, in the case of the free flow of wavy films. Allen
(A3) has reported a similar conclusion.

On the other hand, Konobeev and his co-workers (K20, K21) have
shown that Eq. (95), which is a simplified and generalized form of the
Kapitsa equation for the wavelength, is in good agreement with experi-
mental data for the wavelengths appearing in upward cocurrent gas/film
flow. However, these investigations were confined to very small liquid
flow rates. At larger flow rates, Taylor et al. (T6, T7) have shown that the
wave patterns in upward cocurrent gas/liquid flow are quite complex,
though even at moderate liquid flow rates the wavelengths appear to be
more uniform than in free film flow. It was found that the wave frequency
was relatively insensitive to the air flow rate but increased with the liquid
flow rate.

There appears to be little information available on the effect of a
countercurrent gas stream on the wavelength.

b. Wave Velocities. The Kapitsa theory [Eq. (65)] predicts that the
wave velocity should be 2.4 times the mean film veloeity, while the theories
of Benjamin (B5) and Hanratty and Hershman (H2) predict that ¢ = 37.
Ishihara et al. (I2) have shown that the wave velocity in the laminar
region can be given as

3
¢= u{5 NResme} (115)

The experimental results of Mayer indicate that the wave velocity is
proportional to N¥2 (M7). Since % is proportional to N¥2 [Eq. (18)], it
follows that the ratio ¢/% must decrease with increasing Reynolds numbers.
Similar experimental conclusions have been reported elsewhere also, e.g,
Fn.

In order to compare the theoretical predictions with experimental
values, the ratio ¢/u is plotted as a function of the Reynolds number in
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Fig. 5. The lines ¢/u = 3 and ¢/u = 2.4 corresponding to the theories of
Benjamin and Hanratty and Hershman and of Kapitsa are shown, to-
gether with the line given by Eq. (115), using 6 = 73°. The remaining lines
represent smoothed experimental wave velocity data (F7) for water films
on wetted walls of slopes 7%, 62, and 90°.
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Fra. 5. Ratio of the wave velocity to mean film velocity, ¢/4, in the absence of gas
flow as a function of Ng.: comparison of various theories with smoothed experimental
data (F7) for water films in ineclined channel.

It can be seen immediately that the experimental values of ¢/% reach
a value of 3 only at very small flow rates, near the flow rate for the onset
of rippling, which is the zone for which Benjamin’s theory is strictly
applicable. The experimental values fall below the Kapitsa value of 2.4 at
Nze = 30. The theoretical relationship by Ishihara et al. predicts that
¢/% will decrease as Ny, increases, but less rapidly than observed experi-
mentally. However, this theory is strictly applicable only at very small
channel slopes and for waves of negligibly small amplitude, so that exact
agreement cannot be expected.

The experimental results show that ¢/u decreases up to & certain flow
rate at which it was found that Nw. = 0.8, after which a different be-
havior is exhibited, with an increase in ¢/% as Nrg. increases. At Ny, = 280,
a further break was observed; this is due to the onset of turbulence in the
film, which alters the manner in which % varies with Ng.. Hence, as in the
case of the wavelengths, there appears to be an important change in the
wave characteristics near the critical Weber number of unity.

The experimental wave velocities of Kapitsa and Kapitsa (K10) for
vertical water films are in agreement with the results given above, but
these investigators only covered the range up to Ngr. = 25. The experi-
mental wave velocities for water films given by Portalski (P3) (90°) and
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Mayer (M7) (small slopes) show the same trend as these results, but the
numerical values of ¢ at a given Ny, are rather larger.

An interesting feature of the experimental results plotted in Fig. 5 is that the ratio
¢/@ may be less than 1.5 under certain flow conditions. It will be shown later (Section
IV, F) that the surface velocity of the film is equal to 1.5, so that in this flow zone it
appears that the surface waves move less rapidly than the surface of the film. Under
these circumstances, the waves might tend to steepen at the upstream end, and the
sudden transition from steep-fronted to steep-backed waves might explain the increase
in the randomness of the waves in this flow zone, as illustrated by the standard deviation
of the wavelengths mentioned in the last section.

Taylor et al. (T6, T7) have reported on wave velocities in upward
cocurrent gas/film flow. It was found that the wave velocity increased
rapidly with increasing gas flow rate but varied little with liquid flow rate.
It was found, furthermore, that the individual wave velocities were not
uniformly distributed around the mean value under given flow conditions,
but that certain “preferred velocities” appeared to exist. The reasons for
such behavior are not clear at present. More recently, Nedderman and
Shearer (N1a) have carried out similar studies over a wider range of gas
and liquid flow rates. Although the results were similar in many respects,
it seems that the wave frequencies, of the large disturbance waves in
particular, are dependent on the geometry of the apparatus. These results
showed that, at constant water flow rate, the wave veloecity for upward
cocurrent flow varied with the square root of the air velocity relative to the
waves,

There is again a lack of detailed measurements for the case of counter-
current gas/film flow. Qualitative observations (F7) indicate that the wave
velocity first increases slightly as the gas flow rate increases, perhaps due
to an increase in the size of the waves, and then decreases due to gas phase
drag,

e. Maximum and Minimum Film Thicknesses. Brauer (B14) carried
out the first detailed investigation of the distribution of wave sizes on a
vertical film and reported on the maximum film thickness (height to the
highest wave crest), the minimum film thickness (liquid thickness from the
wall to the deepest wave trough), and also the frequencies of waves of
various sizes, for the case of zero gas flow,

More recently, similar studies have been carried out for other cases of
flow; Shirotsuka et al. (811) have given empirical relationships for the
mean wave heights as a function of the gas and liquid flow rates for the
case of countercurrent gas/film flow, Lilleleht and Hanratty (1.12, L13)
and McManus (M3) have considered the amplitude characteristics of the
waves at a horizontal liquid surface in the presence of a gas stream. Similar
studies have been carried out for cocurrent gas/film flow by Hewitt et al.
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(H9, H11) and Konobeev et al. (K20, X21) for the case of upward flow,
and by Charvonia (C4), Chien (C7), and Konobeev et al. (K20, K21) for
downward flow of the phases.

Brauer (B15, B16, B17) has pointed out that information on the fre-
guency of the waves, regarded as surface disturbances, may be of consider-
able importance in calculating the rates of heat and mass transfer through
the wavy film interface, and, in fact, Konobeev et al. (K20, K21) have
shown that the rate of absorption of CO, by a water film in wavy cocurrent
flow can be correlated in terms of the length and amplitude of the surface
waves over the range of small liquid flow rates investigated.

In most cases, it is found that there is a considerable spread in the wave
amplitudes, but that for given gas and liquid flow rates there is a certain
wave height which occurs most frequently, and which ean therefore be
regarded as a characteristic of the wavy flow. The manner in which this
characteristic frequency varies with the flow rates has been given in the
literature, e.g. (B14, C4, H9).

In addition to the effects on heat and mass transfer, the wavy film
surface also acts as ‘“‘rough wall” to the adjoining gas phase (.12, C4,
G3). This aspect of such flows will be considered more fully in Section
IV, G.

In spite of the detailed investigations mentioned above, much work
remains to be done on this aspect of film flow before it will be possible to
characterize the wave amplitude behavior accurately for all the film flow
regimes. Once wavelengths and wave amplitudes can be predicted accu-
rately, it may be expected that a better understanding of transfer processes
at wavy film interfaces will result.

5. Increase of Interfacial Area Due to Waves

Wetted-wall columns have been used for many years for determining
mass-transfer coefficients on the assumption that the interfacial area across
which mass transfer occurs can be obtained accurately from the dimensions
of the column and a knowledge of the film thickness. It is therefore of
considerable practical interest to determine whether the interfacial waves
lead to an appreciable increase in the interfacial area of the film, which
would introduce a grave uncertainty into such methods of determining
mass-transfer coefficients.

Portalski (T2) has extended Kapitsa’s treatment of wavy film flow
to obtain an expression for the inecrease in interfacial area due to the
waves [Eq. (68)]. For mobile liquids this relationship predicts that the
increase in interfacial area will be very large, reaching 1509, for 2-propanol
at Ng. = 175, for example, though the applicability of the Kapitsa theory
at such large Reynolds numbers is in doubt. Experimental values of the
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increase in interfacial area were presented (T2) for films of 829 glycerol
solution on a vertical wall and found to be in good agreement with the
value predicted by Eq. (68) at Ng. 22 12 (39, experimental, 3.39, calcu-
lated). Dukler and Bergelin (D16) also obtained records of the wavy
surface profiles of vertical films and claimed that the increase in interfacial
area was appreciable, though numerical values were not given.

Levich (L8) has shown that, for capillary waves, the relative increase

in interfacial area is given by
AS a\?
o = ()\) (116)

where o and A are the wave amplitude and wavelength. Since, usually,
A > a, this formula predicts that AS/S will be small.

The wave profile photographs published by Kapitsa and Kapitsa for
vertical films of water and ethanol at small Reynolds numbers indicate
that the increase in surface area can only be small. Brauer (B14) obtained
numerous profile photographs of wavy films over the range 25 < Ng, <
1675, and measured a maximum increase in the interfacial area of about
3%. From similar photographic studies, Belkin et al. (B4) and Vouyoucalos
(V7) arrived at increases of not more than 109, and 87, respectively.
Portalski (T2, discussion) has criticized the results of Belkin and Brauer
on the grounds that exact orthogonal views of the film profile were not
obtained by the photographic technique used, and that the measured
increases in interfacial area were too low, due to partial blocking of troughs
by other crests in the photographs. Nevertheless, Shirotsuka et al. (S11),
who obtained film profiles by means of a capacitance probe similar to
Portalski’s, have obtained increases in surface area of less than 0.29, up
to liquid Reynolds numbers of 160, even in the presence of a countercurrent
gas stream (water films). These workers have shown that it is difficult to
obtain accurate values of the increase in surface area from a recorder
chart of the wave profile, which is normally considerably exaggerated in
the direction perpendicular to the film surface.

Ternovskaya and Belopol’skii (T'12) claim that the decrease in surface
area due to damping of waves is small, and Allen (A3) has shown that the
increase of surface area by the waves is smaller than predicted by Portalski.

In general, it seems that, although there must be a measurable increase
in the interfacial area of a wavy film, this is not likely to be too important
in practice.

6. Mixing Effect of Surface Waves

It is well known from the literature that the waves appearing at the
surfaces of flowing films lead to increases in the rates of heat and mass
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transfer to such films. Zotikov and Bronskii (Z5) have shown that surface
waves lead to an increased rate of heat transfer, and Labuntsov (I.1) has
reported a correction to the Nusselt heat transfer equations for condensate
films to take into account the effects of interfacial waves. Zhavoronkov
et al. (Z2) and Kamei and Oishi (K3) have reported increases in mass-
transfer rates to wavy films, which are up to several times as large as the
values caleulated for smooth flow of the same Reynolds number. Similarly
Hikita (H12) and Stirba and Hurt (S12) have reported that the rates of
mass transfer to wavy laminar films are much larger than those predicted
from the theory for smooth laminar flow, but that when surface-active
materials were added to damp out the waves, the results were in agreement
with the theories of Pigford (89) or Vyazovov (V8). Recently Heartinger
(H5) has proposed a model to account for mass transfer in wavy films also,
while Brauer (B14, B16) has reviewed a mass of experimental data and
proposed a semi-empirical method of calculating mass and heat transfer
in wavy films.

In order to explain these large increases in the transfer rates to wavy
films, Jackson (J1) has postulated that the waves in a wetted-wall column
behave as sources of localized mixing action moving over the film, which
may otherwise be in laminar motion. Stirba and Hurt (812) have carried
out dye tracer experiments in a wetted-wall column, which indicated that
even well within the laminar zone the dye streaks are broken up by the
waves. When the waves were damped out by the use of surface-active
materials the dye streaks remained undisturbed at the same liquid flow
rates. Ishihara ef al. (I1) have reported tracer studies in waves appearing
on a laminar water flow at small slopes and concluded that there must be
a considerable degree of turbulent mixing along the fronts of such waves.
Mayer (M7) has published photographs of laminar roll waves and has
shown that these waves are characterized by ridges of high vorticity with
quiescent interwave zones. Allen (A3) has also suggested that the increased
rates of heat and mass transfer in wavy films are due to mixing in the
fluid streams.

On the theoretical side, Dmitriev and Bonchkovskaya (DS8) have
shown that in principle turbulence should spread from waves. Kapitsa
(K9) has calculated a general tensor quantity, termed the coefficient of
wavy transfer, which is applicable to any flow with periodic disturbances,
such as pulsations or surface waves. This treatment predicts an appreciable
increase in the rates of heat and mass transfer in wavy films, though this
increase does not appear to be as large as that observed experimentally
under certain conditions.

Davies (D4, D5, D5a, D6) has reported that when a potassium per-
manganate dye streak was injected through a fine capillary tube below



200 GEORGE D. FULFORD

the surface of a water film in vertical wavy laminar flow, the surface
waves appeared to have no effect on the width of the streak, indicating
that there was no lateral mixing action in the wave fronts. From a con-
sideration of the original Kapitsa treatment of wavy film flow, Portalski
(P5) has shown theoretically that circulating eddies may arise as a result
of the zones of reversed flow predicted in the wave troughs by this theory.
Such eddies would explain the increased rates of heat and mass transfer
to wavy films in the absence of lateral mixing in the wave fronts. However,
recent experiments in which a potassium permanganate dye streak was
injected carefully onto the surface of a water film have shown that the dye
streak became appreciably wider in the wave fronts and eventually became
very diffuse, even at Ng. < 90, i.e., well within the laminar zone; the
disappearance of the sharply defined dye streak was accelerated in the
presence of a countercurrent gas stream (F7). It is possible that the
persistence of the dye streaks in the earlier experiments is connected with
the manner in which the dye trace was injected; in studying the flow of
films over roughness elements, Vouyoucalos (V7) showed that dye streaks
behaved differently if injected near the free surface (which is likely to be
most affected by the waves) or deeper in the film.

Finally, brief mention must be made of & series of recent papers in which
it is shown that the mixing action usually aseribed to discontinuities (e.g.,
mixing between packing elements in a packed column) may be, in fact, a
result of the action of ripples present on the film flowing over the packing
at the discontinuities (A7, R3, W3). It is clear that the flow patterns in
wavy film flow and their effects on transfer processes merit a great deal of
further study.

E. Errect oF WaLL RoucanEss oN Fivm Frow

Although nearly all of the theoretical and experimental studies of film
flow have dealt with the flow of films along hydrodynamically smooth
surfaces, it is of interest to review the limited information available on
the effects of wall roughness in view of their possible importance.

Using channels of glass and roughened brass, Hopf (H18) found that
the critical Reynolds number appeared to be independent of the wall
roughness in film flow. For vertical tubes of different roughnesses, Claassen
(C10) found that the thicknesses of flowing films varied little, though
the amount of liquid remaining on the wall after draining increased with
the roughness of the surface.

There are numerous reports of investigations of the effects of roughness
on flow in open channels. For instance, Reinius (R4) has reported on the
effects of surfaces covered with various types of roughnesses (spheres, sand,
ete.) on the flow of water in open channels, while Hama (H1) has reported
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the effects of other types of roughness elements on flow in a flume. Un-
fortunately, in most of these investigations the channel slopes are ex-
tremely small, and the conditions are not the same as in the flow of thin
films on steep walls.

Vouyoucalos (V7) carried out experiments with film flow over regular
transverse wall roughness elements of very large size compared with the
film thickness and showed that interesting back-mixing patterns could
occur in the zones between the roughness elements. Bressler (B20) has
also shown that the use of a plate with horizontal ridges increases the
turbulence in a film flowing over it and improves heat transfer to such a
film. Saveanu et al. (S1) investigated the effects of introducing small
roughness elements of various sizes on an otherwise smooth vertical wall.
These elements were placed at intervals equal to the characteristic wave-
length appearing at the free surface. It was found that, with elements of
height only 0.2 mm., the critical Reynolds number at which turbulence
became important was reduced from its value of 362 for a smooth wall to
287. Increase of the roughness to 0.5 mm. led to little additional change.

The most detailed investigation of the effects of roughness on film flow
available at present is due to Brauer (B14). In these experiments fine
wires of 0.1-, 0.2-, and 0.3-mm. diameter were placed around a wetted tube
20 mm. above a device for measuring the local heat transfer coefficient to
the film. The critical Reynolds numbers obtained for the three sizes of
disturbance were 380, 360, and 340, respectively, compared with the value
of 400 for the smooth wall, and for the 0.2-mm. disturbance, the local heat
transfer coefficient at Np. = 800 was at least 129, larger than for the
smooth wall. When the roughness elements were placed 40 mm. or more
above the heat transfer device, no change could be detected compared with
the smooth wall, indicating that the effects of the roughness elements die
out rapidly downstream.

It seems that it would be of practical interest to investigate the effects
of wall roughness in greater detail, since it might be possible by means of
suitably arranged small roughness elements to increase the rates of heat
and mass transfer in film-type equipment.

F. Fium VELocITiES AND VELOCITY PROFILES

A knowledge of the velocity profiles within falling films under various
flow conditions would be of very great value, making it possible to calculate
the rates of convective heat and mass transfer processes in flowing films
without the need for the simplified models which must be used at present.
Tor instance, the analyses of Hatta (H3, H4) and Vyazovov (V8, V9)
indicate clearly the differences in the theoretical mass-transfer rates due
to the assumption of linear or semiparabolic velocity profiles in smooth
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laminar films. The importance of the shape of the velocity profile in studies
of heat transfer to films has also been stressed by Wilke (W2) and others;
up to the present there have been no direct checks as to whether the
various velocity profiles assumed for turbulent film flow (Sections III, E
and III, F, 4) are in fact observed in the flow of films.

Unfortunately, the thinness of most liquid films makes it difficult to
measure the velocity profiles experimentally, since it is practically im-
possible to introduce any of the usual fluid-velocity probes into a film
which may be less than 1 mm. thick without grossly distorting the flow
patterns. Nevertheless, film velocity profile measurements have been re-
ported for a few special cases.

Grimley (G10, G11) used an ultramicroscope technique to determine
the velocities of colloidal particles suspended in a falling film of tap water.
It was assumed that the particles moved with the local liquid velocity,
go that, by observing the velocities of particles at different distances from
the wall, a complete velocity profile could be obtained. These results
indicated that the velocity did not follow the semiparabolic pattern
predicted by Eq. (11); instead, the maximum velocity occurred a short
distance below the free surface, while nearer the wall the experimental
results were lower than those given by Eq. (11). It was found, however,
that the velocity profile approached the theoretical shape when surface-
active material was added and the waves were damped out, and, in the
light of later results, it seems probable that the discrepancies in the presence
of wavy flow are due to the inclusion of the fluctuating wavy velocities
near the free surface.

Clayton (C11) measured velocity profiles in vertical films of various
liquids by a chronophotographic method, and this work was continued by
Wilkes and Nedderman (W4), using improved techniques. Almost instan-
taneous values of the velocity are obtained at different distances from the
wall in this method, so that the difficulty noted above is eliminated. It
has been shown in this way (W4) that in the smooth laminar flow regime
the velocity profiles are in very close agreement with the predictions of
Eq. (11). In the presence of waves at the film surface the local velocities
scatter about the theoretical curve, which, however, continues to give an
excellent approximation to the time-averaged local velocities. This investi-
gation was confined to quite small Reynolds numbers (regime of regular
waves), and further results for other wavy regimes would be of great
interest,.

Wilke (W2, W3) obtained velocity profiles by means of a traversing
scoop, which collected the liquid flowing within the part of the film between
the free surface and the lip of the scoop. These results were complicated
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by the fact that the flow is periodic in the part of the film between the
highest wave crests and deepest wave troughs, but, by applying suitable
corrections, Wilke showed that useful information on the velocity profiles
could be obtained.

However, for the most part it is necessary to concentrate on the determi-
nation of the mean film velocity (from the flow rate and the mean film
thickness, see Section IV, A) and the true surface velocity of the film. If
the ratio u,/% is equal to 1.5 [see Eq. (14)] this will be an indication that
the velocity profile is semiparabolic.

It is well known that in turbulent pipe flow the parabolic profile
present in laminar flow becomes blunter, so that the ratio uuqx/% decreases.
A similar effect has been found for the relatively deep flows in open channels
at small slopes by Jeffreys (J4), who obtained values of u,/% down to
1.06, and by Horton et al. (H19), who measured values as low as 1.1. It can
be expected that in the flow of thin films the ratio will decrease in turbulent
fiow from the value of 1.5, but by a very much smaller amount than ob-
served in the deep flows noted above.

Several workers have reported experimental values of the ratio w./%
for film flow, e.g., Friedman and Miller (F5), Grimley (G11), and Chew
(C6), who timed the movement of dye drops at the free surface, Brauer
(B14) and Jaymond (J3) who used plastic “‘confetti” as surface tracers,
and Asbjgrnsen (A6), who used an interesting residence-time technique.
Jackson et al. (J2) have deduced the effective film surface velocities from
pressure drop measurements in an adjoining gas stream, neglecting the
effects of the surface roughness due to the waves.

These studies show that up to the Reynolds number of wave inception,
NgRe, the ratio u,/% is equal to the theoretical value of 1.5 [Eq. (14)].
Above Nge, all the investigators above found a sharp increase in u,/% to
a value between 1.9 and 2.25, followed by a more gradual decrease to a
value of 1.5, again in the region of Nge,. (except Jackson et al., who did
not observe the subsequent decrease to 1.5).

On the other hand, Portalski (P4) found values of u./% which fell near
or below the theoretical value of 1.5 for all the flow rates investigated,
including the range in which other workers found values of 2.0 or greater.
It seems clear that the earlier workers have measured an “effective”
surface velocity in the region of large waves, which lies between the true
surface velocity of the film and the wave velocity. It is of interest to note
that the maximum values of #,/% have been reported in the zone in which
the wavelengths appeared to pass through a maximum, i.e., near Nwe = 1
(see Section IV, D, 4, a), and the effective surface velocities tend towards
the theoretical value of the surface velocity in the zone near Nge,., where
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the wave velocities tend towards the value of the surface velocity (Seetion
IV, D, 4, b) and where Kirkbride (K17) has reported a decrease in the
wave heights.

Unfortunately, in the light of the paper of Tinney and Bassett (T15),
it is not clear that the method used by Portalski for measuring the surface
velocity of the film (measurement of the rate of propagation of a surge
front at the given flow rate on a just-wetted surface) will give accurate
values of this quantity. More recently (F7), other measurements of the
surface velocities of water films have been made, in which the surface
velocity has been calculated from the wavelengths of the standing waves
on the film surface formed upstream of a stationary pointer just touching
the surface. The theory underlying this method has been treated by Lamb
(L5) under the title of Lord Rayleigh’s ‘“fishline problem.” The experi-
mental values, which covered the range Ng. = 180-750, fell about the
line u,/% = 1.5 and showed no tendency to increase towards the value of
2.0 at the lower Reynolds numbers. Although there was a fairly large
experimental scatter, the average of 226 readings was (u,/%)av = 1.543,
quite close to the theoretical value.

It seems, therefore, that the true surface velocity of the film does not
vary much from the theoretical value over the range of flow rates normally
encountered in wetted-wall columns.

It was also found that, although u, decreased in the presence of an air
counterflow, the ratio u,/% remained almost unchanged at moderate gas
flow rates (Nme. up to 24,000), since the film thickness increased, and
hence % decreased as well as u,. This is in agreement with Eq. (93), which
predicts that u,/%@ will be only slightly smaller than 1.5, unless the inter-
facial shear stress is large.

Feind (F2) has indicated that, in determining the effect of a liquid film
flow on an adjoining gas stream, the velocity of the gas relative to the film
surface is an important parameter. At present there are few measurements
of film surface velocities for the various cases of gas/film flow, and the
problem remains as to whether the gas velocity should be considered
relative to the true surface velocity of the film in the wavy regime, or to
the wave velocity, or to some effective surface velocity.

G. Staric PrEsSURE DRoP IN THE GAs STREAM OF A
WerTED-WALL CoLUuMN

Numerous pressure-drop measurements have been made in the gas
streams of wetted-wall equipment under various geometric and flow
conditions. For the case of vertical tubes, pressure drops have been reported
for downward cocurrent gas/film flow by Charvonia (C4), Chien (C7), and
Zhivalkin and Volgin (Z4a), for upward cocurrent flow by Bennett and
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Thornton (B8), Calvert and Williams (C2), Hewitt and co-workers (C13,
G3, H8, H9, H10), and Mahrenholtz (M5), and for countercurrent flow
by Clayton (C11), Feind (F2), Jackson et al. (J2), Kamei and Oishi (K2),
and Thomas and Portalski (T14). Pressure-drop measurements have also
been reported for other geometries of the wetted channel (F7, H6, M3,
among others). In addition, values have been reported for the small static
pressure drops occurring in wetted-wall equipment in the absence of a
net gas flow due to the entraining action of the liquid film surface (F2,
F7, MB).

Attempts have been made to compare the experimentally measured
pressure drops with various of the theories discussed in Section III, F
and with the more generalized empirical two phase friction-factor corre-
lations of the type discussed by Dukler and Wicks (D17)., Hewitt et al.
(H10) have compared their experimental data for upward cocurrent flow
with one such empirical correlation and with the theories of Anderson and
Mantzouranis (A5) and of Dukler (D12) and Hewitt (H7). In most cases
there was good qualitative agreement only.

The theoretical treatments assume that the pressure drop per unit
length of the wetted-wall column is a constant quantity, that is, that the
gas and liquid streams are both in steady-state flow, with no changes in
their velocity profiles in the direction of flow of each phase. In many cases
the experimental pressure gradients reported in the literature have been
obtained by measuring the pressure drop over the whole length of a wetted
wall column and dividing this value by the length of the column, which is
clearly valid only so long as the pressure gradient is constant over the
whole length of the column. Recent careful experimental measurements in
countercurrent fow (F2, F7), in upward cocurrent flow (G3), and in
downward cocurrent flow (Z4a) have shown that the pressure gradient is
not always constant in the direction of flow of the gas, due to changes in
the shape of the gas stream velocity profile and to changes in energy on
accelerating or decelerating the liquid film near the inlet. Until it is possible
to correct aceurately for these effects, or until pressure gradient measure-
ments referring specifically to the steady-state flow regions are available,
it seems to serve little useful purpose to compare the theories with the
experimental values, which may be valid only for the specific column
dimensions investigated, and only a general discussion can be given here,

A particularly interesting feature of gas flow in a tube wetted by a
wavy film is that the pressure drop for a given gas velocity is considerably
larger than in the case of flow in a dry tube (M4), as shown very clearly by
the data of Feind (F2). In an attempt to explain this effect, Laird (L3) in-
vestigated gas flows along tubes with flexible walls which performed sine
wave oscillations. It was concluded that a large part of the increase in the
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pressure drop over the value for a smooth tube was due to changes in the
gas stream profile. Later measurements by Laird et al. (I.4) in tubes with
wavy stationary walls showed that the pressure drop in this case was not
greatly in excess of the value for a smooth tube, from which it was con-
cluded that the boundary shape alone could not be the cause of the large in-
crease in the pressure drop in columns wetted by wavy films. Konobeev and
Zhavoronkov (K22) carried out similar studies for both long-wave and
short-wave stationary wall roughnesses and pointed out that in wetted-
wall columns the pressure drop increase would be greater than in a tube
with stationary solid waves on the walls, due to the moving, irregular, and
deformable nature of the roughness elements. In the case of countercurrent
gas/film flow, Feind (F2) has suggested that the thin layer of gas entrained
at the surface of the liquid film (to satisfy the condition of zero slip) must
travel in a direction opposite to the main gas flow, so that the effective gas
velocity gradient at the interface (and hence the pressure drop) will be
increased.

Attempts have been made to characterize the effects of the interfacial
waves on the gas stream by calculating an equivalent sand roughness for
the wavy interface from velocity profile measurements in the gas stream
(G2, H6, L13). Lilleleht and Hanratty (1.12) have shown that a sand
roughness calculated in this way is in good agreement with the root-mean-
square wave heights. However, more recently Gill et al. (G3) have shown
that the effect of a wavy film surface on a gas stream in contact with
it is not the same in some respects as that of a solid rough wall. One grave
complication in the approach of regarding the film surface as a rough sur-
face relative to which the gas stream moves is that, in this case, the
“roughness elements” are themselves in motion relative to the “wall,”
since it has been shown in Section IV, D, 4, b that the wave velocity
usually differs from the film surface velocity.

From the brief discussion above, it can be seen that our knowledge of
the pressure drop and the interfacial shear stress in the gas stream of a
wetted-wall column is very unsatisfactory at present. Since the pressure
drop is an important quantity in more complicated two-phase flows, of
which gas/film flow is the simplest case, this is particularly unfortunate,
and a great deal of detailed experimental work is necessary on this topie.

H. WarL SuEAR STREss IN THE Liquip Fium

Experimental measurements of the wall shear stress exerted by a falling
liquid film have been reported for the cases of film flow outside a vertical
tube (B14) and in a channel of variable slope (F7). In both cases the
experimental results in the zone of smooth laminar flow were in agreement
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with the predictions of Eq. (16) or (20), and the friction factors calculated
from the wall shear stresses are therefore given by Eq. (21).

In the wavy laminar regime, however, the experimental values of the
film wall shear stress, and hence of the film frietion factor, are appreciably
greater than predicted by the theoretical equations mentioned above. The
deviation between the experimental and theoretical values at a given value
of Nrge increased with increasing slope of the channel (F7). The increase
in the wall shear stress is due at least partly to the decrease in the mean
film thickness in the wavy flow regime, which leads to a greater mean
velocity and velocity gradient at the wall. In the turbulent zone of film
flow, Brauer (Bi4) has shown that the wall shear stress is given (for

vertical film flow) by
7w = 0.0465(Nge)?/®

which corresponds to a friction factor of
= 0.408/(Nge)¥15

Preliminary results (F7) show that, in the case of countercurrent
gas/film flow, the film wall shear stresses decrease with increasing gas
velocity, due to the increase in the mean film thickness (and hence decrease
in the velocity gradient at the wall) at a given liquid flow rate.

As yet there appear to be no reports of wall shear stress measurements
in liquid films with cocurrent gas streams.

V. Conclusions

In the preceding sections an attempt has been made to summarize the
information available at present on a number of aspects of film flow.

In his review of research in the field of film condensation, Colburn
(C12) summed up the situation in 1951 by saying, ‘. . . the direction of
most promising research is in studying fluid flow characteristies of liquids
in layers, with and without a superimposed gas velocity. The types of
turbulence in layers needs to be investigated, and also the nature of a
laminar layer containing ripples. . . .”” It is interesting to note that a
significant part of the work on film flow carried out since that time has
been concerned in one way or another with the wavy nature of flowing
films and with the interactions between films and adjacent gas streams.
However, in spite of several important advances, the field of gas/film flow
is s0 vast that the remarks above remain quite valid today.

In recent years there has been a considerable increase in the amount
of information available on the more macroscopic aspects of film flow
under various conditions, such as the film thicknesses, general wave
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patterns, over-all pressure drops in the gas streams of wetted-wall columns,
surface velocities of the film, the various ecritical flow rates at which
changes occur in the flow behavior of the film, and the like, However, the
situation is rather less satisfactory as regards the finer features of such
flows, particularly in the wavy flow regime. For example, much work
remains to be done in the investigation of the flow patterns and velocity
profiles inside films and, in particular, inside the waves at the film surface;
the interfacial shear stress exerted by a gas stream at a wavy film surface
and the related local gas stream pressure drop also urgently require closer
study, and a number of other features of film flow which seem to merit more
detailed investigation have been mentioned in the earlier sections.

As regards the theoretical studies of film flow, it has been shown that
it is possible to prediet quite accurately the flow behavior in the smooth
laminar flow regime of the film; unfortunately, this flow regime is not of
great practical importance. The Kapitsa theory for wavy film flow appears
to apply over ounly a very limited part of the total wavy flow regime (flow
with regular waves). Apart from this theory, there appears to be no general
theory available for the wavy flow of thin films on steep surfaces, and the
mathematical difficulties in the way of developing such a theory appear to
be enormous. It seems probable that it will be necessary to use empirical
relationships, based on a suitably wide mass of experimental results, for
describing the flow behavior in the wavy flow regime, but it will be some
time before sufficient results are available.

It is of interest to note that several new experimental techniques for
the study of film flow have been developed in recent years, including
improved methods for studying local film thicknesses and wave profiles
(e.g., HY, L13, S11), a method for obtaining instantaneous and undisturbed
velocity profiles in films (W4) and for obtaining wall shear stresses and
local heat transfer coeflicients in films (B14, W3), to mention but a few.
In this way it has become possible within the last few years to measure
many of the features of film flow which were previously beyond the reach of
experimentation, while the speed and accuracy of other measurements
have been greatly inereased. In view of the expanding interest in film
flow (see the Appendix), it can be expected that this intense experimental
activity will continue, eventually providing suff.cient information to en-
able many of the puzzling features of film flow to be explained, thus laying
a firm foundation for the study of more complex two-phase flows,

ACKNOWLEDGMENTS

The present review of the literature on film flow was carried out in its original form
at the Department of Chemical Engineering, University of Birmingham, Birmingham,
England. The writer would like to express his gratitude to the Department of Chemical



THE FLOW OF LIQUIDS IN THIN FILMS 209

Engineering and to the Esso Petroleum Company for financial assistance, and to
Professor F. H. Garner, O.B.E,, for his interest in this work.

Nomenclature

@ Amplification of most unstable wave in traveling 10 em.
b Film thickness
b: Initial film thickness at x = 0
by Film thickness given by Nusselt equation [Eq. (15)]
Value of variable film thickness at z = =
Dimensionless film thickness, Eq. (77)
Mean film thickness
Phase velocity of waves
Function of ; or friction factor for film flow
Acceleration of gravity
Constant
Length of column
Integer (1, 2, 3. . .) in summations; or wave number, Eq. (40)
Pressure
Capillary pressure, Eq. (49)
Pressure drop
Volumetric flow rate per unit wetted perimeter
Radial coordinate
Tube radius
Interfacial area
Increase in interfacial area due to waves
Time
Velocity profile shape factor, Eq. (95)
u Velocity in z-direction
u, Surface velocity of film
ut  Dimensionless veloeity in z-direction, Eq. (75)
u* Friction velocity, Eq. (78)
@ Mean velocity in film
v Velocity in y-direction
v, (as stream velocity
Velocity in z-direction; or half-width of wetted channel (Section 111, B, 4)
W Weight flow rate per wetted perimeter
z Coordinate in direction of flow
y  Coordinate measured from wall across thickness of film
y* Dimensionless distance from wall, Eq. (76)
z Coordinate across channel

>
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o
-~ 0 W
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GREEK LETTERS

o Wave amplitude

8’ Thickness of nonturbulent surface layer

A Change in quantity

8 Angle of channel bed, measured from horizontal
A Wavelength
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Dynamic viscosity
Kinematic viscosity

Relative viscosity, defined by Eq. (103)
Density

Density of adjacent phase
Surface tension

Shear stress

Interfacial shear stress

Wall shear stress

Quantity defined in Eq. (55)
Quantity defined in Eq. (63)
Pressure drop per unit length
Force potential of field

s
e ee I 9 aPo New

NAMED DIMENSIONLESS GROUPS

Kr = p'g/po®, physical properties group
N&: Froude number, defined by Eq. (3)
Nre Reynolds number of film, defined by Eq. (1)
NReoie Critical Reynolds number for onset of turbulence
NRews Reynolds number of gas stream
NRe; Reynolds number at onset of instability
Nr Nusselt dimensionless film thickness parameter, defined by Eq. (97)
Nwe Weber number, defined by Eq. (2).

SUPERSCRIPT

-+ Dimensionless quantity

SUBSCRIPTS

crit  Critical value of quantity
gas Gas phase quantity
0 Value of quantity in absence of gas stream.
OTHER SYMBOLS

v? Laplacian operator
lg| Absolute value of quantity ¢

APPENDIX. Brier CHRONOLOGICAL Résumt or Papers oN Fium Frow anDp
ReLATED ToPIcs

Authors and Date Remarks

Hopf (H18), 1910 Film flow experiments (water, sugar solution) in chan-
nel 5.2 X 40 em., slope 5 —334°; Nge = 150-600. Obser-
vations of film thickness, surface velocity, wave
formation, effects of wall roughness. Theory of film flow
in rectangular channel in absence of surface tension
forces.
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Authors and Date

Remarks

Nusselt (N6), 1916

Claassen (C10), 1918

Schoklitsch (83), 1920

Nusselt (N7), 1923

Jeffreys (J4), 1923

Chwang (C9), 1928

Cornish (C16), 1928

Warden (W1), 1930

Cooper and Willey (C15), 1934

Hatta (H3), Hatta and Katori
(H4), 1934

Horton et al. (H19), 1934

Kirkbride (K17), 1934

Theoretical treatment of flow and heat transfer in
smooth laminar films, with and without interfacial drag.
Inertia forces neglected.

Experimental studies of film flow of water, NaCl solu-
tions, and molasses on vertical tubes. Measurements of
film thickness, liquid adhering after draining, effects of
roughness.

Flow studies in channel at small slopes (below 2°) with
water; Nre = 22-45,000. Thicknesses, critical Reynolds
number, onset of turbulence studied.

Extension of earlier work (N6), and comparison with
experiments of Claassen.

Water flow in channel 10.2 X 364 c¢cm. at small slopes,
large range of Nr.. Measurements of velocities, ratio of
mean to maximum velocity, thicknesses; NRe,;, = 310.
Dye tracer experiments used to deduce thickness of
laminar sublayer, eddy viscosity, friction factors.
Theoretical work on bores, waves, instability of flow.

Study of thicknesses of water, oil films on plates at
slopes up to 13°. Nre = 0.9-110.

Theory of flow with free surface in rectangular channel
of finite width, neglecting interfacial drag.

Flow of water films inside tubes, Ng. = 69-1830. Film
thicknesses reported.

Flow of films of dilute H,SO, inside tube, diameter 1.13
cm. Npe = 1.53-192. Film thicknesses reported.

Theoretical and experimental work on absorption of
CO:; by water film on channel 1.5 cm. X various lengths,
slopes 1°-90°. Shows inapplicability of ‘‘two film”
theory to most cases of gas absorption by liquid films.

Laminar water flow studied in channel, 14.3 X 86.4 cm.
at slopes up to 2°. Measurements of thickness, surface
velocity, ratio u,/4. Capillary edge effect noted. Onset
of turbulence discussed.

Flow of water and 4 oils outside tubes, Nge = 0.04~-
2000. Film thicknesses (maximum wave heights)
measured by micrometer. Wavy flow is described, and
corrections to Nusselt theory derived for heat transfer
in laminar wavy film flow.
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Authors and Date
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Remarks

Cooper et al. (C15), 1934

Fallah et al. (F1), 1934

Holmes (H16), 1936

Bays and McAdams (B2),
1937

Strang et al. (813), 1937

Keulegan (K13), 1938

Verschoor (V3), 1938
Sexauer (88), 1939

Keulegan and  Patterson
(K16), 1940

Levich (L6), 1940

MecAdams et al. (M1), 1940

Thomas (T'13), 1940

Vyazovov (V8, V9), 1940

Friedman and Miller (F5),
1941

Earlier film thickness data correlated in form of film
friction factor plot.

Flow of water films inside tubes, with second phase of
air, white oil, stationary and countercurrent kerosine.
Film thicknesses of this and previous work correlated by
film friction factor plot.

Observations of traveling waves in steep channels.

An improved correlation for heat transfer in laminar
film flow is presented.

Flow of water films (Nge = 6-150) inside tubes with
stationary second phase of tetralin, kerosine, and 4 oils
of various densities and viscosities. Effect of buoyancy
forces on film thickness determined.

Extension of Prandtl-von Kérmédn turbulent flow
theories to turbulent flow in open channels. Effects of
wall roughness, channel shape, and free surface on
velocity distribution are considered.

Hold-up in wetted-wall columns.

Experimental study of heat transfer to and through
condensate films.

Determination of criterion for wave formation in
turbulent flow in steep channels: Ng. > § or Ng: > 2,
depending on use of Manning or Chézy coefficients for
registance term.

Theory of the damping of waves by insoluble surface-
active materials.

Correlation of heat transfer coefficients in falling-film
heaters, Nro = 225-15,000.

Theory of wave propagation in steep channels. Experi-
mental work on wave profiles in channel in which the
wetted wall was moved upwards to keep wave profile
stationary. Surface tension effects neglected.

Observations of flow and absorption of CO; by water
film (laminar flow) on plate 9.2 X 110 c¢m., various
slopes. Gas absorption by smooth laminar film dealt
with theoretically, assuming linear and semiparabolic
velocity profiles.

Flow of films of water, oil, toluene, and kerosine inside

- tubes, Ngz. = 0.02-115. Measurements of thickness,

surface velocity, onset of wavy flow,
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Authors and Date

Remarks

Levich (L7), 1941

Grigull (G8), 1942

Treybal and Work (T16), 1942

Semenov (S6), 19044

Grimley (G10), 1945

Vedernikov (V2), 1946

Fradkov (F4), 1947

Grimley (G11), 1947

Kapitsa (K7, K8), 1948

Levich (L8), 1948

Theory of damping of waves by soluble surface-active
materials: shows that damping coefficient passes
through a maximum as concentration of surfactant
increases.

Treatment of heat transfer in condensate film on
vertical surface, assuming applicability of Prandtl pipe-
flow relationships. Comparison with experimental data.

Thicknesses of aqueous acetic acid films inside tubes
with moving second phase of benzene. Wide range of
Nrge.

Experimental thicknesses of water films inside tube
1.38 X 23 cm.; Ngre = 2-77. Theoretical treatment of
smooth laminar flow with interfacial drag due to
cocurrent or countercurrent gas flow, and onset of
flooding.

Film flow in tubes and channels (water, water 4+
surfactant), co- and counter-flow of air. Wave obser-
vations, onset of rippling, surface velocity, velocity
distribution, film thicknesses, effects of surface tension
and surfactants.

Theoretical treatment of wavy flow in open channels.
Wavy flow and turbulent flow clearly distinguished.

Theory of laminar film flow with interfacial drag.
Experimental work on film flow of liquid air with
counter-flow of air; conditions for onset of flooding
determined.

Amplification of earlier work (G10), and experimental
work on CO; absorption by water film. Photos of wavy
films.

Theoretical treatment of wavy flow of thin films of
viscous liquids, including capillary effects. Only
regular waves considered. Wavy flow shown to be more
stable than smooth film, and about 7% thinner than
smooth film at same flow rate. Also calculates wave
amplitudes, wavelengths, etc., onset of wavy flow,
effects of countercurrent gas stream, heat transfer.
Theory applicable only if wavelength exceeds 14 film
thicknesses. Error in treatment pointed out by Levich
(L9).

Considers theoretically mass transfer across liquid/fluid
interfaces, with special treatment of gas absorption by
turbulent liquid films.
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Authors and Date

GEORGE D. FULFORD

Remarks

Dressler (D9), 1949

Kapitsa and Kapitsa (K10),
1949

Semenov (87), 1950

Ternovskaya and Belopol'skil
(19, T10), 1950

Tsien (T17), 1950

Carpenter and Colburn (C3,
C12), 1951

Jackson et al. (J2), 1951

Kapitsa (K9), 1951

Shibuya (S10), 1951

Zhavoronkov et al. (Z2), 1951

Calvert (C1), 1952

Craya (C17), 1952

Mathematical treatment of roll waves in inclined open
channel, including effects of slope, resistance to flow,
but neglecting surface tension effects.

Wavy flow of water and alcohol films on outside of
tube of diameter 2 cm., Nro < 100, studied photo-
graphically and stroboscopically. Experimental data at
low flow rates in agreement with Kapitsa theory; waves
become random at large flow rates.

Extension of earlier work to wavy film flow. Kapitsa
theory simplified by omitting inertia terms, and applied
to wavy film flow with co- or counter-flow of gas to give
thickness, velocity, wavelength, wave velocity, sta-
bility, onset of flooding, etc.

Experimental study of absorption of SO, in water film
with various surfactant additives. Rate of absorption
decreased rapidly then increased slowly as concentration
of surfactant increased (cf. Levich, L7); this effect is
shown to be due to damping of waves.

Describes applications of film cooling.

Review of research on film condensation; shows im-
portance of gas stream effects, waves, transition to tur-
bulence, ete.

Experimental study of film flow inside tube with
counter-flow of gas. Film surface velocity deduced from
pressure drop readings in gas stream, neglecting wave
roughness effects. Surface velocities appear to exceed
the theoretical values in the wavy flow regime.

Deals theoretically with heat and mass transfer to
periodic flows, e.g., to wavy liquid films.

Mathematical treatment of onset of wavy flow in
liquid films on vertical tubes. Waves appear for Nge
> 7. Wavelength of first waves =2 3 film thicknesses.

Mass transfer studies (CO, into water film) in two
diameters of wetted-wall column and on wetted-plate
packing (liquid mixed at intervals). Gas velocity had
little effect on transfer rates,

Theory for case of upward cocurrent gas/film flow in
tubes. Numerous experimental results on film thick-
nesses, pressure drops, etc.

Treatment of stability problem in open channel flow.
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Authors and Date
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Remarks

Dressler (D10), 1952

Grigull (G9), 1952

Ishihara et al. (I1), 1952

Pennie and Belanger (P1),
1952

Dukler and Bergelin (D16),
1952

Sherwood and Pigford (S9),
1952

Ternovskaya and Belopol'skil
(T11, T12), 1952

Chew (C6), 1953

Dressler and Pohle (D11),
1953

Brotz (B21), 1954

Emmert and Pigford (E4),
1954

Treatment of stability and roll-wave formation in open
channels, using general resistance formula.

Correlation and discussion of heat transfer results for
film condensation.

Theoretical treatment of stability of laminar film flow:
waves possible for Ny, > 0.58. Experiments in channel
20 X 500 cm., slopes up to 15°. Measurements of wave-
length, wave velocities, and frequencies, onset of
rippling and turbulence. Tracer studies of turbulence in
wave fronts.

Film thickness measurements in film of 5% aqueous
sodium carbonate solution flowing inside tube (diameter
1.28 cm.). Ng. = 13-3250.

Study of water films on vertical plate, 61.4 X 204 cm.
Nge = 120-750. Film thicknesses (local and mean) by
capacitance proximity meter; wave profiles; photos of
wave patterns. Theoretical treatment assuming appli-
eability to film flow of pipe-flow universal velocity
profiles.

Much information on absorption, distillation, and
vaporization in wetted-wall columns. Details of Pig-
ford's theoretical treatment of gas absorption by smooth
laminar films.

Extension of earlier work (T'10) on effects of surfactants
on rates of gas absorption by water films, giving expla-
nation of mechanism.

Film thicknesses of water films on plates of various
slopes measured. Observations of entry region and wave
patterns. Surface veloeity measurements.

Treatment of hydraulic instability of turbulent flow in
open channels, using general resistance law.

Study of films of water, pentadecane, and a refrigerating
oil inside tubes of various diameters; kinematic vis-
cosities 1.0-8.48 cs.; Nr. = 100-4300. Measurements
of film thicknesses, rate of absorption of CO,. Effective
diffusivity in turbulent zone determined from dye
tracer studies. Relationship derived for turbulent film
thicknesses.

Experimental work on mass transfer to water films and
comparison with theory. O; and CO; absorption and
desorption studied; Npeo = 2-250. Observations of
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Remarks

Kamei and Oishi (K2), 1954

Kamei et al. (K5), 1954

Kamei ef al. (K6), 1954

Knuth (K18), 1954

Laird (L3), 1954

Owen (01), 1954

Yih (Y1), 1954

Calvert and Williams (C2),
1955

Garwin and Kelly (G1), 1955

Jackson (J1), 1955

Kamei and Oishi (K3), 1955

Lynn et al. (L15, L16, L17),
1955

waves, onset of rippling, effect of surfactants. Mass
transfer agrees with theory only in absence of waves.

Experimental determination of pressure drops in air
stream flowing countercurrently to liquid films inside
columns of 4.5 and 20.3 cm. diameter. Liquids included
water, soap solutions, glycerol solutions, Ng, = 0.2-
250; NReg, = 4000-200,000.

Thicknesses of films flowing inside tubes of diameters
1.90-5.09 cm. measured with zero and cocurrent gas
flows.

Experimental determination of flooding points in
wetted-wall columns of i.d. 1.89-4.91 em., using various
liquids and air counter-flow.

Experimental study of film cooling: conditions for film
attachment to wall, entrainment, instability.

Experimental study of pressure drop in gas stream in
tubes with sine-wave oscillations of tube wall. Shows
that large pressure drop is partly due to change in shape
of gas velocity profiles.

Derives equations for flow in open rectangular channel
of finite width; considers transition to turbulence.

Mathematical treatment of stability of laminar flow
with free surface (neglecting surface tension). Numerieal
calculations for film on vertical surface give Nre; =2 1.5.

Presentation and discussion of work by Calvert (C1)
on velocity distribution, flow rate, pressure drop, shear
stresses, profile drag, etc., for upward cocurrent film/gas
flow.

Study of heat transfer between water film and heated
plate at various inclinations.

Flow of films of ethyl acetate, methanol, water, water
+ surfactant, 2-propanol, glycerol solutions (with and
without surfactant), inside tube of 3.6 cm. diameter.
Film thicknesses by radioisotope tracer method; heights
of waves measured. Surface tension had little effect.

Experimental measurements of absorption of CO: by
water film inside tubes, 4.76 X 250 em., with zero and
countercurrent gas flow. Large range of Nge.

Experimental work on absorption of SO, in water films,
(1) in long wetted-wall column (rod, film outside); (2)
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Authors and Date

Remarks

Malyusov et al. (M86), 1955

Stirba and Hurt (812), 1955

Alimov (A2), 1956

Brauer (B14), 1956

Greenberg (G7), 1956

Kamei and Oishi (K4), 1956

Kramers and Kreyger (K24),
1956

Labuntsov (L1), 1956

in very short wetted-wall columns (no rippling); (3)
flowing over spheres. Entry and end effects studied,
also effects of adding surfactant.

Study of distillation in wetted-wall columns, taking
into account the effects of laminar and turbulent flow
of vapor phase.

Experimental work on CO; absorption by water films in
vertical tubes of length 3 and 6 ft., and dissolution of
tubes of solid organic acids by water films. Effective
diffusivity exceeds molecular diffusivity, even at Nzge
= 300. Dye streak experiments show that waves cause
mixing; surfactants damp waves to give continuous dye
streak and mass transfer results in agreement with
theory.

Considers stable form of liquid film condensing on hot
horizontal cylindrical surface, and shows that stable
annular wave patterns are formed for certain flow
rates and temperature differences.

Extensive experimental study of film flow outside tube
4.3 X 130 cm.; films of water, water 4 surfactant,
aqueous diethylene glycol solutions, kinematic viscosity
0.9-12.7 cs.; Nre = 20-1800. Data on film thicknesses,
waves, maximum and minimum thicknesses, charac-
teristic Reynolds numbers of flow, onset of rippling and
turbulence, wall shear stress, etc.

Flow of films (5 liquids) down tube 2.5 X 30 in. Data
on film thickness, wave velocity, frequency, amplitude;
analysis of roll waves.

Flow of films of water, soap solution, millet-jelly solu-
tions inside tubes of diameter 5.09-1.9 ¢m. X 100 cm.,
with zero and countercurrent air flow. Kinematic vis-
cosities 1.1-40 cs.; Nro = 1-4200. Surface tension found
to affect holdup.

Experimental and theoretical study of mass transfer
between a soluble wall surface and film flowing on it.
Experiments carried out at low Nge on inclined plane
surface.

Heat transfer to falling films (laminar flow): effects of
convective heat transfer and inertia forces (neglected
in Nusselt theory) considered experimentally and
theoretically.
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Remarks

Mazyukevich (M8), 1956

Vivian and Peaceman (V5),
1956

Benjamin (B5), 1957

Binnie (B9), 1957

Brauer (B15), 1957

Davidson and Cullen (D1),
1957

Davidson and Howkins (D3),
1957

Feldman (F3), 1957

Konobeev et al. (K19), 1957

Konobeev et al. (K20), 1957

Labuntsov (L.2), 1957

Michalik (M9), 1957

Experimental study of entrainment of gas by the surface
of a film (water, ethylene glycol) flowing inside a tube.

Experimental mass transfer work in short wetted-wall
columns (1.9-4.3 cm. long); ripples absent at most flow
rates. Rate of desorption of CO. independent of gas-
velocity up t0 NReg.. = 2200. Width and type of liquid
inlet slot had little effect. Acceleration of film important.

Theoretical study of wave formation in laminar flow
down inclined plane, taking surface tension into ac-
count. Films on vertical surfaces shown to be always
theoretically unstable. Simplified treatment for long
waves presented.

Determination of onset of rippling in water film flowing
outside vertical tube: Nre; = 4.4.

Application of results on flow of films (B14) to case of
heat transfer in film condensation.

Consideration of the flow mechanics and diffusion in a
liquid film flowing over a sphere.

Calculations of shapes of standing waves formed on
surface of film flow in the presence of an accelerating
gas stream, and experimental results on same.

Mathematical consideration of stability of a liquid film
on a wall with a cocurrent gas stream above it.

Theoretical and experimental studies of pressure drops
and film thicknesses in upward cocurrent flow of gas
and film in vertical tubes (1.35 X 122 em.).

Study of CO; absorption in water films in upward and
downward cocurrent flow; Nr. = 5-200, gas velocities
11.6-39 m./sec. It is suggested that only wavelength
and amplitude of interfacial waves affect the rate of
mass transfer. Values of wavelength and amplitude
measured and compared with previous theories.

Heat transfer to condensate films on vertical and hori-
zontal surfaces. In laminar region, Nusselt equations
are corrected for (a) inertia effects, (b) variation of
physical properties with temperature, (c) effects of
waves. In turbulent region various “universal”’ velocity
profiles are used. Results compared with experimental
data.

Study of hydraulics of laminar film flow of Newtonian
fluid in tubes and on vertical plates. Optimum design
parameters for wetted-wall columns derived.
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Authors and Date
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Shirotsuka et al. (S11), 1957

Brauer (B17), 1958

Brauer (B16), 1958

Bressler (B19), 1958

Clayton (C11), 1958

Colling (C14), 1958

Gay (G2), 1958

Howkins and Davidson (H20),
1958

Kutateladze and Styrikovich
(K25), 1958

Mahrenholtz (M5), 1958

Nikolaev (N2), 1958

Poocza (P2), 1958
Scriven and Pigford (S5), 1958

Experiments on film flow in vertical channel, 8 cm.
wide; Nge = 100-1500; zero or countercurrent air flow.
Data on local film thicknesses, wave heights, wave
frequencies, increase in surface area due to rippling,
with and without air flow.

Application of results on film flow (B14) to case of heat
flow in filmwise condensation of pure vapors on vertical
walls. Nomograms for practical use.

Same as previous citation, but application to mass
transfer in liquid films; comparison with previous
experimental work.

Review of research on evaporation from thin liquid
films.

Experimental studies of flow of films of water, aqueous
glycol solutions, inside tube, 1.27 cm. diameter; Ngo
= 0.007-2100; zero or countercurrent air flow. Flooding
conditions investigated; velocity profiles obtained
within wavy film by chronophotographic method.

Film thicknesses and CO, absorption by water film in
cocurrent flow with gas stream in vertical tube, 2.05
X 36 in. Thicknesses by light-absorption technique.

Experimental study of interfacial drag between liquid
surface (nearly horizontal) and air stream flowing over
it (co- or counter-flow). Distortion of gas stream profiles
by rough liquid surface; determination of effective
surface roughness.

Investigation of stability of liquid film flowing over
spheres in an upward airstream, Effects of surfactants
studied.

Sections deal with film flow in presence of zero, counter-
current, upward and downward cocurrent gas streams,
including turbulent film flow.

Experimental and theoretical study of upward cocurrent,
gas/film flow. Data on mean film thicknesses, range of
stability, efficiency of conveying liquid up wall in film,
effects of physical properties of liquids.

Consideration of distillation in film columns. Includes
observations of onset of flooding with counterflow of gas.

Theoretical treatment of binary thin-film distillation.

Discussion of effect of acceleration of liquid film near
inlet on gas absorption into film. See Lynn, 1960.
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Thomsas and Portalski (T14),
1658

Belkin el al. (B4), 1959

Binnie (B10), 1959

Charvonia (C4), 1959

Davidson et al. (D2), 1959

Dukler (D12), 1959

Elis and Gay (E3), 1959
Hikita (H12), 1959

Hikita and Nakanishi (H13),
1959

Hikita et al. (H14), 1959

Experimental study of water film flowing inside tube
1.96 X 98 cm., Nre = 141-493, counterflow of air.
Data on film thicknesses, pressure drop, wave charac-
teristics.

Experimental studies of water films flowing outside
tubes; observations of film thicknesses, onset of rip-
pling. Ny, = 50-7500 (mostly turbulent zone).

Experimental studies of water films in channel 8.4
X 480 cm., small slopes, Nre up to 2500. Data on onset
of rippling and turbulence, capillary edge effect. Com-
parison with Benjamin stability theory (B5).

Experimental studies of downward cocurrent flow of
air and water films in vertical tubes, 2} X 30 in.;
Nre = 4-445. Data on local film thicknesses, pressure
drops; analysis of amplitude and frequency spectra of
surface waves.

Study of film flow over spheres, and absorption of CO;
by water films. Effects of adding surfactants on mixing
between spheres noted.

Theoretical anslysis of turbulent film flow (with and
without downward cocurrent gas stream) with extension
to film heat transfer. Interfacial disturbances are
neglected; basic equations are solved by computer
giving film thicknesses, velocity profiles, local and mean
heat transfer coefficients. Interfacial shear is shown to
be of great importance.

Presentation and discussion of results of Gay (G2).

Experimental study of effects of rippling on rate of
absorption of CO; by water films containing surfactants
(0.0005-0.05 wt.%), with film flow inside tubes 1.3 cm.
X 15-101 cm. Results approach Emmert and Pigford
theory (E4) as rippling is damped by surfactants.

Film flow over spheres (1.42-4.12 cm. diameter) singly
and in vertical groups of up to 5, spaced at 5-mm.
intervals. CO; absorbed in water films with and without
surfactant additives, Nr. = 1-200. With pure water
results for multiple spheres agree with assumption of
complete mixing between spheres; deviations with
surfactants.

Study of rate of dissolution of wall of vertical steel pipe
by film of 0.01 N sulfuric acid flowing on inside wall.
Comparison with theory.
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Authors and Date

Remarks

Hikita et al. (H15), 1959

Levich (L9), 1959

van Rossum (V1), 1959

Anderson and Mantzouranis
(AB), 1960

Bird et al. (B11), 1960

Brauer (B18), 1960

Bressler (B20), 1960

Davies (D4), 1960

Dukler (D13), 1960
Feind (F2), 1960

Fulford (F6), 1960

Experimental studies of absorption of CO,, H,, Cl,
H,S, SO by falling films of water, sugar solutions,
butanol/methanol, and methanol/benzene solutions in
tubes of 0.7-4.35 cm. i.d., 20-103 em. long. Nge = 7.5~
500, Nso = 73-2600. No effect of gas rate noted up to
NRegs = 7000. Results correlated empirically.

Final chapter deals with film flow theory (smooth,
wavy laminar, turbulent) with and without gas flow.
Also considers mass transfer to such films. Correction
to theory of Kapitsa (K7).

Experimental studies in horizontal channel, 15 X 310
cm., using water, kerosine, various oils, Ng. = 0.1-5000,
cocurrent air flow. Data on local film thicknesses, onset
of rippling and entrainment, effects of roughness and
surfactants.

Experimental and theoretical study of hold-up and filn
thicknesses for upward cocurrent gas/film flow in
vertical tubes. Theory based on use of universal velocity
profile. Numerous experimental data on friction factors,
ete.

Brief theoretical treatments of various cases of film flow
(on cone, with variable viscosity, non-Newtonian
liquids, etc.) and of heat and mass transfer to films.

Treatment of film flow in vertical tubes with gas
streams (countercurrent, cocurrent up and down).
Pressure drops and gas stream friction factors are calcu-
lated for the various cases. Fully developed gas flow and
laminar film flow (smooth) are assumed throughout.

Experimental studies of film flow and heat transfer to
films, work is extended to deal with swept-film evapo-
rators.

Considers, inter alia, dye-tracer experiments in wetted-
wall columns.

Discussion and extension of earlier paper (D12).

Experimental studies of film flow (water, aqueous
glycol solutions) with countercurrent air flow in
vertical tubes (2.0-5.0 cm. diameter). Data on mean
film thicknesses, local heat transfer coefficients, pressure
drop, wave heights, onset of flooding, gas/film inter-
actions.

Brief review of heat and mass transfer to falling liquid
films.
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Remarks

Graebel (G6), 1960

Heartinger (H5), 1960

Lynn (L14), 1960

Miles (M10), 1960
Norman and Binng (N3), 1960
Norman and MclIntyre (N4),

1960

Portalski (P3), 1960

Tailby and Portalski (T2),
1960

Zaitsev (Z1), 1960

Adomi et al. (A1), 1961

Anderson et al. (A4), 1961

Asbjgrnsen (A6), 1961

Theoretical treatment of stability of countercurrent
film/gas flow.

Study of gas absorption in wavy liquid film; a simplified
model is given and solved by computer to give rates
of transfer under various conditions.

Theoretical consideration of acceleration of film near
inlet slots of various types. Model studies suggested
that acceleration should be complete in a very short
distance.

Considers stability problem of thin liquid film (linear
velocity profile) bounded by a solid wall and a cocurrent
gas stream.

Experimental determination of minimum flow rates of
liquid to ensure wetting in wetted-wall columns, and
effects of surface tension on same.

Investigation of effect of surface tension changes caused
by heat transfer on minimum flow rates required to
ensure wetting of wetted-wall columns.

Extensive study of film flow on vertical plates, with and
without gas flow. Liquids included water, aqueous
glycerol solutions, methanol. Data on effects of surface
tension changes and surfactants, wave and surface
velocities, increase in interfacial area by waves, etc.

Reports on extension of Kapitsa theory (K7) to give
increasge in interfacial area due to waves; experimental
measurements of Nr. for wave inception, entry length,
and increase in interfacial area.

Theoretical treatment of stability of thin film of
viscous liquid (with surface tension) on wall in the
presence of a cocurrent gas stream.

Experimental studies of upward cocurrent flow of
argon and water film in tube 0.987 in. X 3.3 ft.; gas
velocities up to 86 ft./sec. Data on film thicknesses,
entrance characteristics, droplets entrained in gas
stream.

Theoretical and experimental study of heat transfer to
liquid films in vertical long-tube evaporators. Theory
based on use of universal velocity profile.

Residence times in falling water films determined by a
pulsed tracer technique. Mean residence time 2-79%,
greater than calculated from laminar film flow theory.
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Authors and Date

Remarks

Beda (B3), 1961

Benjamin (B6), 1961

Bennett and Thornton (BS8),
1961

Black (B12), 1961

Chien (C7), 1961

Collier and Hewitt (C13),
1961

Dukler (D14), 1961

Dukler (D15), 1961

Escoffier (E5), 1961

Glaser (G4), 1961

Hanratty and Hershman (H2)
1961

Hewitt (H7), 1961

Minimum residence time in agreement with Brauer's
(B14) effective surface velocity results up to Nre = 400.
Distribution function agrees with theory in presence of
surfactants.

Theoretical treatment of film flow of liquid permeating
through porous wall, with heat transfer.

Extension of earlier work (B5) to the case of three-
dimensional disturbances on surface of film.

Experimental work on annular film/gas flow in vertical
tubes. Data on film thicknesses and pressure drops
along the wetted tubes.

Discussion of various methods of measuring local film
thicknesses.

Investigation of liquid film structure and pressure drops
in vertical downward cocurrent gas/film flow. Data on
surface waves, entry length, energy dissipation in film,
film thicknesses (local and mean), pressure drop.

Experimental studies of film thickness, pressure drop,
and entrainment in upward, cocurrent gas/film flow,
using various liquids. Results compared with earlier
theories.

Practical application of the theoretical calculations of
film heat transfer coefficients (Dukler, D12, D13).

Comparison of calculated values of the film thickness
(Dukler, D12, D13) with published experimental re-
sulta.

Analysis of onset of instability in open channel flow and
origin of waves of instability. Discussion of earlier
instability criteria.

Studies of heat transfer between a vertical tube and a
liquid film flowing on it.

Jeffreys’ theory (J4) for roll-wave transition on a liquid
surface is applied to the cocurrent flow of gas and liquid
at small slopes. Experimental data on the initiation and
growth of waves on various liquids with and without
surfactant additives,

Extension of Dukler treatment (D12, D13) to case of
upward cocurrent flow of gas and liquid film, with heat
transfer. Computer solutions presented.
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Hewitt ef al. (H8), 1961

Ishihara et al. (12), 1961

Jaymond (J3), 1961

Kaiser (K1), 1961

Konobeev et al. (K21), 1961

Lilleleht and Hanratty (L12,
1.13), 1961

Mayer (M7), 1961

Mirev et al. (M11), 1961

Ratelifil and Reid (R2), 1961

Experimental study of upward cocurrent flow of air
(260-500 ib./hr.) and water film (20-1000 1b./hr.) in
1%-in. vertical tube. Results compared with theory by
Hewitt (H7).

Gives summary of recent Japanese work on wavy flow
in open channels, and semitheoretical analysis of
problem (wave velocities, frequencies, heights, lengths).
Mostly small channe] slopes considered.

Experimental absorption of CO, by laminar film of
NaOH solution flowing on plate, 4 X 100 cm., slopes
1-15°, eountercurrent gas flow. Film thicknesses and
surface velocities also measured. Good agreement with
theory in absence of waves.

Distillation in wetted-wall column. Film theory cor-
rected to allow for oscillations of film surface which
were observed.

Experimental study of CO, absorption by water film,
with upward and downward cocurrent gas/film flow,
inside tubes 1.05-1.66 cm. i.d., 20-87 cm. long. Gas
velocities 6-86 m./sec. Ngro = 5-105. Length and
amplitude of surface ripples and local film thicknesses
measured. Rate of mass transfer stated to be function
of wave characteristics only.

Local film thicknesses (wave profiles) measured in hori-
zontal channel with cocurrent gas stream and inter-
preted statistically. Effect of interfacial roughness in
increasing the interfacial stress also investigated.

Experimental and theoretical study of wavy flow of
water in open channel (slopes up to 5°). Data on growth
of turbulent spots, local depths, surface velocity,
length of entry zone, wave velocities, heights, fre-
quencies, effect of surface-active materials.

Experimental studies of rates of absorption of C,H,,
S0, in water films in wetted-wall columns, Experimental
results not in agreement with Vyazovov (V8) and
penetration theories. Surfactant reduced rippling but
appeared to increase interfacial resistance to mass
transfer.

Equations set up for flow of liquid film (water) over
sphere in presence of second liquid (benzene). Drag
taken into account, surface tension neglected. Experi-
mental data on film thicknesses and mass transfer.
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Authors and Date

Remarks

Ratcliff and Holderoft (R1),
1961

Reinius (R4), 1961

Tailby and Portalski (T3),
1961

Taylor and Kennedy (T8),
1961

Vouyoucalos (V7), 1961

Wilke (W2), 1961

Zhivalkin and Volgin (Z4),
1961

Zucrow and Sellars (Z6),
1961

Allen (A3), 1962

Boyarchuk and Planovskil
(B13), 1962

Fulford (F7), 1962

Hewitt et al. (H9), 1962

Hewitt and Lovegrove (HI11),
1962

Masgs transfer into liquid film flowing on sphere with
first-order chemical reaction (theory and experiment).

Studies of water flows in open channels at small slopes,
Nge = 50-13,000. Data on film thicknesses, film
friction factors, effects of wall roughness.

Experimental work on the damping of waves on water
films flowing on vertical plate 21 X 84 in. by surface-
active materials. Three surfactants used at various
concentrations; optimum concentration for damping
was observed in each case.

Discussion of onset of wave formation and wave be-
havior in open-channel flow.

Experimental study of absorption and desorption of
80, by water film in channel of 10 X 40 cm., slope 25°.
Channel floor covered with regular transverse rugosities
of large dimensions. Also dye-tracer studies of flow
patterns, wave profiles.

Heat transfer to falling films. More detail in later
paper (W3).

Review of film flow literature and experimental work
on film thicknesses in tube 2 X 98 em., Nge = 150—
3500, and surface velocities.

Experimental study of film cooling of rocket motors.
Liquids of various Np; used, with and without chemical
reaction.

Investigation of characteristics of liquid films on vertical
surface, with emphasis on surface features. Kapitsa
theory shown to be applicable only at low flow rates.
Increase in interfacial area reported to be smaller than
predicted by Portalski theory.

Study of the kinetics of mass transfer in film-type
distillation equipment.

Experimental study of countercurrent flow of water
film and air stream in channel (63 X 30 in.) at slopes
7-90°.

Description of techniques for measuring properties of
liquid films and pressure drops in vertical upward co-
current flow of gas and film. Numerous data reported
for air/water system in 1}-in. i.d. tube.

Data and techniques for continuous film thickness
recording in vertical gas/film flow.
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Remarks

Kasimov and Zigmund (K11),
1962

Konobeev and Zhavoronkov
(K22), 1962

Laird et al. (L4), 1962

Rateliff and Reid (R3), 1962

Saveanu et al. (S1), 1962

Saveanu and Tudose (S1a),
1962

Tailby and Portalski (T4),
1962

Tailby and Portalski (T5),
1962

Taylor and Hewitt (T6), 1962

Wilke (W3), 1962

Wilkes and Nedderman (W4),
1962

Theoretical treatment of smooth laminar film flow on
vertical surface, with and without gas flow, including
inertia effects. Nusselt equations (N6, N7) are shown
to be special cases of the present solutions.

Theoretical and experimental studies of pressure drops
in gas streams flowing in tubes with wavy walls (long-
wave and short-wave roughnesses). Importance to case
of flow of gas adjacent to wavy film pointed out.

Deals with laminar flow and transition to turbulence
in flow along tubes with wavy walls of various wave-
lengths. Entry effects also studied.

Deals with smooth and rippling flow of a liquid over a
sphere or series of spheres, especially with the problem
of mixing in the liguid film at the junctions of spheres.

Determination of NRe.;, for film flow is made from
measurements of absorption of CO. in water film.
Effects of wall roughness on Nge,; were also studied.

Study of onset of flooding in tubes 8-15.8 mm. diameter,
1200 mm. long with downward water films, counter-
current, air stream of 0.5-12 m. sec. Gas velocity to
cause flooding found to depend on liquid flow rate and
tube diameter.

Experimental determination of wavelengths near point
of onset of rippling on films of various liquids flowing on
a vertical wall.

Experimental determination of the distance of the line
of wave inception on a vertical liquid film from the
inlet as a function of liquid flow rate, viscosity, and co-
and counter-flows of air.

Considers the motion and frequency of large ‘“‘dis-
turbance” waves in upward cocurrent flow of air and
water films.

Extensive survey of flow and heat transfer in liquid
films flowing outside tubes. Measurements of temper-~
ature and velocity profiles in films of various liquids are
reported, and a heat transfer mechanism is proposed.

Experimental determination of velocity profiles in films
flowing on vertical tube by stereoscopic chronophoto-
graphic method. Films included glycerol, aqueous
glycerol solutions, liquid paraffin, glycerol 4- surfactant.
In smooth flow, profiles agreed with theoretical semi-
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Zhivatkin (Z3), 1962

Adorni et al. (Ala), 1963

Andreev (Aba), 1963

Atkinson and Taylor (A7),

1963

Dukler and Wicks (D17),

1963

Gill et al. (G3), 1963

Hewitt ef al. (H10), 1963

Hewitt and Lovegrove (H11a),

1963

Kasimov and Zigmund (K12),

1963

Nedderman
(N1a), 1963

and

Shearer

parabola; with waves, profiles scattered about semi-
parabola. Entry effects also studied.

Experimental work on film flow and upward and down-
ward cocurrent gas/film flow (water and aqueous
glycerol solutions). Data on onset of flooding and
entrainment, effect of gas velocity.

An instrument is described for measuring the wall shear
stress in a two-phase flow in the presence of a pressure
gradient and a changing velocity profile.

Considers stability of laminar flow of viscous incom-
pressible liquid film on vertical wall with respect to
infinitesimal disturbances. Absolute instability is not
found.

Study of the effect of discontinuities on mass transfer
to a liquid film. It is concluded that the mixing effect
at discontinuities is a result of ripple action.

General review of gas/liquid flow in conduits, including
brief consideration of gas/film flows.

Experimental study of upward cocurrent flow of
air/water system. Data on pressure drop and film
thicknesses (and effects of liquid droplet entrainment)
as functions of distance from inlet. Effects of waves on
film surface considered.

Numerous data on pressure drops and liquid holdup in
vertical upward cocurrent flow of air and water films,
and comparisons with published theories.

Measurements are reported of pressure gradient,
holdup, film thicknesses in vertical, upward, cocurrent
air/water streams in a tube of 1.25 in. diameter. Film
thicknesses by three measurement methods are com-
pared.

General solution is given to equations of wavy film flow
(with corrected continuity equation), using simple
parabolic or higher approximation to velocity profile
at given plane. It is shown that the film thickness and
wave amplitude should increase in direction of flow.
Effect of channel slope also considered.

Deals with the motion and frequency of large disturb-
bance waves in upward cocurrent flow of air and water
film, extending work of Taylor and Hewitt (T6).
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Niebergall (N1), 1963

Norman and Sammak (N5),
1963

Portalski (P4), 1963

Scott (S4), 1963

Tadaki and Maeda (T1), 1963

Taylor el al. (T7), 1963

Yih (Y2), 1963

Portalski (P5), 1964

Zhivatkin and Volgin (Z4a),
1964

Deals with the effects of changes of surface tension
during heat and mass transfer in wetted-wall equip-
ment.

Deals with effects of mixing on rates of mass transfer
to a liquid film flowing over packing elements.

Theories of film flow and methods of measuring film
thickness are reviewed. Film thicknesses on vertical
plate (zero gas flow) reported for glycerol solutions,
methanol, isopropanol, water, and aqueous solutions of
surfactants. Results compared with values calculated
by Nusselt, Kapitsa, and corrected Dukler and Bergelin
treatments.

General survey of cocurrent gas/liquid flows, including
gas/film flows.

Experimental study of absorption of CO; in downward
cocurrent gas/film flow, and comparison with various
theories.

Study of large ‘‘disturbance’’ waves in upward cocurrent
flow of air and water film in vertical tubes. A ‘‘pre-
ferred” wave velocity is reported.

A general consideration (theoretical) of the stability of
film flow down an inclined plane, including the cases
of long and short waves and small Nr.. Results for long
waves are in agreement with theory of Benjamin (B5).
The effects of surface tension and viscosity on stability
are discussed.

From Kapitsa's theory of wavy film flow, it is shown
that regions of reversed flow exist under the wave
troughs, leading to the generation of circulating eddies
which may explain the increased rates of heat and mass
transfer to wavy laminar films.

Considers pressure drop in downward cocurrent flow
of air and films of water, glycerol solutions, water +
surfactant, in tubes of diameter 12.9 mm., lengths
150830 mm. Air velocities 3~45 m./sec. Conditions for
droplet entrainment from film also reported.
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l. Introduction
A. SEGREGATION IN HOMOGENEOUS SYSTEMS

The effect of residence time and residence time distribution on the

conversion and selectivity obtained in chemical reactors is well known, as

237



238 K. RIETEMA

well as the faect that residence time distribution alone is not enough to
calculate the chemical conversion unless the chemical order of reaction
is equal to one. This was beautifully shown by Kramers (K1) in his intro-
duction, “Physical Factors in Chemical Reaction Engineering,”” to the first
European symposium on this subject, held at Amsterdam in 1957. Kramers
compared three different reactor systems which, however, had the same
residence time distribution:

(a) a system consisting of a great number of parallel streams which
do not intermix,

(b) a piston flow reactor followed by an ideal mixer,

(e) an ideal mixer followed by a piston flow reactor.

For second-order reactions, the conversion obtained in these systems at
the same average residence time decreases in the direction as mentioned.
For chemical reactions of an order smaller than one, the conversion would
increase in this direction, while for an order equal to unity the conversion
is the same in all three cases.

At the same symposium, Danckwerts (D2) drew attention to the effect
of incomplete mixing on homogeneous reactions. He introduced the concept
of segregation, which indicates that in the same vessel there are cluraps of
fluid which have different concentrations, caused by incomplete mixing.
The effect on the conversion of chemical reactors is again an increase in
conversion for reactions of an order greater than 1 and a decrease in con-
version when the order is less than 1.

The state of segregation, according to an earlier paper by Danckwerts
(D1), is determined by two quantities: (a) the scale of segregation and
(b) the degree of segregation. The chemical conversion, however, is only
affected by the degree of segregation and not by the scale, as long as the
spread in residence time remains the same, This holds true generally when
the scale of segregation is small and the total number of separate fluid
clumps is high enough to allow a statistical treatment of them. Macroscale
segregation effects, such as “dead space,” “short circuiting,” etec., generally
cannot be realized without affecting the residence time distribution.
Models for this latter type of imperfect mixing have been treated by
Cholette et al. (C4, C5), and, more recently by Levenspiel and Bischoff
(L3). Here we will deal mainly with “microscale segregation.” Macroscale
segregation will only be included when it may play a role in the interaction
of microscale models (see Section III).

Danckwerts defined a degree of segregation J based on the fluctuations
in concentration which occur. He studied a chemical reaction in a binary
mixture of two components A and B, in which ¢ is the volume fraction of
A at a certain point and (1 — a) the volume fraction of B at this same
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point. When @ is the average volume fraction of A in the whole vessel then!

J = g(ﬁ' - a22>av
a(l — a)

J varies from zero when mixing is uniform on the molecular scale to unity
when segregation is complete (a = 1 or 0 at every point). Zwietering (Z2)
introduces the concept of maximum mixedness as opposed to the state of
complete segregation introduced by Danckwerts. Zwietering shows that in
cases where his concept of maximum mixedness holds, the degree of segre-
gation as defined by Danckwerts is not necessarily equal to zero (but only
a minimum), except for the ideal mixer. On the other hand, Zwietering’s
definition of maximum mixedness also holds for the case of a bundle of
parallel piston flow reactors all with the same residence time, when there
is no mixing between the separate reactors at all.

B. SEGREGATION IN DISPERSED PHASE SYSTEMS

In two-phase systems, the concept of segregation can be introduced
more justifiably. Two-phase systems generally have a continuous phase
and a dispersed phase. In continuous flow systems, the dispersion is formed
upon entrance of the corresponding phase in the reactor, while after this
moment the separate particles may either have their own segregated and
isolated life during their stay in the reactor or there may be a more or less
strong interaction (exchange of matter) with neighboring particles.

This type of segregation, which may be considered as a microscale
segregation, appears to be a state which in itself does not say anything
about the concentration in the dispersed particles nor about their age. In
a batch reactor, for instance, in which all the dispersed particles have the
same size, there may be complete segregation (no interaction) and still all
the particles will always have the same concentration.

When, however, an extraction, or an extraction combined with a chemi-
cal reaction, is carried out between two phases in a continuous stirred tank
reactor in which there is no interaction occurring between the dispersed
particles (complete segregation), the dispersed particles will have different
concentrations because of the spread in residence time. Any kind of inter-
action between the dispersed particles (e.g., by diffusion or by continuous
coalescing and redispersion) then tends to eliminate these concentration
differences.

Also, when such a process is carried out in a piston flow reactor (there-
fore, without a residence time distribution) in which the dispersed particles
have different sizes and the chemical reaction is mass-transfer limited, the

! For the case of more or less parallel streams Danckwerts defined the degree of
segregation by means of the age of a point.
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smaller particles will sooner be converted than larger particles, unless the
interaction is strong enough to equalize concentration differences between
particles at the same spot in the reactor.

Segregation, therefore, will generally cause a spread in concentration
in mass transfer and chemical reaction systems, but only when there is a
spread in residence time, a spread in particle size, or in any other type of
mass transfer or chemical activity determining factor. Interaction generally
will tend to eliminate these concentration differences. The segregation is
complete when there is no interaction, while at infinite interaction rate
there is no segregation. It will be clear that, when segregation is understood
in this way, it has only a qualitative meaning and it is useless to define a
degree of segregation based on differences in concentration or age of the
particles. The only point which seems to be important is the interaction
rate and its ratio to the conversion or chemical reaction rate.

In Table I a comparison is given of the different definitions which deal
with segregation and mixing for various kinds of systems.

TABLE 1

ComprARISONS OF DIFFERENT DEFINITIONS FOR VARIOUS SYSTEMS

State of
segregation Degree of State of
Interaction (here segregation mixedness

System rate defined) (Danckwerts) (Zwietering)
All systems ] 0 Minimum  Maximum
Mixing of two components Finite Partly 0<J <1 Partly mixed
A and B after start up segregated
Mixing of two components Finite Partly 1 0
A and B af start up segregated
Two-phase systems in a con- 0 Complete 0<J <1 Partly mixed
tinuous stirred tank reactor
Bundle of parallel piston 0 Complete 0<J <1 Maximum
flow reactors, all with the
same residence time
Two-phase batch reaction, 0 Complete 0 Maximum

dispersed particles all of the
same size

C. INTERACTION IN THE DISPERSED PHASE

In principle, interaction in dispersed phase systems may occur in two

ways.



SEGREGATION IN LIQUID-LIQUID DISPERSIONS 241

1. Inieraction by Diffusion through the Continuous Phase between Two or
More Adjacent Dispersed Particles

When indeed the state of segregation is a small-scale segregation, then
each particle at a certain point will, on the average, be surrounded by
other particles which have an average concentration which is characteristic
for the point in consideration. When c¢ is the concentration in a particular
particle and ¢ is the average concentration in all of the particles at the

point of interest, then
de . ,
5= —ie— )
in which ¢ is the time and < is the interaction rate constant measured in
sec.” L.

Of course ¢ will depend on the average distance between the dispersed
particles, on the size of these particles, on the rate of diffusion through the
continuous phase, and on the state of turbulence. In a continuous stirred
tank reactor ¢ will be the same throughout the tank, while for a piston flow
reactor ¢ will change with the average age of the concerning point.

Interaction by diffusion will seldom occur in two-phase systems, but
may be of importanee between gas bubbles in a fluidized bed, especially
when the fluidized solid is not a catalyst but only a heat carrier. In homo-
geneous systems, this type of interaction is the normal kind of interaction.

2. Interaction by Coalescence and Redispersion

This is the more general type of interaction which may occur in liquid-
liquid two-phase systems and in gas-liquid systems where gas is the dis-
persed phase.

When two drops or bubbles coalesce, the release of energy is so large
that before break-up again occurs the contents of the two dispersed parti-
cles may be assumed to be completely mixed. So when two drops, of
volumes v; and v, and concentrations ¢; and ¢, respectively, coalesce, the
concentration after break-up is, for both drops, equal to

U161+ V302
v; + v
when all the drops may be assumed to be of the same size, the final concen-
tration is equal to 3(¢; + c2).

When the drop size distribution is constant, the rate of coalescing must
be equal to the rate of redispersion, and, in that case, the rate of interaction
can be expressed as the rate of coalescing. When two drops of volumes v,
and vy, respectively, coalesce, the total volume of the dispersed phase which
is concerned with this coalescence is equal to v; + v,. The rate of coalescing
is now defined as the fraction of the total volume of dispersed phase which



242 K. RIETEMA

in unit time is involved in coalescences. When this rate of coalescence is
not too large, the chance that a certain drop volume is concerned with a
coalescence more than once during this unit time is negligibly small. If not,
the unit time should be chosen smaller.

Let the total number of drops be N and the average volume of each
drop be 7, so that the total volume of dispersed phase is Nv. Then the vol-
ume of dispersed phase involved in coalescence is w;N7 and the number of
coalescences per unit time is 3w;N. Here w; is the coalescing rate or coalesc-
ing frequency measured in sec.”! and the chance of having more than two
drops involved in a single coalescence is assumed negligible.

D. INFLUENCE OF SEGREGATION ON THE CONVERSION RATE OF
CHEMICAL REACTIONS

Suppose that a chemical reaction takes place in a dispersed system
between the two reactants A and B, where A is dissolved in the dispersed
phase and B in the continuous phase. Suppose further that at a certain
place in the reactor the concentration of B is equal to b, while the dispersed
drops at this place have different coneentrations a of the reactant A caused
by segregation. When the chemical conversion for each isolated drop can
be described as being of the nth order in the reactant A, then the amount
reacting per second in each drop of volume v equals?

= vkab

—p -d—
in which % is the over-all reaction rate constant.
When there are NV drops at the place of interest, the total amount react-
ing in all these drops is

da
—N (dt) B all%ops vkarb
Nokb(am)

a and o~ indicate the average values of a and a*, respectively, for all N drops.

Now, unless n = 1, (a*) ¢ (&), which means that the average conver-
sion rate for all N drops is affected by the way in which the reactant A is
distributed over these drops:

da
i

Il

(@) < @ for n<1
and
(o) > (D)7, for n>1
which means that, for reactions of an order higher than one, segregation

? The reaction may be of an order in B different from 1 as well, but since there is no
segregation in the continuous phase this does not affect the ultimate result.
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increases the over-all conversion rate, and, when this order is smaller than
one, segregation decreases this conversion rate.

In the following, the concepts of drop conversion rate and over-all
conversion rate are used. In the same way as the chemical reaction rate
is used to indicate the change in concentration of a reactant with time in
a very small volume of a single phase in which the concentration may be
considered to be uniform, the concept of drop conversion rate is used for
the change in average concentration of a reactant with time where this
average is taken over the whole volume of a single drop. Because of mass
transfer limitation, this drop conversion rate may be lower than the pure
chemical reaction rate (see Section 11,,1).

In the same way, the over-all conversion rate is used to indicate the
change with time of the concentration of a reactant averaged over the
whole volume of one single phase present in the reactor.

Further, the concepts of order of drop conversion and order of over-all
conversion are introduced analogous to the well-known concept of order
of chemical reaction. The order of drop conversion thus refers to the way
in which the drop conversion rate responds to a change in average concen-
tration of a reactant in that same drop. The order of (over-all) conversion
refers to the way in which the over-all conversion rate responds to a change
in average concentration of a reactant, where the average is taken over the
whole corresponding phase present in the reactor (see further also Section
11,A)3).

Because of mass transfer limitation, the order of drop conversion may
also be reduced, as will be shown in Section [1,B,1.

Il. The Effect of Segregation on the Kinetics of a Liquid-Liquid Two-Phase
Chemical Reaction

A. CuEmicaL ReacrioN IN A CoNTiNUOUs STIRRED TANK REACTOR

In this chapter some effects of segregation on the kinetics of a chemical
reaction between two liquid phases carried out in a continuous stirred tank
reactor (CSTR) will be discussed. In the derivations of these effects it will
be assumed that during the reaction the dispersed phase is maintained
(e.g., in the case of extraction combined with chemical reaction) and that
all dispersed drops have the same size. This means that when there is
segregation it is only the age distribution which causes a concentration
distribution in the dispersed phase.

Only the two extreme cases will be compared, viz.: (a) complete segre-
gation (no interaction, the subscript ¢ will refer to this situation) and
(b) no segregation (infinite interaction, referred to by the subscript n).
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Most of these calculations have been carried out before by Rietema (R2)
and by Rietema and Meyerink (R3, R4).

1. Influence on the Over-All Conversion Rate

When a liquid-liquid two-phase chemical reaction is carried out in a
CSTR, it may be assumed that the conditions in the continuous phase are
the same anywhere and constant with time (no segregation in this phase).
When there is complete segregation in the dispersed phase, each drop can
be assigned an age ¢, during which the drop has stayed in the reactor.

For each drop, therefore,

da
T kob
First it will be assumed that the order of drop conversion in the reactant A

is zero, so that

da
-5 = kb
or
= q, — 0]
a = qa; — kbt for 1£<ch
and
- 8o
a=0, for tZkh

Here ao is the feed concentration of reactant A and k the drop conversion
rate constant. If there is no segregation in the dispersed phase, which means
that the rate of interaction is so high that all drops have the same concen-
tration, then also the over-all conversion is & linear function of the average
residence time 7, and given by f. = 7.{kb/a0) for 7. < ap/bk and f, = 1 for
Tn 2 0g/0k. If however there is no interaction at all, all drops will have
different concentrations—depending on their age in the reactor—and the
concentration distribution will correspond with the age distribution.

It will be assumed that the well-known age distribution for an ideal
mixer also holds for the age distribution in the dispersed phase, which
assumption is allowed if the total number of drops is large enough and
there are no ‘“dead’ corners or short cireuiting in the reactor (only miero-
scale segregation).

Then the average concentration of the reactant A in the outlet is

a= [o * (a/7.)g(t) dt in which g(1) is the residence time distribution and r.
the average residence time. For the ideal mixer g(f) = e—t/=. Further,

a = ay — bkt for 0 <t < apy/bk
=0 for t > ao/bk
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It follows that
ao/bk 1
a= / (ag — bkt)e—t/=—dt (1)
0 Te

from which
i =qy — bkr,(1 — g—w/bhr) (2)

If f. is the conversion obtained in this case, then (see Fig. 1)

1.0

-

=4

K]

g_; 08

>

& CSTR

© n=0 )

r no interaction

06+

| 1 1 )
1 2 5 10 15
Drop conversion modulus K

Fia. 1. Conversion f against drop conversion modulus K for a CSTR when n = 0
and there is no interaction in the dispersed phase. Drop conversion modulus K = bkr./ao.

a  Dbkr
= — — o -—9 pa— - /bk‘h
fe 1 o T (1 g~ 0e/Bkre)
= K(Q1 — eVK) 3)

in which K = bkr./a,, the drop conversion modulus. Putting f, = f. leads
to a relation between the residence times r, and 7, for obtaining the same
conversion in both cases, viz:

eefimon(-2))

T T 1
Te -7 = = 4
™ In (1 ‘rc) 7 (4)
In Fig. 2 the ratio 7./, is plotted against the conversion f.

When the order of drop conversion in the reactant A is equal to §, the
conversion ean be calculated in the same way. When there is no segregation,

or
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Conversion f

,'

, One CSTR n=0

| ———— One CSTR n=1/2
[

|

—-~— Two CSTR'sn=0

06,

05 1 ! 1 1 1 1 —1 L
| 2 4 6 8 10
T,
Ratio =%
i 7

Fra. 2. Plot of r./+, against degree of conversion f.

it follows from a simple mass bhalance that ay = @ + 7.k!/2b, from which

it can be derived that
kaﬂ — Z " (5)
W " Vi-r,

When there is complete segregation, the concentration in a drop of age ¢
is given by

blct\? 2a)?
—_ 1/2 —_
a—-(ao —2> for 0<it< ok

and
a=0 for t> bk

1t follows that
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2ﬂ0“2/bk 2
a= f (a}/z - b—k—t) e“/“ldt
0 2 Te
from which

_ B2%?r.? — 20}
- 172 4 JKTS —
i =0 — dkrop”® + B) [1 exp ( Bor, ):I
The conversion obtained in this case is

3 272 2 _9a1/2
fo= Bkr, _ Wik'rd [1 — exp( bi:: ):l (6)

a(’f" 2(’(0

By again letting f. = f., for each value of bkr./al/?, the corresponding f.
can be caleulated from Eq. (6), and then, from Eq. (5), the corresponding
value of bkr,/a’?, and so the ratio of ./7, can be determined as function of
Je = f». This result is shown in Fig. 2 with the dotted line.

From Fig. 2 it follows that the effect of segregation for half-order drop
conversion is lower than for zero-order drop conversion. For first-order drop
conversion the effect will disappear entirely, as has been shown in Section
I,D, while for orders of drop conversion greater than one the effect is
reversed: segregation increases the over-all conversion rate. This latter
case will not be considered further here, as it is very unlikely that in a
practical phase system the order of drop conversion is greater than one.

Finally, Fig. 2 also shows (dashed line) the result when two CSTR’s of
equal volume are operating in cascade with a settler in between, so that in
this settler the interaction in the dispersed phase is complete. It further is
assumed that no reaction occurs in this settler and that the dispersed
phase in both reactors shows either no segregation at all or complete segre-
gation, The result has been caleulated for an order of drop conversion equal
to zero. Again f has been plotted versus the ratio 7./7., where both =, and
7. now mean the total residence time in the two stages. When comparing
this result with that for one stage (solid line), it will be clear that the
influence of segregation can be markedly reduced when operating in two
stages instead of one.

2. Effect of the Fraction of Drops with Zero Concentration

For a good understanding of the mechanism of segregation, especially
in the case of zero-order drop conversion, it is necessary to point out the
great importance of the fraction of drops with zero concentration.

As shown before, the concentration will be zero when the age of a drop
is larger than bk/aq.

Therefore, it must be expected that unless the interaction is infinite
(no segregation) a certain fraction of the drops will have a concentration
equal to zero. In fact this is the case for all processes carried out in a
CSTR for which the order of drop conversion is smaller than one.



248 K. RIETEMA

Furthermore, in the case of zero-order drop conversion, the contribu-
tion to the over-all conversion of each drop in which the concentration is
not yet equal to zero is the same (independent of its concentration).
Therefore, the over-all conversion rate and also the degree of conversion
can be calculated from the fraction of drops which have zero concentration.

Suppose that g(a) is the distribution function of the concentration in
the drops so that g(a) Aa is the fraction of drops with a concentration
between a and a + Aa. Suppose further that Gy is the fraction of drops with
zero concentration. Then

fo“”g(a) do=1—G
and
a= fom ag(a) da

From the above it follows that the over-all conversion rate is N; =
N(1 — Go)bk (where N is the total number of drops), since the drop con-
version rate of a drop with concentration greater than zero is equal to bk.
Since N; = Nfay/r it follows that f = (1 — Go)bkr/ap. From f = 1 — i/aq
it then follows that

o — ﬂ) “ ag(a) da = bkr ﬁ) “ 5(a) da

It must be stressed that this equation holds for every degree of segregation
but only when the order of drop conversion is equal to zero.
A more generally valid equation is

% — ﬁ) “ ag(0) da = bkr ﬁ) " ang(a) da

3. Influence on the Order of Over-All Conversion

When N 4 is the over-all conversion rate per unit volume which depends
on the concentration of the reactants according to Na = ka"b™, then the
total order of conversion is n + m, where n and m are the partial orders
of conversion in the reactants A and B, respectively. In a continuous
stirred tank reactor the concentration b is constant and the same through-
out the reactor, and since we are only interested in the effect on the partial
conversion order n we put kbm = k;, so that N = k" in which @ is the
average concentration of A in the whole reactor.

It follows that _
dInNa) = nd(n@)

aiy =nc-l—@
Na a

or

or

(")
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Since Nx = (f/m)aggand @ = (1 — f)ay, in which 7 is the average residence
time of the dispersed phase, this result can be further elaborated. It has
to be kept in mind, however, in which way the average concentration n is
changed during the experiment: by changing the feed concentration or by
changing the average residence time. When q, is kept constant,

_aTd(f/7) — (- d(f/7)

"= a0 £ d(5/a0) falt =)
_ =\ df/7)
" ( 7 ) df
e i (7a)
When 7 is kept constant, the result is
_ 8. dNs _ a71d(fag)
n_NA da _aof‘r dia
_ (L=/\da — 1)
"‘( f ) @
_1=f(da _
=1 (da 1) (7b)

For a homogeneous chemical reaction of a chemical substance A (without
mass transfer limitation and without a segregation effect) carried out in a
CSTR the mass balance results in a; = @ + 7ko@* when n is the chemical
reaction order. (In this case the chemical reaction order is the same as the
over-all conversion order.) It now follows that

_ ]CoT —
f_—#l—i—ko‘r for n =1
Fe1- k?m: kor + 200 — \2/]60272 + 41007'(10) for n =1

0
f= T—k'—", for n=20

For all these cases it can be easily verified that formulas (7a) and (7b)
both give exactly the right order of conversion.

When, however, the over-all conversion rate cannot be represented by
a simple equation of the type Na = ka~ the order of conversion is not
clearly defined, and the application of the two formulas (7a) and (7b) will
generally lead to different orders of conversion. For this reason it is always
necessary to indicate in which way the average concentration @ has been
changed: by changing the average residence time or by changing the feed
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concentration. When this restriction is accepted, formula (7) and its deriv-
atives (7a) and (7b) can be used as definitions of the order of over-all conver-
sion. This procedure is followed here.

For cases where the order of drop conversion equals zero and one-half,
the order of over-all conversion is ealculated as a function of the degree of
conversion. The results are shown in Fig. 3. It is remarkable that n increases
with the conversion and becomes equal to unity at f = 1 when the feed
concentration is kept constant.

10 1.0
Order of drop Order of drop
e 08 conversion e 091 conversion
5 n=0 .g n=1/2
: g
S 06 3 08
B = °
5 _—i2 §
> -~ =]
° 04} i - 07F
‘5 ~ c
e 5 =2/3
& e 3 -
® ' S -
© Ve P
ozr Ve 0.6 -
Ve PR
e -
Ve ///
0 . L V- L 0.5 -r I ) )
Q 0.2 0.4 0.6 0.8 1.0 [¢] 0.2 0.4 (0X33 a8 i0
Conversion f Conversion f

Fia. 3. Order of over-all conversion 7 as function of conversion f in reacting systems
where there is no interaction in the dispersed phase: solid lines, a0 is kept constant;
dotted lines, = is kept constant.

This is interesting especially in those cases where in a reaction between
two components one expects mass transfer limitation of at least one of
these components and, therefore, an order of conversion in the other com-
ponent between zero and one-half (see Section II,B,1). When, however,
operating at a high degree of conversion, an order of over-all conversion
nearly equal to one would be determined experimentally. Therefore, when
one finds experimentally an order of conversion equal to one, while also
the order of chemical reaction equals one, this is not a good argument to
conclude that apparently there is no mass transfer limitation as segregation
combined with mass transfer limitation may have caused this effect. To
make a conclusion possible the experiment has to be repeated at a low
degree of conversion.

4, Influence on Selectivity for Consecutive Reactions

Suppose that a chemical reaction scheme of the type

ABchw
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takes place in the dispersed phase. Of course the reactant B will also take
part in these reactions, but, because of reasons already pointed out (see
Section IT,A,3), this can be accounted for in the reaction constants k; and
ka.

Suppose that C is the desired product and W is an unwanted waste
product. Now a selectivity factor S can be defined as the ratio of the total
amount of C produced over the total amount of A converted:

i
S - ﬂof (8)
where ¢ is the average concentration of C in the outlet.

As selectivity is a factor of importance in commercial production, we
will deal here only with reaction schemes which are of practical interest.
This means that when a product C is made on a commercial scale according
to the reaction A — C, where a second reaction C — W may destroy the
product C, this second reaction generally will be of a lower rate than the
main reaction. Otherwise this reaction scheme would have no commercial
value. This means that we may restrict ourselves to those cases for which
the second reaction C — W is of an order (order of drop conversion) higher
than or the same as that of the first reaction A — C, since this first reaction
is more likely to be limited by mass transfer than the slower second reac-
tion.

It will be shown that under these conditions the selectivity in & com-
pletely segregated system generally is lower than in a systern where there
is no segregation. Of course, for an intermediate degree of segregation the
selectivity also will be intermediate. The effect of segregation is calculated
for three cases in the accompanying tabulation. The influence of segrega-

Order of drop conversion in

Case  First reaction  Second reaction

0
1
1

i
ii
i

ue O O

tion on the selectivity is decreasing in the direction i — ii — iii. For the
intermediate cases (0, 3) and (3, 3) the effect is difficult to calculate but
can be more or less evaluated by interpolation.

For simplicity, the formulas for the degree of conversion of reactant A
will be repeated here (the value of bk being replaced by k1):
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for n = 0,
_ ks _kre, _ ol ]
fa = o and f, = - [1 exp (hn) (3a)
for n = %,
_ Fura (@ 2 | S 5a
= (ao) W T VIS Be)
and
S BRG]
fc o ll(l)/ 2 200 1 exp k 1Te (68.)

Case i. Both Reactions are of Zero Order of Drop Conversion. No segrega-
tion. Mass balances for components A and C result in

(ao it ﬁ) = k1Tn = f,.ao
and
= (kl - k2>7'n
The selectivity, therefore, is

8. = (1 — ko/ki) 9)

Complete segregation. The concentration of C in each drop changes with
time according to

¢= (b~ k)t for 0<t<

kt

and
- o — % L]
¢ = Qg ]Gzt for kl <t< ]02

At time ¢ = ao/k; the concentration of A is zero and at time ¢ = ay/k. the
concentration of C is zero and all the material has been converted to the
waste product W.

It will be assumed again that the well-known residence time distribution
for the CSTR also holds for the dispersed phase. Then the average concen-
tration of C is

= [T la
0 Te

ao/k1 1 ao/kz i
= / (by — ko)te—t/me—dt + f (ag — kat)e—tm = dt
0 Te ao/kt Te

(gl

or

L)

or
T = kr(l — e~ w/hbire) — o (1 — g—%/kere) (10)

The selectivity can now be found from Eqs. (3a) (keeping in mind that
bk = ky), (8), and (10):
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_ 1 _ ke[l —exp (—ao/lcgrc):l
8. =1 ky [1 — exp (—ay/kire) (1)

Figure 4 shows both S, and S, as functions of conversion for different
ratios of the parameter k;/ks. The strong decrease of selectivity, especially
at higher conversions, is evident from this figure.
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Fig. 4. Selectivity S as function of the conversion f for the case of consecutive
reactions, which both are of zero order: solid lines, no interaction; dotted lines, no
segregation.

Case ii. First Reaction of Zero-Order, Second Reaction of First-Order
Drop Conversion. No segregation. Mass balances for components A and C
now result in

Q@ —a= ’(317",, = fnao
and
o ]C]Tn

- 1+k2Tn
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The selectivity then turns out to be
1

Sn = 1 + szn (12)
Complete segregation. The concentration of C in each drop is given by
¢ = % [1 — exp (—kt)] for 0<i< @
2 1
and
_h kato) _ ] _ %
¢ = % [exp ( ks ) 1 {exp (—kst) for > %

The average concentration of C in the outlet is calculated in an identical
way as before and this results in

S kl'rc _ _ 0o
C=Tr b [1 exp( km)] (13)
The selectivity is found to be
1
Sc - 1 + szc (14)

This result looks almost identical to that for no segregation [Eq. (12)]. It
has to be kept in mind, however, that at the same average residence time
the conversion for no segregation is much higher than when there is com-
plete segregation.

The result for both cases has been plotted in Fig. 5 as a function of the
conversion with k;/k.a, as a parameter, Again there is a strong decline in
selectivity at higher conversions when there is complete segregation, al-
though this decline is less strong than when both consecutive reactions are
of zero order.

The above derived result S = 1/(1 <+ kor) holds always when the second
reaction is of first order, no matter what the order of the main reaction is
and independently of whether there is segregation or not. This can easily
be shown as follows:

For the first order conversion
I
C—-Ww
the total amount of C converted can be calculated straight from the average
concentration ¢ as already shown in Section I,D and, therefore, is equal to
Vkg, in which V is the total volume of the phase in which the reaction
oceurs. On the other hand, this amount is also equal to the amount of W

produced which again is g™ (when gv is the throughput of the reacting
phase and o the average concentration of W). Therefore,
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Selactivity S
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Conversion f

Fic. 5. Selectivity S as function of the conversion f for the case of consecutive
reactions of which the first one is of zero order and the second of first order: solid lines,
no interaction; dotted lines, no segregation.

g = V5o
or
iﬁ/é = k'21"

The selectivity S was defined as S = ¢/fa,. But as fa, = ¢ 4 15, it follows
that

& 1 _ 1

e+ ® 14/ 14 ke

Case iii. First Reaction of Order One-Half, Second Reaction of First-Order
Drop Conversion. By means of the result S = 1/(1 + ksr) the selectivity
as function of the conversion can now be easily calculated for the case of
complete segregation and no segregation. The result is shown in Fig. 6,
where the parameter now is k,/k.a}/2.

S
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Selectivity S
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Conversion f

Fia. 6. Selectivity S as function of the conversion f for the case of consecutive
reactions of which the first is of half-order and the second of first order: solid lines, no
interaction; dotted lines, no segregation.

5. Influence on Selectivity for Simultaneous Reactions

Suppose the two competing reactions are

k1 . .
A — C, order of drop conversion is n,

ka2 . .
A — W, order of drop conversion is na.

When both reactions are of the same order (n; = #n,) the ratio of the
amounts of C and W produced is independent of the time in each dispersed
drop and equal to the ratio of the reaction constants. Hence, after integra-
tion over all drops, this same ratio is found and the selectivity, therefore,
is equal to

_
S=tth
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This result is the same, whether segregation exists or not. Segregation has
no influence on the selectivity when the orders of drop conversion for the
two competing reactions are the same. When n; = 1, the total amount of
C produced can be calculated from the average concentration of A: ¢ = ki@l
(see Section I,D). Since, however, @ also determines the degree of conver-
sion f = 1 — @/ it follows that

fﬂo = fr (Lf;i>

Also, this result is independent of the degree of segregation. The same holds
true when n, = 1.

To determine if the effect of segregation on the selectivity for other
values of n; and n, is positive or negative, it is assumed that the second
reaction A -—» W is very slow (k:0§/%/k:1 << 1), so that the degree of conver-
sion can be calculated by assuming that only the first reaction is proceeding.
Then the total amount of W produced can be calculated from the average
concentration of A (when there is no segregation) and from the distribution
of A over all drops (when there is complete segregation). By comparing
these amounts of W produced for the two cases, conclusions can be drawn
about the effect of segregation.

Ezxample: ny = 0, n, = %
Now when kya}?/k; < 1, the equation for no segregation is

i) }C2a0 ;ClTn ( ]('1’1’7,)”2
2 1 — 2in
(g ]C1 Qo Qg

and that for complete segregation is

o/kl‘fo
B2kl [ () B g (4
(g 3 ]Cl Te

At f = 0.88, in which case km,/ao = 0.88 and kyre/ag = 3.0, the result for
no segregation is

1/2
I _ 0.305 M0
11} ki
and that for complete segregation is
172
T _ o.107 8=
17} ky

which shows that in this case segregation favors a high selectivity.

In Fig. 7, a diagram is given to indicate where segregation favors a
high selectivity (4+) and where segregation is unfavorable (—). Along the
strong lines, segregation has no effect at all on selectivity (always at the
same over-all conversion).
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5 + -
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8 +
[» 9
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55
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[oh-]
+
0
Order of drop conversion

of reaction 2

Fia. 7. Influence of segregation on selectivity for simultaneous reactions: along solid
lines, no influence; <, segregation favors reaction 1; —, segregation favors reaction 2.

B. SEGREGATION AND Mass TRANSFER LIMITATION

In this section the effect of mass transfer limitation on the drop con-
version rate and the order of drop conversion will be treated, and it will
be shown that a process for which the real chemical reaction is of first
order in the reactant A (which is dissolved in the dispersed phase) can still
be influenced by the effect of segregation when the chemical conversion
rate is limited by mass transfer of the reactants.

1. Derivation of the Drop Conversion Rate When the Reaction Takes Place
in the Dispersed Phase

It will be assumed that the reaction A + B takes place only in the
dispersed phase, the reactant A is assumed to be insoluble in the continuous
phase, but the reactant B will diffuse into the drops. Further it is assumed
that inside the drops there is no mixing but only pure molecular diffusion.
The diffusivity of B in the dispersed phase is Dp while the mass transfer
coefficient outside the drops is m. The partition coefficient of B is Hg and
equals the ratio of the concentration of B in the dispersed phase at the
interface over the concentration of B in the continuous phase at the inter-
face.

The microkinetics of the chemical reaction that takes place is described
by da/dt = dbs/dt = —keabs where kg is the real chemical reaction rate
constant and the index d refers to the dispersed phase. If the components
A and B are supplied to the reactor in stoichiometric quantities and

_ volume of the continuous phase
volume of the dispersed phase
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then gy = byh where a, and by are the concentrations of the reactants in the
feed.

If now h/Hzn > 1, then in each drop the original concentration of A is
much higher than the concentration of dissolved reactant B in the drop.
This means that the difference in the concentration of A through the whole
cross section of the drop, which is caused by the difference in the chemical
reaction rate near the interface and that near the center, may be neglected.

The diffusion rate into the drop of component B, therefore, can be
calculated for the apparently stationary state with an over-the-whole-cross-
section constant value of ka = &’. Then for a spherical drop of radius R,
the differential equation becomes

2
(2 o
with the boundary conditions

(1) (fibd=0 for r=20

N
(2) by = Hg (bc - 41rRB2m) for r=R

Here b, is the equilibrium concentration of B outside the drops and N is
the consumption rate of B per drop.

The solution of this problem (which is a slightly modified version of
the well-known solution by Thiele and Wheeler (T2, W2) for diffusion and
chemical reaction in a porous catalyst) runs:

bs; _ Hpsinh ¢o < Ns ) (16)

b, ~ ob, sinh o T 4zRm
where ¢ = /R and ¢ = R(k'/Ds)'/? (Thiele modulus).

Then
db, tanh ¢
. — 2
Np = 47R%Dp (d1 )r:-R 4wR*mb. / (1 + SDBHB (¢ — tanh ‘P)> an
When

mR tanh ¢
DpHz (¢ — tanh p)
which generally is the case since Hs is small and m >> Dg/R, this solution
simplifies into

> 1,

Np = 4rRH3Dgb, ( tanh e 1) (18)
If also ¢ > 2 this can be further simplified to
Np = 4nRHpDpb(¢ — 1) = Ny(p — 1) (18a)

where Ny = 4wRHsDgb..
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For still larger ¢,
Ny ~ 47RH B‘DBbc(p = AxR2Hgb,V kyaDp

which indicates that in this case the order of drop conversion in the com-
ponent A is equal to 4. When

mR tanh ¢
DpHz (¢ — tanh ¢)

K1,

which might be the case when ¢ is large while m < Dg/R, the solution
becomes Ny = 47R*mb,, which indicates that in this case the apparent
order of the reaction in the component A is zero.

2. Reaction in the Continuous Phase

When the reaction takes place in the continuous phase this means that
now Hp = 0 and that A is soluble in the continuous phase (partition coeffi-
cient is equal to Ha, which means that, at equilibrium and when there is
no reaction, a. = azH4).

In general, A >> 1 and this means that when A and B again are supplied
in stoichiometric quantities—even if H, is small—still a, will be rather
large compared with b, at least in the direct vicinity of the phase boundary.
Therefore, a solution as tried in Section II,B,1, where it was assumed that
the concentration of A is constant throughout the cross section of the
drops, cannot be obtained now since an equivalent assumption for the
component B seems not to be justified. This means that for the real solu-
tion it is necessary to solve two simultaneous differential equations: one
for component A and one for component B. These equations can only be
solved numerically by means of a computer.

With the help of qualitative reasoning, however, it can be shown that
when mass transfer is really limiting the conversion rate, the order of drop
conversion in the component A is lower than 1 and, occasionally, when the
mass transfer outside the drop becomes limiting, may even become zero.

In Fig. 8 a schematic course of the econcentration profiles near the
interface is given. For simplicity H, is assumed to be 1. Two cases are
shown, both with the same bulk concentration of component B but with
a bulk concentration of A (a,), which in case 2 is twice as high as that (a,)
in case 1.

Suppose that in case 2 the conversion rate is twice as high as that in
case 1, then in case 2 (compared with case 1):

(a) At any distance r from the interface the conecentration of A is twice
as high (as is shown in Fig. 8).
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Interface

Continuous phase

R

>

Fig. 8. Schematic course of the concentration profiles for a first-order reaction in
the continuous phase with mass transfer limitation.

(b) The consumption rate of B is twice as high, thus the concentration
gradient of B is twice as high, and, therefore, at the same bulk concen-
tration of B, the concentration of B must be everywhere lower.

Thus follows that the product a,b, must be less than twice as high,
perhaps even the same. This means that the conversion rate cannot be
twice as high, so there exists a contradiction, which can be avoided only
by assuming that the conversion rate is less than twice as high, which
means that the order of the drop conversion is less than one.

nterface

J

Reaction zone

Dispersed phase Confinuous phase

a,

T

R

r—

Fig. 9. Schematic course of the concentration profiles for a reaction in the continu-
ous phase, when the mass transfer is entirely limiting.

In Fig. 9, an equivalent situation is designed, but now the mass transfer
is entirely limiting, so that when a molecule A meets a molecule B it reacts
immediately. Now increasing the concentration of A does not increase the
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total reaction rate at all but merely shifts the reaction zone further from
the interface. The order of drop conversion in A, therefore, is zero.

3. Effect of Segregation. Derivation of Over-All Conversion Rate for a CSTR

Again it will be assumed here that the continuous coalescing and redispersion of the
drops does not influence the mass transfer into the drops. The effect of segregation will
be calculated for a CSTR while the reaction takes place in the dispersed phase. For this
derivation, use will be made of the equations derived in Section II,B,1. All drops are
assumed to have the same diameter.

No segregation. When the interaction rate is infinite compeared with the conversion
rate, it may be assumed that in all drops the concentration of A is the same and equal
to the outlet concentration 8. When the outside mass transfer is high,

- % _
Na = 4rHgRDgb, ( = 1) (19)

7 = Rl
Dp
When V is the total reactor volume and h the phase ratio, then the total number of

drops in the dispersed phase is
JL(iL)
14 h \4xR?

Summation over all drops, therefore, gives

in which

|4 3
% = 77 () o (20)
Also
vV 1 v_1 -
NB=NA=1+h:nfa0=l+h;;(ﬁo_a)

By putting ¢i® = R%i00/Ds, We obtain

tanh
2 - ) —mMM—— =
(wt = (5 s ) = 2B (21)
in which E = $Hgabcks. Combined with f = 1 — (¢/¢)? the conversion f can be calcu-
lated for different values of ¢ and Er,. This result is plotted in Fig. 11 by the dotted
lines.

Complete segregation. When there is complete segregation, the result for the drop
conversion rate has to be integrated over all drops present in the reactor. For each drop
the concentration of A is continuously decreasing with respect to its age:

Na=Np = —gwR‘%

From
R
¢=E D
it follows that
da _ 2Dp dp

dt ~ R%, Pt
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Substituting this in the result for N3, as derived in Section I1,B,1, gives

@ tanh ¢

S amh e = —Ed (22)

where again E = $Hgbcko. The boundary condition of this differential equation is:

[

Do for t=0.

p=@==R

When ¢ > 2 the differential equation can be simplified to

Y _dp = —Edt. (23)
¢ —1

After integrating, this results in

Et=¢—p+ @=L
e —1

(29)

For ¢ < 2 this integration has to be performed numerically. In Fig. 10, the course of ¢
as a function of Kt is shown for values of ¢, of 5 and 10.

10 -
PPy
8
?,=10
6 —

£t

Fig. 10. Plot of ¢ against Er for two values of ;. First-order reaction with mass
transfer limitation.

It must be remarked here that, for very low values of ¢, which means for drops which
are nearly entirely converted, the assumption that the concentration of A is constant
throughout the drop is not justified any longer. We are, however, only interested in
large initial values of ¢, and in that case the contribution of these nearly converted
drops to the over-all reaction rate is very small. No serious error will oceur, therefore,
by neglecting the difference between the actual contribution of these drops and the
above derived result.
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Integrating over all drops present gives the total conversion rate Ng:
® |4 3 1
Np = ./; Ns 7 T (%R,) e—t/7e . dt (25)
where 7. is the average residence time in the CSTR, and again the well-known age

distribution is assumed to hold. Also,

Tc

= 1
Ng=Ny= Kmﬂm
while from a = ¢*Dn/R%, it follows that
2
Np = —$rR3 5— —
0

Finally, we obtain

A [=det _
= e ) e—t/re dl
=1- ;10"2[: <p2e—t/ro}cdt (26)

For different values of ¢, and Er, the conversion f can now be calculated. In Fig. 11,
this result is shown as the solid lines. For a value of ¢y = 100, the result coincides
exactly with the result derived in Section II,A,1 for half-order drop conversion. For a

0.l 1 !
50 100 150 200 250

Er.

Fie. 11. Conversion f versus Er for first-order reaction with mass transfer limitation:
solid lines, no interaction; dotted lines, no segregation.
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value of ¢ = 10, there is still a considerable difference with pure half-order drop con-
version.

In Fig. 12, the ratio r./7. is plotted versus the conversion for both values of ;.

1.0

08

Conversion f

0.5 I 1 I 1 I ! 1 1
10 12 1.4 1.6 1.8 20 2.2 2.4 2.6

YA

F1c. 12. Ratio of residence times necessary to obtain the same conversion in the two
cases of no interaction (r,) and no segregation (r.) for first-order reaction with mass
transfer limitation.

C. Errect or Drop Size DISTRIBUTION

In the preceding sections it was always assumed that all drops of the
dispersed phase had the same diameter, and that, for the case that there
is segregation, a spread in the concentration distribution was only caused
by a spread in age distribution. However, as pointed out before, a spread
in the drop size distribution may also cause different concentrations in the
drops, even when these drops have the same age. Generally this may be
expected only when there is mass transfer limitation.

In this section, several cases where there is a spread in drop size distri-
bution will be caleulated first for an ideal piston flow reactor in which all
liquid parts have the same residence time distribution, and, finally, also
the case of a CSTR in which there is a spread in drop size will be calculated,
but only for the ease of zero-order drop conversion.

As the caleulations have to be performed numerically the problem has
been simplified in so far as only a very simple drop size distribution
function is assumed to hold, namely:

1

f(Ry=0 for Ri> R > XR:

for R1 <R < XR1
(27)
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Although, in general, more complicated distribution functions will be en-
countered, nevertheless, the order of magnitude of the effect of segregation
can be estimated from the calculations as they are given here.

1. Piston Flow Reacior

As shown in Section I1,B,1, zero-order drop conversion will occur when
the drop conversion rate is limited by a relatively low outside mass transfer
coefficient. It was derived that then

Ny = 47R*mb

as long as there is reactant A available in the drop. Since also Ny = Ny =
—47R? da/dt, so that da/di = —3mb/R, the course of a can be calculated
when the course of b with time is known. However, the course of b with
time is determined by all drops together. A direet integration of Ny also
leads to nowhere, as the lower integration boundary is determined by the
largest, drops in which all the reactant A is consumed. For that reason an
indirect numerical method has to be carried out.

When
Rm f b d,

then for each segregated drop it is found after integration:
a/ag =1~ ¢R/R for ¢ < R/R

=0 for ¢t > R/R:
After integration over all drops, the average concentration of A is found:
i/ =1~ zhX for  ¢<1
=8 L X -y for 1<t<X (28)
X-1 X-1
=0 for ¢>X

For a given value of X, @/n, can be plotted as function of ¢. From this plot the course of
/by with ¢ can also be found. Now

db _ dbdt _ db dg'

d( dt dr dt
However,
ac _ 3m
dt - Rx(lo
Therefore, 5 .
3m . d db
Roldr = i (29)

When now b = @/h + za, in which % is the phase ratio and z is the surplus of reactant
B over reactant A, then
3m (la d(a/o) _ d(b/a0)

iR \ke T%) a dt (30)
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Therefore, from the plot of @/as versus ¢ a plot of d(b/as)/dt versus b/a, can be derived.
From this latter graph b/a, as function of ¢ can be calculated by numerieal integration.

For the case of X = 4, h = 1, and z = 0.1 the result is given in Fig. 13
where the degree of conversion based on the reactant A is given as function

1.0
No segregation
No interaction

5 o8 n=0
i73
2 h=1
S 2=0l
S X=4

0.6 —

0.5 | 1 | ] | 1 { 1

| 2 5 10

F1a. 13. Conversion f versus dimensionless reaction time @ for piston flow reactor
with drop size distribution zero-order drop conversion.

of 8 = 3mt/hR,. Also, the conversion curve for the case of no segregation
(infinite interaction, at the same ¢ all drops have the same concentration
of reactant A) is shown in this figure. In this latter case,

f=1—9—(1—zh)—(1+zh)exp(—)}n_Xlo) (31)

Qo -
Although the effect of segregation is not as large as in the case of a CSTR
with uniform drop size it still cannot be neglected, especially at higher
degrees of conversion.

When the surplus of reactant B is so large that it may be assumed to be constant
throughout the reactor, the calculations can be performed entirely analytically. If now
8’ = 3mbt/ayR;, then for the case of no interaction (complete segregation)

InX

— a7 ’
fc—'acX_l for 8, <1
8.’ 6’ — 1
= w7 X -+  for 1</ <X (32)
=1 for 6’ > X

and for the case of infinite interaction (no segregation)

InX

Jo =0 X -1

when 6, < %—1
(33)
X-1

=1 when 8, > ™y
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At a degree of conversion 1, the ratio 6,’/6,’ = X In X /(X — 1). This ratio is given for
some values of X in the following tabulation:

X 6. /6,
2 1.38
4 1.84
8 2.38

16 2.97

For half-order drop conversion the caleulation is somewhat more com-
plicated, of course, but in principle the course of the calculation is the
same as for zero-order drop conversion. Based on the formula derived in
Section I1,B,1

NB = 41!'R2HBB \% kuﬂiDB

the calculation has been performed again for the two cases of no interaction
and infinite interaction. For the case of X =4, A = 1, and z = 0.1 the
result is shown in Ifig. 14, where now

1.0
No segregation
No interaction

-
§ o8 -
g ol
g 2=0l
O - X=4

0.6 —

0.5 1 1 1 | ! ] 1 L1

t 2 5 {e]

9”

Fia. 14. Conversion f versus dimensionless reaction time ¢’/ for piston flow reactor
with drop size distribution half-order drop conversion.

1724/ T ave
¢ = 3————-—HB“2°M; fiDp (34)

As could be expected, the effect is even smaller than in the case of zero-
order drop conversion.
2. Continuous Stirred Tank Reactor with Nonuniform Drop Size Distribution

In a continuous stirred tank reactor in which the dispersed phase is
gegregated, a spread in the drop size distribution is present, and there is
mass transfer limitation, the spread in the concentration distribution will
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be larger than when all drops have the same size. This means that an
increased effect of segregation may be expected.

In the case of complete segregation the drops may be classified in groups of different
particle size ranges. When these size ranges are sufficiently small, each class may be
treated as a group of uniform drop size distribution. Since for each class again the
normal age distribution for an ideal mixer will hold, the average concentration for each
class can be calculated by integration over the age distribution. The average concentra-
tion of all classes can, after that, be derived by integration over the drop size distribu-
tion. For each drop:

Ny = drRimb = — grRs 92
dt
or
_da _ 3mb
dt R
and
_,_3mk wR
/o =1 aRt hent<sb
ok
=0 h t ——
when L > 3mb

For one class for which the diameter lies between 2R and 2R + 2dR:

E___ /uoR/am"S(l 3mb o— t/r-dt
Qo [}

oR
=1-21 — eorsmo) (35)
in which
3'mbr
aoR1
This result now has to be integrated over the drop size distribution
a
T = [) Ly ar

For the same drop size distribution as treated before, this becomes

a 1 XR ab‘ﬁ I\ ]
- — — e—R/Rif
% (X—1)Rl[m { (1 = e=R/R0) (R
In X o [xm1 _
_1~0X—1+X—1f1/9 e dp (36)

Since

[herm= 2= [ (-5 +5-)e

it follows that
i 1 [x:—1 11
a

SIX D\ 1 I b
‘+ (_1)n+1 1

OSSR

(37)

~——
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When again it is assumed that X = 4, then
i/a; = 0.418, for 6, =2

= 0.2095 =5
= (.114 =10
= 0.0597 =20

No segregation. In this case the average drop conversion rate has to be
calculated by direct integration over the drop size distribution. After that,
a mass balance gives the average concentration:

qm—®=vm®[%?m

or

a [ — 3mbr In X InX

w VT Rex—1-17f%% =3

For X = 4, and the same values for G/a, as calculated for the case of
complete segregation, the corresponding values obtained for 6, are com-
pared with the values of 6, in Table II. Also, in Table II, the ratio r./7. as

(38)

TABLE II

COMPARISON OF §, WITH §, FOR X = 4

E/(Io ‘A On 8«:/07« f Tc/Tn
0.418 2 1.26 1.59 0.582 1.43
0.2095 5 1.71 2.9 0.7905 2.58
0.114 10 1.92 5.2 0.886 4.30
0.0597 20 2.04 9.8 0.9403 7.80

caleulated before in Section IT,A,1 for the ease of uniform drop size distri-
bution is given.

By comparing 8./0, with 7./7,, it is seen that the effect of segregation
is not increased very much if a spread in drop size distribution is also
present, and that the greatest effect is caused by the spread in age distri-
bution.

lll. Partial Segregation. Theory of Finite Interaction Rate, Models for
Interaction in the Dispersed Phase

In the previous section only the two extreme cases (a) no segregation
(infinite interaction) and (b) complete segregation (finite interaction) were
considered and compared with respect to over-all conversion rate, order of
conversion, and selectivity.
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Generally one must expect that in practice neither of these extreme
cases will hold and that there is a finite interaction rate or partial segrega-
tion. This means that dispersed drops may have a certain period during
which they keep their own identity, but after a shorter or longer time
(which generally is spread statistically) they will coalesce with a neighbor-
ing drop, or with another part of the dispersed phase. After exchange of
concentrations, new drops will be produced.

This coalescing and redispersion may be either rapid (possibly so rapid
that, compared with the reaction rate, the interaction may be considered
practically infinite) or it may be slow. The point, however, is: What is
rapid and what is slow?

In the next sections, different interaction models will be proposed, two
of which have been evaluated, and which make an answer to this question
possible,

A. HomogENEOUS INTERACTION MODEL

This is the most ideal interaction model which has been accepted by
all investigators of interaction to interpret their results of experiments (see
Section IV),

In this model the segregation is perfect isotropic microscale segregation.
All drops are assumed to have the same size. The chance of coalescing with
a neighboring drop is for each drop the same, and independent of time and
of the concentration of the drop. Redispersion occurs immediately after
coalescing and exchange of concentration. Coalescing and redispersion is
assumed to have no effect on mass transfer.

R. L. Curl was the first to work out this model for the case of a chemical
process with zero-order drop conversion which is earried out in a continuous
stirred tank reactor (C8). His theory, somewhat modified, is given at the
end of this section.

The result of the calculations, which have to be carried out by means
of a digital computer, is presented in Fig. 15. In this figure, the degree of
conversion f is given as a function of the drop conversion modulus k; the
interaction modulus 7 is a parameter which is twice the ratio of the total
number of coalescences that oceur per unit time over the total number of
drops which are fed to the reactor per unit time (I = w7, where w; is the
coalescing frequeney and r the average residence time). The result of Curl
has been confirmed by Veltkamp (V2), who solved the equations of Curl
by means of Laplace transformation. Veltkamp and Geurts (V3) also evalu-
ated the case in which the order of drop conversion is 1, the result of which
is presented in Fig. 16. Figures 15 and 16 both show that a very high value
of the interaction modulus is necessary to obtain a substantial effect on
the conversion, especially at higher conversions, and that the case of no
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segregation (infinite interaction) is very improbable in practice. The con-
centration distribution which is found in the dispersed phase is very inter-
esting. In Fig. 17 examples for the case of n = 0 are given.

4
3
I:0 =064 6,=0.36
K#10 { I=I0 £=0.765 G,=0.235
=100 I=100 f =0935 G,=0.065
3 2
o
| -
I-IO I=o
o] \
05 1o
=AM,

F1e. 17. Three concentration distributions in the dispersed phase for the case of
homogeneous interaction when n = 0.

As pointed out before (see Section II,A,2), there will always be a frac-
tion of drops with zero concentration while also at the feed concentration
there must be a maximum in the concentration distribution. Interaction,
therefore, makes sure that subsequent maxima will also oceur at 3, 3, 1, ete.,
times the feed concentration.

Suppose that g(a) is the function describing the concentration distribution in the
drops of the dispersed phase, where a is the dimensionless concentration parameter,

a = 0/a.. When G, is the fraction of drops with zero concentration (only for drop con-
versions less than 1) then

/0 (@) da = 1 — Gy (39)

Also, a dimensionless time ¢ = {/r, where r is the average residence time, will be intro-
duced. The chemical conversion equation —da/dt = k,0* now becomes

. . . -1
in which the conversion parameter K = kirag .
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The change of a fraction of drops in the interval between @ and « + Aa during a
short time Af is now caused by

(a) Chemical reaction. Drops with a concentration parameter higher than o 4+ A«
will move into the interval while other drops will move out of the interval. The ingoing
fraction is

Ay = gla + Aa) Al
where

A'a = K(a + Aa)™ A
and the outgoing fraction is

Agi- = g(a) A
where

Aa = K(a)” AE

Together this gives a total effect:
d
Agr = K == {amg(a)} A A

(b) Carry-off with the product stream. This contribution equals
Agy = —gla) Ax AE

{¢) A feed by coalescing. Drops with a concentration parameter between g and
B8 + dg will produce twice as many drops in the considered range when coalescing with
drops which have a concentration parameter between (2a — g8) and (2¢ + 2 Ax — 8 — df).
Therefore,

pgs = 21 8¢ [ g6)o(2e — B)2e

47 8¢ bt [ 9@0(2 — ) d

Here I is the interaction modulus. The integration has to be carried out over all possible
values of 8, that means over the interval
20 —1 < <a when « > 3
and
0<B<a when « < 3.
In the latter case, however, there is also a contribution of the fraction Go of drops with

zero concentration. When these drops coalesce with drops in the interval (2a; 2 4 2 Aw),
drops of the desired concentration are also produced:

Agy' = 4IGyg(2a) At A

(d) Carry-off by coalescing. All drops of the considered interval continuously have a
chance, by coalescing with drops of other concentrations, to disappear out of the interval.
This contribution equals

—Ags

Ig(a) Ba M)l 9(8) d8 + Go§ AE

or

Agy = —Ig(a) Aa At
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Summing up all these contributions the total must be equal to the change with time

d
(Ag)rotar = ng A A%

Therefore,

d d .

@ = K- lag@) - +1)g(a)+41/2a_lg(a)g(2a_ﬁ) B for «>}

and

U - KL farg(@)) — (1 + Dyla) + 41 [ g(e)g(@ 8 4 41Gog(2 0
dt da &9\ gla) + /;9“)!](‘1".3).34‘ 0g(2) (40)

for a <3

In the steady state dg/dt = 0 for each value of o, while the boundary condition requires
that for @ = 1, g = 1/K. When for a certain case all the parameters n, K, I, r, and Cq
are kept constant the solution of the dynamic equations must evolve to that of the
steady state. On a digital computer this procedure has been followed by Curl (C8). He
used different numbers of Aa intervals (25, 50, and 100), let the transient evolve to the
steady state, and then extrapolated the calculated values of g(a) to Ae = 0. For the
procedure followed by Veltkamp to solve these equations, one must be referred to his
paper (V2).

Very recently Spielman (S6) calculated the influence of interaction by
means of Monte Carlo methods. This very interesting method, which is in
fact a direct simulation of the physical process happening, makes it possible
to obtain a reasonable accuracy even up to conversions of 99%. His results
are in fair agreement with the results obtained by Curl and Veltkamp.

B. DEap-CorNER INTERACTION MODEL

In this model, and also in the next one, the interaction is no longer
homogeneously distributed. As a consequence, the segregation is not pure
microscale segregation, but a combination of micro- and macroscale segre-
gation.

Stirred tank reactors are often equipped with baffles in order to obtain
an optimal effect of the action of the stirrer and to distribute turbulence as
homogeneously as possible. As a consequence, however, this may introduce
some dead corners in the wake of these baflles.

Also, when the wall of the stirring vessel is preferently wetted by the
dispersed phase, the wall may be covered with a thin stagnant layer of
dispersed phase, which may act, more or less, as a “dead” corner in so far
as the chemical reaction is slowed down by poor mass transfer. However,
there still may oceur a continuous coalescing of dispersed drops with these
stagnant layers and corners, while on the other hand these “dead” corners
will continuously lose new drops, which are taken up again in the “living”
dispersed phase. In this way the ‘“‘dead” corners act as a medium of inter-
action.
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Fi1a. 18. Principle of dead corner interaction.

In the dead-corner interaction model described here, it is assumed that
this is the only type of interaction that takes place in the system. This is
shown schematically in Fig. 18.

In the stationary state, the total volume contained by the dead corners

K=l{ I=1 {=0.675 G,=0.325
I1=3 §=0.735 Gp=0.265

o] 05 I
o =,4/46

Fia. 19. Two concentration distributions in the dispersed phase for the case of dead
corner interaction.
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is also constant. When there is no chemical reaction going on in this dead
volume, and further, the chance of coalescence with the dead volume is the
same for all drops, then the concentration in the dead volume must be
equal to the average concentration in the reactor. Then the drops which
are produced from the dead volume must also have this average concentra-
tion. This means that the concentration distribution of the drops shows a
discontinuity at the average concentration in such a way that, when going
through the concentration range coming from the feed concentration, the
distribution function g falls off; but, at the average concentration, it sud-
denly jumps to a higher value, only to fall off again when the concentration
is decreased further (see Fig. 19). The interaction is described again by a
parameter

o= number of drops coalescing with dead volume in unit time
N number of drops fed to the reactor in unit time

This model is simpler to evaluate than the homogeneous interaction model.
This evaluation even can be performed without numerical integration. The
derivation of the formulas describing this interaction is given below.

The result for zero-order drop conversion is shown in Fig. 20 and for
half-order drop conversion in Fig. 21. When compared with the homo-

1.0
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Conversion f
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Brop conversion modulus K

Fig. 20. Effect of dead corner interaction in a CSTR on the conversion. Zero-order
drop conversion.
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Fia. 21, Effect of dead corner interaction in a CSTR. on the conversion. Half-order
drop conversion.

geneous interaction model, about the same course of conversion depend-
ence is obtained. The dead corner interaction, however, proves to be more
efficient (at the same values of K and I) than the homogeneous interaction.
This is not surprising since in homogeneous interaction, especially at higher
conversions, many coalescences occur between drops with zero concen-
tration and, therefore, are not effective, while in the case of dead corner
interaction every coalescence produces a new drop with the average con-
centration and so every coalescence is effective.

Suppose the process is a nth-order drop conversion process. As remarked before, the
concentration distribution in the dispersed phase consists of three parts:

(1) a distribution function g, running from the feed concentration ao to the average
concentration &,

(2) a distribution function ¢, running from & to zero,

(3) a fraction Gy consisting of all the drops with zero concentration.

A mass balance gives
a _
f.ﬂ "0u(a) da + fO" gp(a)da=1—G (1

Let us consider a small fraction of drops with concentration between a and a + Aq.
In this fraction drops continuously arrive by chemical reaction from higher concentra-
tion, but also drops are lost by chemical reaction to fractions of smaller concentration.
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Furthermore drops are lost through the outlet and by coalescence with the dead corners.

When the total number of drops present in the reactor is N, while ¢ drops are lost
per unit time through the outlet and p drops are coalescing with the dead corner, then
during a time di:

Nig(a + Aa) do’ — gla) da”’} — gg(a + 3 Aa) dadt — pg(a +  Aa) dadt =0

in which
da’ —k{a + Aa)* dl

and
da'’ = —kar di.

When r = N/g = the average residence time, -, = N/p = the reverse of the coalescing
frequency, and / = r/m = the interaction modulus, then

dlatg(@] _ _da /1 1
arg(a) kan ( + n (42)

or

0= e [ 5 (42)]

in which 4, is a constant determined by the boundary conditions. This result holds for
both functions g; and g.. Only the boundary conditions are different:

®

o
a
]

n(a) = o

kran

k=1

1
pla) = gn(e) + 2 At e =
This finally results in

gni(a) = exp[ a —nc;ok 1+ 1)]
and

0@ = poen [T A+ D | + e [T A+ D] @)

By introdueing

al—» anl—n

YAk 24 v =g

and remembering that g(v) = g(a) da/dy we find
g1(y) = exp [(y — )1 + )]

and

g2(v) = exp [(y — v)(1 + D]+ I exp [(v — 7)("+ D] (49)

In this latter equation

8,—
Yz = \/7‘
where s = 1/(1 — »). The degree of conversicn f is now given by the equation

f=1- ¥/t
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Therefore, it is necessary to solve v*.
Forn = 0:
Y=Y =T

y = /_W ygu(v) dy + j;'y vg2(y) dvy
b

= fo“’yexp v = w{ + Dldy + Iﬁfvexp [y ~ P+ D] dy

This results in
A+Dlve—3 =1~-expl~1+Dwl+ {1 —exp[—Q + DF]} (45)
When (1 4+ Dye =band (1 + /)¥ = ¢, then
_b—c—-1—¢t

I="——e (o)

while f = 1 — ¢/b. Far different combinations of b and ¢ we now can calculate f and /
and then also ve. In Fig. 20, the conversion f has been plotted against K = 1/y,(1 — =)
for different values of I.
Forn = §:
=7 =t

ot = [0 ™ yrexp [(v — v)(1 + D]dy + 1 [o yrexp [y — v)(1 + D)) dy

and

1+ D=1+ Dy — 2{Q + Dy — 1 + exp [v(1 + D]
—2[{(1 + Dv. — 1 +exp [v.(1 + D]} 47)
When again (1 + )y = b and (1 + I)y, = ¢, then

P —c 2422 e ,
I = % — 1+ ¢ 9 and f=1 X (48)

Figure 21 presents the result of this equation, aguin as a plot of f versus K for different,
values of I.

It may be remarked that when, in the asbove equations, we let 1 -0 or / — =
indeed the same equations as already derived in Section II,A,1 are obtained.

C. CircuLaTION INTERACTION MODEL

A study carried out at the Lawrence Radiation Laboratory of the Uni-
versity of California by Vanderveen (V1) strongly suggests another type
of interaction model; see also Vermeulen (V5). Vanderveen measured the
drop size at different distances from the impeller of a baffled, stirred tank
reactor in which two immiscible liquid phases were contacted, and found
that a very substantial increase in drop size occurs at remote distances.
The increase, which was attributed to coalescence, appeared to be depend-
ent on the physical properties of the phase system.

As is well known, in baffled, stirred tank reactors there is a strong cireu-
lation pattern, as shown in Fig. 22. The dispersed drops will move with this
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circulation, break up into small drops in the vicinity of the impeller, and
then coalesce to form larger drops further on in the circulation path, while
there is little redispersion on this path because of the decay in turbulence
along this path. When returning to the impeller the larger drops are broken

"

Fic. 22. Circulation of dispersed phase in a baffled two-phase mixing vessel.

up and the whole cycle starts again. Schematically this process is shown
in Fig. 23. Of course, this continuous breakup produces a very strong
interaction as the small drops, into which one big drop is broken up after
passing the impeller, certainly will not unite again to form the same big
drop, but will be statistically distributed over many larger drops during
coalescing. Two things happen during one circulation:

(a) Because the drops are continuously coalescing without redispersing,
mass transfer limitation will increase. Since orders of drop conversion of
less than 1 are nearly always caused by mass transfer limitation; this
means that the drop conversion rate constant will decrease along a circu-
lation path.

(b) When close to the impeller, there is a more or less pronounced
concentration distribution in the small drops; this concentration distribu-
tion will be reduced by the continuous coalescing of arbitrary drops to
larger drops.

The mechanism of interaction can, therefore, no longer be described by one
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Fi1e. 23. Principle of circulation interaction.

parameter, but at least two parameters are necessary. The first parameter
which is proposed is

_ (maximum drop size\?
N (minimum drop size>

\ indicates the total number of small drops which, during one circulation,
unite to one large drop. The second parameter then must be

average residence time
vV = L - .
time necessary for one circulation

v indicates the average number of circulations which a molecule of the
dispersed phase goes through during its stay in the reactor. It will be clear
that this model is extremely complicated and difficult to evaluate. Only
when X\ is small (say less than 3) (so that the effect of increased mass
transfer limitation can be neglected) and when, at the same time, v is large
(so that pure statistical methods can be applied) can the two parameters
be united into a single parameter, I = M\, which is exactly equal to the
parameter used in the homogeneous interaction model. Also, the two
models then become nearly identical.
As yet no solution of this model is known.

D. Harapa INTERACTION MODEL

Harada et al. (H1) proposed a model in which each drop of the dispersed
phase shows an interaction process at regular time intervals {.. During such
an interaction the drop exchanges matter with an imaginary drop of the
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same size, but with the average concentration. After this interaction, the
original drop starts to react again during a time ¢,, after which the process
is repeated. Iach drop, therefore, more or less keeps its own identity and
only gets a ‘“revival” after each time {. The physical meaning of this
model is shown in Fig. 24.

To dispersed phase

LN

Redlspersmn

Imaginary
dead volume

o . —

Coalescing  ———— concentration = oz

@ a,,= %{a'iw‘z)
From dispersed phase

F1a. 24. Harada interaction model.

—®

An imaginary dead volume of the dispersed phase, which by frequent
interactions keeps its own concentration equal to the average concentra-
tion, continuously produces drops of the average concentration which coa-
lesce with drops of the “living”’ dispersed phase and exchanges matter with
these drops by coalescing and redispersion. After redispersion, however,
only one of the two “product” drops stays in the “living” dispersed phase
while the other “product” drop returns to the imaginary dead volume. It
is especially this latter phenomenon which is quite incomprehensible.

Some resemblance with the diffusion interaction, discussed in Section
I,C cannot be denied. At diffusion interaction, however, the interaction
occurs continuously and not only at regular intervals. Also, in the diffusion
interaction model the interaction is never complete but only tends to
reduce the driving force.

As the Harada model, therefore, seems to be very unsatisfactory, the
solution of this model will not be further discussed here.

IV. Measurements of the Interaction Rate

Experiments to measure the interaction rate in a dispersed phase system
have been carried out by Madden and Damerell (M2), Miller et al. (M4),
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Groothuis and Zuiderweg (G3), and by Kramers and co-workers (K2),
while qualitative experiments were carried out by Matsuzawa and
Miyauchi (M3). All these methods use the homogeneous interaction model
to interpret the results obtained, while generally care is taken to prevent
wetting of the wall by the dispersed phase in order to avoid dead corners.

The methods which have been used so far ean be classified into two
categories:

(I) Methods in which the course of coalescing is measured by means
of a chemical reaction as tracer.

(IT) Methods in which the course of coalescing is measured with pure
physical means.

A. MEASUREMENTS BY MEANS oF A CHEMICAL REACTION

When the interaction rate is measured in this way one studies the course
of a chemical reaction which oceurs in the dispersed phase between two
components. One component (C) is present in the reactor before the experi-
ment starts and either is dissolved in the continuous phase or homogene-
ously distributed in the dispersed phase. The other component (A) is added
at the beginning of the experiment in a highly concentrated form in a very
small extra volume of the dispersed phase. The total amount of A must at
least be the stoichiometric equivalent of the total amount of component C
already present in the reactor.

When component C is added to the continuous phase this component
is extracted to the dispersed phase, but chemical reaction can take place
only in drops containing component A. By continuously coalescing and
redispersing, the number of drops containing component A is increasing,
however, and therefore, the over-all conversion rate will increase. It is
required in this method that the order of drop conversion in component
A be equal to zero, so that the drop conversion rate be independent of the
concentration in the drop.

In this way Madden and Damerell (M2) used the chemical reaction:

28203'_ +‘Ig‘—>S40€_ +2I—

In their experiments water was the dispersed phase and toluene the con-
tinuous phase. Iodine was dissolved in the toluene, while a concentrated
sodium thiosulfate solution was introduced into the reactor at the beginning
of the experiment. The free iodine was extracted from the continuous phase
to the sodium thiosulfate-containing drops, the number of which was con-
tinuously increasing by coalescence and redispersion. The progress of the
extraction process was followed by withdrawing samples of the continuous
phase and analyzing the iodine content by light absorption. When M is the
number of drops which contain thiosulfate, N the total number of drops,
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and w. the coalescing frequency, it follows from the homogeneous inter-
action model (see Section TIT,A) that

Y + e—wil
Y
where Y = Mo/(N — M) and M, is the number of thiosulfate-containing
drops at time ¢t = 0. When ¢ is the concentration of the iodine in toluene

(¢o being its initial value) and V. is the total volume of the continuous
phase, then

M=N (49)

e _ 4o
~ Ve, = 4nRmoMc

in which mg is the mass transfer coefficient and R the radius of a drop. It
now follows that
1n % = 47 R2mgN In 1 + Yewt
¢ Vcw,- 1+ Y

Madden and Damerell carried out their study in a 1.5-liter vessel of stain-
less steel internally coated with Teflon to prevent wetting by the aqueous
dispersed phase. This reactor was stirred by means of a turbine and
equipped with wall baffles. They investigated the effect of stirring rate
(corresponding with a power input from 0.25 to 2 hp./m.?) and the effect
of dispersed phase fraction from 0.0014 to 0.011. The interaction rate w;
they found varied from 0.04 to 0.5 sec.”! (see Fig. 25).

Kramers and co-workers used a different method. In their set-up, com-
ponent 1 is dissolved in the dispersed phase and distributed evenly over
this phase before component 2 (dissolved in an extra, but small, volume
of dispersed phase) is added. Now the reaction can proceed only when a
coalescence occurs between a drop containing component 1 and a drop
containing component 2. Because of the high concentration of component
2, the total amount of component 1 contained in the coalesced drops will
be entirely consumed, and after redispersion two drops containing only
component 2 will result. Also in this case, therefore, the over-all conversion
rate is increasing when the interaction proceeds. The only requirement of
the reaction is that it be very rapid and that the components do not dissolve
in the continuous phase.

In the experiments of Kramers and co-workers, water was the dispersed
phase and a mixture of toluene and carbon tetrachloride (density = 965
kg./m.?) the continuous phase. Two types of tracer reactions (I and II)
were used:

Reaction I: 51~ -+ 6 HT 4+ 10,7 — 3 I, + 3 H;0. The dispersed phasc
contained 4 N sulfuric acid and potassium iodate (KIO;). At the beginning
of the experiment a few drops of a potassium iodide (KI) solution was

(50)
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Fi1a. 25. Results of Madden and Damerell obtained in a 1500-ml. mixing vessel,
containing 1000 ml. toluene-iodine solution as continuous phase and water as dispersed
phase.

added. The course of the reaction was followed by measuring the light ab-
sorption, which increases because the free iodine product was extracted into
the continuous toluene phase and then had a bluish-red color.

Reaction 11: 4 FeCly + 3 K,Fe(CN); — Fe,[Fe(CN)sls 4 12 KCL. The
dispersed phase contained the ferrocyanide, and at time ¢ = 0 a few
drops containing the ferric chloride were added. Because the product
Fe,[Fe(CN)s]s had a blue color, the course of reaction again could be
followed by measuring the light absorption.

Measurements were carried out in a 6-liter brass vessel stirred by means
of a flat blade stirrer and equipped with 4 wall baffles. The influence of
dispersed phase fraction and of stirring rate was investigated. The dispersed
phase fraction was varied from 0.05 to 0.15 while the power input by the
stirring was varied from 0.1 to 3 hp./m.%. The interaction rate found was
invariably 0.035 sec.”'. Another experiment was carried out by Kramers
and de Korver using a short rotary contactor (height = 10 em., diameter =
9.3 cm., diameter of rotor = 8.0 cm.) which was made entirely of Teflon to
prevent wetting of the wall by the aqueous dispersed phase. This reactor
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was operated continuously, while reaction II was used to trace the coalese-
ing rate. In this continuous operation it was necessary to feed two dispersed
phases, one with the sodium ferrocyanide and the other containing the
ferric chloride. Conditions were chosen in such a way that only part of the
dispersed drops became colored. The fraction of colored drops was meas-
ured by letting the outgoing stream flow over a flat, nearly horizontal, open
drain on which all drops eould be seen separate from the others. By photo-
graphing, and counting the number of blue drops, the interaction rate
could be determined. The dispersed phase fraction was always 2.6%,. At a
rotary speed of 350 min.~* it was found that w; = 0.1 sec.”!, and at a rotary
speed of 450 min.7! w; = 0.03 sec.”%.

Matsuzawa and Miyauchi (M3) tried to measure the interaction rate by
means of the chemical reaction 2 FeCl; + SnCl; — 2 FeCl, + SnCl, which
takes place in the dispersed phase. The two components are mixed before
entrance in the reactor, and so the rate of interaction can only be measured
indirectly from interpretation of the conversion-mean residence time curve.
As follows from the theory for a chemical reaction of which the order of
drop conversion is greater than 1, the over-all rate of conversion is higher
if there is segregation in the dispersed phase than if the dispersed phase
is entirely mixed by means of a high interaction rate. The qualitative con-
clusion which Matsuzawa and Miyauchi could draw from their experiments
was that the conditions in their reactor were very close to complete segre-
gation, which means a negligible interaction rate as compared with the
drop conversion rate.

A last possibility, which has not been reported so far, is a method in
which one measures the heat of reaction, which is released when drops con-
taining component 1 coalesce with drops containing component 2. This
method is only suitable in continuous operation, as otherwise the tempera-
ture rise that would occur would affect both the interaction rate and the
chemical conversion rate. All other methods mentioned so far are suitable
both for batch operation and for continuous operation, with a slight prefer-
ence for the latter since steady-state operation probably will give more
reproducible results. A limitation of all the above methods is that only the
interaction rate of an aqueous dispersed phase can be measured, because of
the requirement that the chemical reaction be nearly instantaneous. A
further disadvantage is that the dispersed phase itself is not of uniform
composition, so that the interfacial tension may not be the same for all
drops, and therefore the drop size may depend on the amount and type
of reactants which the drops contain.

The method used by Madden and Damerell and also the method by
means of reaction (I) of Kramers have the disadvantage that mass transfer
from the continuous phase to the dispersed phase or vice versa is involved,
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which may induce Marangoni effects, and as a consequence the interaction
rate may be increased or decreased.

B. MEASUREMENTS BY PUrRE PHysicarn MEANS

Miller and associates (M4) measured the interaction rate in a liquid-
liquid two-phase batch reactor by means of a light transmission technique,
which has the advantage that it can be used with the aqueous phase or
the organic phase dispersed.

They added a small quantity of highly colored drops to the reactor
which otherwise contained only uncolored drops dispersed in the continu-
ous phase. As the color is spread more uniformly about the whole dispersed
phase by continuous coalescing and redispersion, the light transmission
of the emulsion is decreased according to

log To —log Ty —1/20;

log To —Tog T, — 1 — Fe~1/2at (51)
In this equation T, is the light transmission before the dye is added, T,
is the light transmission when the dye has spread uniformly over all the
drops of the dispersed phase, 7', is the light transmission at a time ¢ after
the dye has been added, w; is the interaction rate constant, and F is a
constant which can be determined experimentally. For the derivation of
this formula, one is referred to the paper by Miller et al.

Experiments which were essentially batch experiments were performed
in reactors of three different sizes, which could be equipped with different
kinds of stirring impellers. Special attention was devoted to the injection
of the dye; also, the dye itself was carefully selected in relation to the
requirement of nonsurface activity. Some of their results are shown in
Fig. 26.

Finally, very recently, a method was published by Groothuis and
Zuiderweg (G3). Their method can in principle be used also with both
phases dispersed, although their results are obtained with an organic phase
dispersed. Where the method by Miller et al. is essentially a batch mixing
experiment, the method of Groothuis and Zuiderweg is essentially a con-
tinuous-flow experiment. To a system in which water is the continuous
phase they feed continuously two dispersed organic phases, both consisting
of a mixture of benzene and carbon tetrachloride but of slightly different
composition so that one dispersed phase had a slightly higher density
(1.03 g./ml.) than the continuous phase, while the density of the other
dispersed phase (0.990 g./ml.) was a little lower than that of the continuous
phase. The emulsion was separated in a settler. Through the upper outlet,
part of the continuous phase together with “light” dispersed phase was
removed, while through the lower outlet the remaining part of the continu-
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Fi1c. 26. Results obtained by Miller ef al. in a 0.30-gal. vessel, propellor in draft
tube. (a) Effect of power input and dispersed fraction. (b) Effect of system on interaction
rate at ¢ = 0.20.

ous phase together with the heavy dispersed phase was discharged. This
heavy phase also contained that part of the “light’’ dispersed phase which
had interacted with the heavy dispersed phase. This interaction resulted,
however, in a dispersed phase which, because of the choice of the original
densities, was still of a higher density than the continuous phase. Thus,
by measuring the increase of the amount of the heavy phase in the outlet,
the interaction rate could be determined.

Groothuis and Zuiderweg also measured the influence of mass transfer
on the interaction rate and found that when 1.379, acetic acid was added
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to the dispersed phase, a twenty-fold increase in the interaction rate re-
sulted. Their results are presented in Fig. 27, in which results obtained by
the other investigators are also compared. The data of Madden and
Damerell are also extrapolated for a phase ratio ¢ = 0.1 by means of the

correlation w; & ¢ which was found both by Madden and Damerell,
and by Miller et al.

7 $=010
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Fig. 27. Experiments of Groothuis and Zuiderweg compared with results of others.

Although the results obtained by Miller et al. and those of Groothuis
and Zuiderweg for the case of no solute seem to fit remarkably well on one
correlating curve, the total picture is so complicated that it must be con-
cluded that quite a lot of work has still to be done before an interaction
rate can be predicted with reasonable accuracy for a given phase system
at given operating conditions. Nevertheless, the following general conclu-
sions may be drawn with some caution:
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(a) w;increases with power input and with the phase ratio ¢.

(b) Mass transfer from the drops to the continuous phase seems to
increase w; strongly.

(c) When the dispersed phase is an organic liquid, the interaction rate
is much lower than when the dispersed phase is an aqueous liquid.

(d) Both Madden and Damerell, as well as Miller et al., found that
addition of inorganic salts to the aqueous phase gives more reproducible
results.

(e) When, for commercial processes (in which the average residence time
7 generally falls between several minutes and several hours), the interaction
modulus, I = w,r, is evaluated, a comparison with the graphs of Figs. 15,
16, 20, and 21 leads to the conclusion that in most cases segregation will
neither be complete nor zero, and that the interaction rate is a factor which
is of high importance in reactor design both to obtain a high degree of
conversion and a good selectivity.

V. Discussion about the Interaction Rate

In this section some general aspects of the interaction rate w; will be
discussed, in particular, the influence of physical and physico-chemical
factors. Since we will be considering only those systems that are in a sta-
tionary state, the interaction rate can be put equal to the coalescing rate,
which is equal to the total volume fraction of the dispersed phase which
during unit time is involved in coalescence. Under these circumstances it
will be clear that the equilibrium average drop size is determined both by
the rate of dispersion, which continuously creates new interfacial area, and
by the coalescing rate, which continuously destroys interfacial area. This
was already realized by several investigators in the field of liquid-liquid
dispersions (C1, R5, V4) and more recently has led to at least a qualitative
explanation of the different results obtained for the dependence of average
drop size on power input by these investigators (S1).

A. THE CHURCH-SHINNAR CRITERIUM

An interesting theory has been put forward recently by Church and
Shinnar (C6, S1, 82). They suppose that very small drops may adhere to
each other to form coagulates of still small size, in which the energy of
adhesion is larger than the kinetic energy of the turbulent eddies, with a
scale comparable to the size of the coagulate, and which tends to remove
the separate small drops in the coagulate. In these more or less stable
coagulates, coalescing will occur, which ultimately will result in larger
drops. There is a critical drop size below which coagulation and, therefore,
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coalescing is possible and above which the drops are continuously sepa-
rated from each other by turbulence before coalescing might occur,

Accepting Kolmogoroff’s theory of local isotropy, they find for the
critical drop size the relation

c1pe??d82 /A (hy) = constant (52)

in which e is the local rate of turbulent energy dissipation per unit mass of
fluid, p is the density of the continuous phase, and A(hy) is the energy
needed to separate two drops of unit radius from an initial minimum dis-
tance hy to infinity. Whence, granting the equation for breakup of drops
as derived by Hinze (H,):

2/3d5i3

We(erit) = gcg_e;__ = constant (53)

in which ¢ is the interfacial tension and, assuming that e is proportional
with the stirrer speed to the third power, Church and Shinnar are able to
make a plot of the drop diameter against the stirrer speed in which there
must be a region in which neither breakup nor coalescence occurs (see

Region of turbulence stabilized
emulsions, no interaction

Region of dispersion

In{drop diameter)

Region of coalescing
Eq.{52)

Region of high
interaction rate

In (stirrer speed)

Fia. 28. Church-Shinnar graph.
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Fig. 28). Dispersions which fall in this region are called by Church and
Shinnar “turbulence-stabilized’’ dispersions. As pointed out by them, the
function A(hy) depends strongly on the phase system and on whether
stabilizing colloids are present or not.

This theory of Church and Shinnar certainly will prove its value,
although it has its limitations as well. One of these limitations is that they
assume that the turbulence is homogeneously distributed throughout the
vessel containing the emulsion. The studies of Vanderveen (V1) and also
of Weiss et al. (W1) have clearly shown that this generally is not the case
and that dispersion occurs in the vicinity of the stirrer while coalescing
occurs away from the stirrer (see also the eirculation interaction model,
Section IIT,C). Finally the theory only gives an answer to the question
of whether or not coalescence is possible but not to the question of how
strong the coalescing rate is.

B. THE CoLLisioN RATE po

In the stationary state we may write

L (total number of effective) ( average volume of one drop
® = \ collision between drops *  \total volume of dispersed phase

3
= ()55 0
where d is the average drop diameter, ¢ the volume fraction of dispersed
phase [= 1/(1 + h)], V the total reactor volume, and n. the number of
drops involved in one coalescence. Furthermore, the total number of
effective collisions pes is equal to the product of the number of all collisions
po times the chance P that a collision will prove to be effective, i.c., will be
followed by a coalescing.
7d?

Dei = PP and w; = pP 8%

Ne

1. Homogeneous Interaction

In the case of homogeneous interaction the mechanism of collisions
between separate drops will show some resemblance to the collision mecha-
nism between separate molecules, as assumed in the kinetic gas theory.
In accordance with this theory, the collision rate py can be put equal to

/9 2
Dy = WTQHdzNV (55)
in which % is the average turbulent fluctuation at the scale of the average
distance between the drops. Since ¢ = Nnd3/6V and, in this case, n. = 2,
it follows that
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122
ws = (7; 3) P (56)

From Kolmogoroff’s theory of local isotropic turbulence [see Batchelor
(B1)] it follows that @ « €/3d'/3 where ¢ is the turbulent energy dissipation
per unit time per unit volume. Therefore,

/
e (%:,%’) P 57)

One must be warned here not to infer the dependence of w; on ¢ from this
relation, because P will depend on ¢ in an as yet unknown fashion.

Recently, Howarth (H3) gave a derivation of the coalescing rate in a
stirred system. He derived the collision rate starting from Smoluchowski's
well-known equation for the rapid coagulation in an unstable dispersed
system and introduced the time-dependent diffusion of fluid elements pro-
posed by Taylor for the case when the diffusion time is short compared
with the Lagrangian integral time scale. The derivation of Howarth is
believed to be incorrect because the equation of Smoluchowski was derived
with the assumptions that (a) every collision results in coagulation, which
is certainly not the case in stirred emulsions, and (b) the diffusion coefficient
is constant, therefore it is not allowable to introduce afterwards a time-
dependent diffusion coefficient. Although by fitting two empirical constants
in his final equation Howarth is able to bring his formula into agreement
with the experimental data of Madden and Damerell, the values found
for these constants imply that (a) nearly every collision results in coales-
cence, which means that there can be no room for mass transfer to have
any promoting effect on the coalescing rate (see Section V,C,3), and (b) the
total number of collisions is so small that the assumption of the diffusion
time being short compared with the Lagrangian integral time scale can
no longer be correct.

Where most dispersed systems will not have a uniform size distribution
it must be expected that this size distribution will also have an effect on
the total collision rate. A method of calculating this influence has been
indicated by Gillespie (Gla).

2. Dead Corner Interaction

The total number of collisions with the dead corners is proportional to
the total number of drops in the surface layer opposite the dead corners
and—when the theory of local isotropie turbulence holds here also—pro-
portional to the turbulent fluctuation frequency %/d. Near the wall, how-
ever, the theory of local isotropic turbulence certainly will not hold and
—more or less—stationary large scale eddies will occur. Therefore, centrif-
ugal effects will strongly increase the collision rate when the dispersed phase
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is of a higher density than the continuous phase and will decrease the
collision rate when the dispersed phase is of a lower density. This effect
can best be accounted for by another frequency

v _dAp

i Ty a (58)
in which Ap is the density difference between dispersed phase and continu-
ous phase (positive when the dispersed phase is of higher density, negative
when the dispersed phase is of lower density), # is the viscosity of the con-
tinuous phase, and a is the average value of the centrifugal acceleration,
which strongly depends on the design of the vessel and the stirrer and also
on the Reynolds number. This gives, for the collision rate py,
dAp a AdN

14

in which ¢; and ¢; are dimensionless constants and A is the effective surface
area of all dead corners in the reactor. The ultimate result for w; is (keeping
in mind that in this case at each coalescence only one drop is involved, or
n, = 1):

Do =6 (% + ¢ (59)

d4p ) Ad (60)

U
w; = Py (E+czTa %
Of course the same warning as in the foregoing section has to be kept
in mind here, viz., that P may also depend on e

C. Tue CoarrsciNg CHANCE P

What is necessary for a collision to be followed by a coalescence? What
is the mechanism of coalescing? These are questions that have fascinated
many scientists and engineers both in the field of the physical chemistry
of emulsions and foams and in the engineering field of agitated dispersions.

1. The Coalescence of Drops with Flat Interfaces

Cockbain and McRoberts (C7) were the first to study the coalescence
of a drop with a flat interface, to be followed by Gillespie and Rideal (G1),
Elton and Picknett (I£1), the school of Mason (C2, C3, M1), while recently
an extensive study has been made by Lang (L.1). The general picture of
these studies is that when a drop approaches a flat liquid-liquid interface
some deformation of the drop and the interface oceurs, which deformation
depends on the force with which the two are pressed together. As long as
no coalescence has occurred the two are separated by a film of the other
liquid, which film is continuously thinning with time. Observations of the
thinning of this film have been made by Mackay and Mason (M1}, who
observed film thicknesses as low as 500 A. After some time the thinning
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film breaks at some place, and the content of the drop flows into the con-
tinuous phase. In most cases, however, a part of the drop is left behind as
a smaller drop, which after some time coalesces again, and the whole process
is repeated, for some systems even 5 or 6 times, as observed by Charles
and Mason (C2) who call this process ““partial coalescence.” The different
stadia of the whole coalescing process have been illustrated in Fig. 29.

et -
e Z
- -

Fia. 29. Different stadia in the process of partial coalescing.

Earlier, the first studies by Cockbain and McRoberts (C7) indicated that
the time necessary for coalescing, measured from the point that the drop
apparently has come to rest on the flat interface till the moment the first
coalescence sets in, is spread statistically around an average value. Both
the standard deviation and the mean value depend on the phase system
and decrease with increasing temperature and with decreasing drop size,
while surface active agents and small impurities that collect at the interface
have a strong retarding effect.

In the related field of foam stability, De Vries (D3) has performed some
very interesting studies. He suggests that the formation of a hole in the
separating film and also the first expansion of this hole requires an increase
of free energy. This activation energy, which must be supplied in order to
make expansion possible, is proportional to the square of the film thickness
and to the interfacial tension. The chance that this activation energy is
indeed supplied is then described by a Boltzmann distribution function.

Although this theory certainly explains many of the above-mentioned
phenomena it does not account for the observed difference in coalescing
rate when the dispersed drops are of an aqueous or of an organie phase,
respectively (see Section IV,B).
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2. Studies on Coalescence in Nonstirred Emulsions

Studies on coalescence in nonstirred emulsions have been made by
Smoluchowski (84), Ravdel (R1), Lawrence and Mills (L2), van den
Tempel (T1), and Elton (E2). In these studies it is generally assumed that
the coalescing process occurs in two steps: first coagulation between drops
and finally breakage of the separating film followed by coalescence. The
coagulation is assumed to occur because of Brownian motion or diffusion.
When two drops approach each other, two kinds of interacting forces arise:
attractive forces (London—van der Waals forces), which act only on a very
short range, and repelling forces because of the interaction of the presence
of electrokinetic double layers around the particles. Generally these two
forces result in the presence of a potential barrier between the two particles
[see “Theory of the Stability of Lyophobic Colloids’’ by Verwey and Over-
beek (V6)]. Coagulation is possible enly when the kinetic energy of the
drops is large enough to overcome this potential barrier. The height of the
potential barrier is strongly determined by the ionic strength of the con-
tinuous phase, by the valency of the ions present, and by the absorption of
ions from the solution.

The influence of the electric potential of the surface of the drops was
shown by Watanabe and Gotoh (W3) for the case of mercury droplets in
aqueous solutions. In the case of oil drops in water the electric double layer
is in the water phase, which makes possible a real interaction between the
double layers of the two drops that approach each other. In the case of
water drops in an oil phase, however, the electric double layers are on the
inside of the drops, so that the interaction of these layers when two drops
approach each other is much smaller [see Sonntag and Klare (S5)], which
means that the potential barrier is much smaller or may even be absent,
and the attraction by London-van der Waals forces predominates. This at
least is a first explanation of why systems in which water is the dispersed
phase show much higher interaction rates than systems in which oil is the
dispersed phase.

In the field of nonstirred emulsions it is generally accepted, unlike
the theory of Church and Shinnar, that once coagulation has occurred
Brownian movement is not strong enough to break the bond, so that,
finally, every coagulation results in a coalescence. Although some of the
stabilizing factors in nonstirred emulsions will also be present in stirred
emulsions one must be careful to transpose the theories of nonstirred emul-
sions into the field of stirred emulsions, since the kinetic energy of the
drops is so much higher and the drops themselves generally are so much
larger than in the case of nonstirred emulsions.
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3. Influence of Mass Transfer on the Coalescing Rate

In the foregoing sections the coalescence in pure two-component sys-
tems was discussed. As soon as a third component is present in the two-
liquid phase system the coalescing rate may be increased or decreased. This
might be due to an effeet on the thinning of the separating films, for exam-
ple, in the case that by an action of electrical double layers the approaching
drops are repelling each other at short distances. Also the mechanism of
film rupture may be affected as, for example, in the case that the third
component decreases the interfacial tension. The transfer of the third com-
ponent, from one phase to the other phase might affect the coalescing rate
also, as clearly shown by Groothuis and Zuiderweg (G2, G3). They showed
that when mags transfer takes place from the dispersed phase to the con-
tinuous phase an increased coalescing rate is observed: The explanation
which they give is the same as indicated by Zuiderweg and Harmens (Z1)
for the stabilization or breakage of foams in distillation columns: The
separating film between the drops more rapidly approaches equilibrium
than the remaining part of the continuous phase. This means that when
mass transfer takes place from the drops to the surrounding phase this
separating film will have a higher concentration of the third component.
Because, in three-component systems, the interfacial tension between the
two phases in equilibrium generally decreases at higher concentrations of
the mutual soluble third component, the interfacial tension in the sepa-
rating film will be smaller than in the remaining part of the drop interface.
The gradient of interfacial tension which thus arises induces a liquid flow
in the direction of the gradient, and liquid is drawn away from the sepa-
rating film (Marangoni effect). The separating film, therefore, is more
rapidly thinning, which ultimately results in an increased coalescing rate.
When mass transfer takes place from the continuous phase to the dispersed
phase the opposite occurs, and the coalescing rate will be decreased.

This theory ought to be combined with the theory of stability of lyo-
phobic colloids (see Section V,C,2) in that the energy potential between
two approaching drops is now not only determined by the London—van der
Waals forces and the interaction of the electric double layer but also by
the Marangoni effect induced by mass transfer. At this moment a quantita-
tive treatment of the latter effect is still missing, however, although it
could be set up along lines similar to those used by Sternling and Seriven
in treating the effect of spontaneous turbulence created by mass transfer
8.

The theory of Groothuis and Zuiderweg is confirmed for drops coalesc-
ing on a flat interface by MacKay and Mason (M1a) and for pairs of drops
rising in an extraction column by Smith ef al. (83). Dora Thiessen (T3)
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showed that in the case of inorganic solutes transferring from a watery
phase to an oil phase or vice versa the effect was just reversed: extraction
from droplets to the continuous phase retards the coalescing and extraction
from the continuous phase to the dispersed phase promotes the coalescing.
Since inorganic solutes have the effect of increasing the interfacial tension,
these phenomena are still entirely in agreement with the theory of Groot-
huis and Zuiderweg as was concluded also by Thiessen.

VI. Concluding Remarks

Although on a theoretical basis we know at this moment that segrega-
tion and interaction in two-phase reacting systems is very important both
for the over-all conversion rate and for the selectivity, direct confirmation
of this theory in reacting systems is missing so far. This is not surprising
since experiments in this direction are extremely difficult because both the
interaction rate and the conversion rate have to be measured at the same
time in the same system. Furthermore, of most heterogeneous reactions
sufficient knowledge about the pure chemieal kinetics is not available.
It cannot be emphasized enough, therefore, that at this moment there is
a strong need for clear and convincing experiments in this direction.
Although this treatise mainly deals with the effect of segregation in liquid-
liquid two-phase reaction systems, in principle it may be of influence in
other heterogeneous reaction systems.

The conditions that must be satisfied by a heterogeneous reaction
system in order to be sensitive for segregation and interaction are:

(a) The dispersed phase must be a fluid phase: a liquid or a gas.

(b) At complete segregation there must occur in the dispersed phase a
decrease in concentration with time.

(¢) The order of drop conversion (or ‘bubble” conversion) in the
reactant dissolved in the dispersed phase must be different from unity.

The first two conditions seem to be fulfilled only for (a) liquid-liquid
systems; (b) liquid-gas systems: spray towers and bubble columns; and
(c) gas fluidized systems in an aggregative fluidization state. To what
extent the third condition is fulfilled depends, in most cases, on mass
transfer limitation of reactions between two or more components.

Nomenclature

a Concentration of component A b, Concentration of component B
in the dispersed phase in continuous phase
g Initial value of q, or value of ¢ bg Concentration of component B

in the feed in dispersed phase



300

“

Dn

Go

~

2 =zE R RS

o

<Ry

@ - a o o

(@), ga)

K. RIETEMA

Concentration of product C
Concentration of product W
Diffusivity of eomponent B in
dispersed phase
= %‘HBbckO
Fraction of drops with zero
concentration
Partition coefficient of compo-
nent B
Interaction modulus = wir =
/7
Degree of segregation (Danck-
werts)
Drop conversion modulus =
kiragh !
Number of drops which contain
thiosulfate
Initial value of M
Total number of drops in reactor
Total amount of component B
which reacts per unit time in
one drop
Total amount of component B
which is converted per unit time
in whole reactor
= 4xRHpDpb,
Coalescing chance
Radius of drops
Selectivity factor
Light transmission
Total reactor volume or total
volume of dispersed phase
Ratio of maximum diameter to
minimum diameter in dispersion
Volume fraction of component
A in a two-component system
=1+ Do
=1+ Dy
Diameter of drop
Degree of conversion
Concentration distribution func-
tions
Phase ratio =

volume continuous phase

volume dispersed phase
Interaction rate
Chemical reaction rate constant
Drop conversion rate constant
= kb

~ w =

bS]

n

= koa

Mass transfer coefficient outside
drops

Order of drop conversion in
reactant A

Number of drops involved in
one coalescence

Number of drops which coalesce
per unit time

Number of drop collisions per
unit time

Number of drops which leave
the reactor per unit time
Radial coordinate

=1/(1 —mn)

Reaction time

Average velocity fluctuation at
scale of average distance be-
tween two drops

Volume of one drop

= My/N — M,

Surplus of reactant B over
reactant A

GREEK LETTERS

a,
Y
€

T

a/ap

= al™/[(1 — n)kr]

Turbulent energy dissipation
per unit volume per unit time

3m [t
= R_1a(;j b dt
= 3mi/hE,
= 3mib/hRao
_3 HaaoV 2t (keDp) V2
2hR,

maximum drop size \3
minimum drop size

_ saverage residence time

" time of one circulation
=t/r

Density

Density of dispersed phase
minus density of continuous
phase

= r/R, or interfacial tension
Average residence time = N /g
=N/p

= R(koa/Dp)l?
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Volume fraction of dispersed o Interaction frequency, coalesc-
phase ing frequency = pn./N
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SUBJECT INDEX

A

Ablation

of an annulus, 137-138

of a slab, 120-122
Adsorption

aromatics, 51-53

liquid, from gases, 89-90

methylcyclohexane, 51-53

paraffin on platinum site, 58
Ammonium perchlorate flames, 27-28

B

Boley’s method, 120-122

Borane flames, 30-31

Boundary temperatures, fictitious, 120

Burning, solid propellant, 24-28
composite, 25-28
crystalline inorganic, 26
monopropellants, 24-26

C

Catalysts, bifunctional reforming, 37-72
acidie, 69-70
component, 40-42
chromia alumina, 53~54
chromium oxide, 54
conversion of cumene, 70-71
exchange reactions, 70
hydroecarbon reactions, 49-71
metal component, 39—40
oxide, 64—66
platinum, 38-39, 50-54
-alumina, 50-51, 55
-alumina-halogen, 58-60
reactions oceurring over, 4249
catalytic reforming, 42~44
mechanisms, 46-48
metal, acidic centers, 48-49
thermodynamics, 4445
rhenium, supported, 54
Coalescing chance P, 295-299
drops, flat interfaces, 295~296
emulsions, 297
mass transfer influence, 298-299
Column, wetted wall, 173-174, 197
static pressure drop, 204-206

Combustion
gaseous, 24-25
velocity, 25
metals, 30-31
Condensation
film, 207
vapor, at liquid surface, 91-92
Conduction, heat
analytic approximation, 105132
boundary-layer methods, 128-131
expandions, small times, 131-132
integral equations, 112-127
linear methods, 132
quasi-stationary, 105-112
quasi-steady-state, 105-112
computer solutions, 132-142
numerical schemes, 135-142
passive and active analog, 132~135
or diffusion with change of phase, 75-
150
equation
Gauss’s theorem, 95~-96
numerical integration, 137
relaxation methods, 135-136
exact solutions, 78-105
film, 153
problem, variational formulation, 127-
128
transient in finite slab, 100-102
Conservation equations
analytical solutions, 10-12
boundary conditions, 6-7
numerical method, 7-10
Cyclization, 66—67
Twigg’s mechanism, 66
Cyclohexanes, dehydrogenation, 50-61
Cyeclopentanes, 60

D

Deflagration, 21-22
Dehydrocyclization, paraffins, 64-69
aromatic yields, 67
catalysts, 64-69
oxide, 64-66
reforming, 67-69
cyclization, 66-67
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Dehydrogenation
cyclohexanes, 50-61
to aromatics, 50-54
rate data summary, 50
sextet theory, 54-55
methyleyclohexanes
kinetic rate data, 51
{o toluene, 50-51
Desorption
aromaties, 51-52
toluene, 51-53
Detonation, 21-24
gaseous, initiation, 22
Diffusion with change of phase, 75-150
equation, 79, 82-83
neglecting convective term, 107, 109,
142-143
integral methods, 112-127
no relative phase motion, 78-84
concentration-dependent, 82—-84
constant, 78-82
in one phase only, 78-86
plane-free boundary, 86-94
relative motion between phases, 84-94
constant, 84-86
three region problems, 94
in two regions, 86-94
constant, 86-92
Dispersion, liquid-liquid, 237-302
Distributions, source and doublet, 116-120
Drop(s)
conversion
first order, 255-256
half order, 255-256, 272, 278
mass transfer limitation, 258-265
order of, 248-250
over-all, 244-247
selectivity, 251-258
zero order, 246-248, 252-253, 265—
266, 272-273, 277
zero and one half order, 250
evaporation or growth, 109-110
size distribution, 265-270

Ethylcyclopentane, 60-61
Evaporation, stationary drops, 109-110
Expandions, small times, 131-132

F
Film(s)
flow, liquid, 151-236
experiments, 208
macroscopic aspects, 207-208
theory, 208

315

heat and mass transfer, 153
experiments, 177-179
friction factor correlation, 178
gas stream absent, 179-182
gas stream present, 183-185
mean thickness, 177-185
surface waves, 189-200
vapor, growth, 102-105
velocity and profiles, 201-206
chronophotographic method, 202
by traversing scoop, 202-203
ultramicroscope, 202
Filter cake accumulation, 111-112
Finite-difference methods, 136-142
melting, ablation, 136-138
penetration, finite slab, 138-142
iteration, 141
Lagrangian interpolation, 142
Flame(s)
laminar, one-dimensional, 3-16
composition profiles, 12-16
structure, uncertainties, 16
temperature measurements, 12-16
theory, 4-12
optics, 12
ozone decomposition, 11
processes, 1-36
chemieal synthesis, 28-32
as reactor, 31-32
stabilization, 16-24
flammability limits, 16-18
ignition, 19-21
spatial aspects, 18-19
transition to detonation, 21-24
stable, 28-31
steady-state profile, 20-21
velocity, 2-3, 17-19
Flow, liquids in thin films, 151-236
adjoining stream present, 172-176
gas, 175-176
interfacial shear, 173-175
liquid phase, 172-173
applications, 152153
description, 153-155
regimes, 154
types, 153
experiment results, 176-207
comparison with theory, 176-207
surface waves, 189-200
laminar, 156-162
axisymmetrie, smooth, 158-159
general equations, 156
inertia, 161-162
interfacial shear, 173-175
three-dimensional, 159-161



316

two-dimensional, 156-158
thicknesses, 180-181
papers, 210-228
theory, 156-176
turbulent, 170~172, 176
thicknesses, 181-184
velocity profile equations, 171
wall roughness, 200201
wavy, 166-170
theoretical stability, 163-165, 175-
176
Freezing
growing liquid column, 133
melting
computer solutions, 132-133
plane, 92-94
problems, 130-131
progressive, 92
semi-infinite region, 115-116

G
Green’s functions, 112-117
boundary conditions, 113115
heat diffusion equation, 113

H

Heat equation
heat-balance integral, 128-130
one-dimensional, 120

Hydrocarbon reactions, 49-71
cyclohexane dehydrogenation, 50-55
kinetics, isomerization, 61-64
paraffins, dehydrocyclization, 64-69
reactions, isomerization, 55-61

Hydrogenolysis, 69-70

{
Ignition, flame system, 19-21
minimum energies, 21
thermal theory, 20-21
Interaction
Church-Shinnar criterium, 291-293
circulation, 280-282
collision rate po, 293-295
dead corner, 275-280
dispersed phase, 240-242
diffusion through continuous phase,
241
coalescence and redispersion, 241-242
Harada, 282-283
homogeneous, 271-275
rate measurements, 283-291
chemical, 284288
physical, 288-291

SUBJECT INDEX

Isomerization
hydrogen and kinetics, 61-64
at low pressure, 6364
methyleyclopentane, 62
n-heptane, 61
reactions
n-pentane, 55-58
1-pentane, 57-58
one-site mechanism, 58-59
2-pentane, 58
xylenes, 69
Isopentanes, 56

K
Kapitsa theory, 180-181, 187-188, 193-
194, 208
interfacial area increase, 197-198
wavy flow, 163, 166, 168-169
Kinetics
flame system, 2-3, 12-16
segregation effect, 243-270
in CSTR, 243-258
drop size distribution, 265-270
mass transfer limitation, 258-265
Kolodner’s method, 116-120
accuracy, 120

L
Landau’s transformation, 94-100, 133
numerical scheme, 137
Laplace equation, 105-106, 108
Liquid, flow in thin films, 151-236

M
Measurements
interaction rate, 283-291
batch mixing, 288-289
continuous flow, 288-290
suitability, 287
tracer reaction types, 285-287
temperature within flame zone, 12-16
Melt thickness, 123-127
boundary conditions, 123-126
Gutowski method, 126-127
Melting-freezing problems, 130-131
computer solutions, 132-133
Methyleyclopentane, 60-61
Monopropellants, 28

N
Napthas, petroleum, 37-38
Nucleation, 111
Nusselt
heat transfer equations, 199
line, 179-181
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Particle, small
colloidal, 107
growth in condensed phase, 105-111
Pohlhausen method
Karman-, 128-131
Goodman’s application, 128-130
Pressure drop, static, 204-206

R
Reactor
continuous stirred tank
conversion rate, 262-265
drop size distribution, 268-270
homogeneous reaction, 272
piston flow, 266268
Reynolds number, 182, 185, 194-195
eritical, 172, 179
onset of rippling, 186188
turbulence in films, 185-186
film, 157
velocity, 203-204
for instability, 157, 163
and interfacial area increase, 197-198
wall roughness, 200-201
Rippling, 186-189

S
Segregation, liquid-liquid dispersions, 237-
302
and chemical reactions, 237-302
conversion rate, 242243
in CSTR, 243-258
drop size distribution, 265-270
mass transfer limitation, 258-265
dispersed-phase systems, 239-240
interaction, 240-242
homogeneous systems, 237239, 249
interaction rate, 291-299
measurements, 283-290
kinetics of two-phase reaction, 243-270
macroscale, 238-239, 275-280
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microscale, 238, 244, 275-280
perfect isotropic, 271-275
partial, 270-283
system definitions, 240
Slabs, ablating, 94-102, 120-122
computer solutions, 133-135
finite, penetration, 138-142
Landau’s transformation, 94-99
thermal properties, 99-100
transient heat conduction, 100-102
Solid, melting rate vs time, 98-99
Solidification, liquid between parallel
boundaries, 122

T
Tani method, 130-131
Tarnishing, 90-91, 105
Transfer, mass, limiting drop conversion,
258-265

continuous phase, 260-262

for CSTR, 262-265

dispersed phase, 260-262
Turbulence, in films, 185-186

A

Vapor film
growth on plane surface, 102-105
liquid column, 102-105

w

Wall roughness, 200-201

Waves, surface on films, 189-200
film thicknesses, 196-197
flow, 189-190
interfacial area, 197-198
mixing effect, 198-200
smooth entry zone, 190-191
surface-active materials, 192-193
velocities, 194-196

ratio with film velocity, 195

wavelengths, 193-194
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